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B O O K X . 
• 

INTRODUCTORY NOTE. 

We have seen (Vol. t., p. 351 etc.) that the discovery of the irrational is 
due to the Pythagoreans. The first scholium on Book x. of the Elements 
states that the Pythagoreans were the first to address themselves to the in
vestigation of commensurability, having discovered it by means of their obser
vation of numbeis. They discovered, the scholium continues, that not all 
magnitudes have a common measure. " They called all magnitudes measure-
able by the same measure commensurable, but those which are not subject to 
the same measure incommensurable, and again such of these as are measured 
by some other common measure commensurable with one another, and such 
as are not, incommensurable with the others. And thus by assuming their 
measures they referred everything to different commensurabilities, but, though 
they were different, even so (they proved that) not all magnitudes are com
mensurable with any. (They showed that) all magnitudes can be rational 
(pjjTa) and all irrational (dXoya) in a relative sense (ois irpo% « ) ; hence the 
commensurable and the incommensurable would be for them natural (kinds) 
(<j>v<T(i), while the rational and irrational would rest on assumption or con
vention (diva)." The scholium quotes further the legend according to which 
" the first of the Pythagoreans who made public the investigation of these 
matters perished in a shipwreck," conjecturing that the authors of this story 
" perhaps spoke allegorically, hinting that everything irrational and formless 
is properly concealed, and, if any soul should rashly invade this region of life 
and lay it open, it would be carried away into the sea of becoming and be over
whelmed by its unresting currents." There would be a reason also for keeping 
the discovery of irrationals secret for the time in the fact that it rendered un
stable so much of the groundwork of geometry as the Pythagoreans had based 
upon the imperfect theory of proportions which applied only to numbers. We 
have already, after Tannery, referred to the probability that the discovery 
of incommensurability must have necessitated a great recasting of the whole 
fabric of elementary geometry, pending the discovery of the general theory 
of proportion applicable to incommensurable as well as to commensurable 
magnitudes. 

It seems certain that it was with reference to the length of the diagonal of 
a square or the hypotenuse of an isosceles right-angled triangle that the irra
tional was discovered. Plato (Theaetetus, 147 D) tells us that Theodorus of 
Cyrene wrote about square roots ((Swajueis), proving that the square roots of 



three square feet and five square feet are not commensurable with that of one 
square foot, and so on, selecting each such square root up to that of 17 square 
feet, at which for some reason he stopped. No mention is here made of J2, 
doubtless for the reason that its incommensurability had been proved before. 
Now we are told that Pythagoras invented a formula for finding right-angled 
triangles in rational numbers, and in connexion with this it was inevitable that 
the Pythagoreans should investigate the relations between sides and hypo
tenuse in other right-angled triangles. They would naturally give special 
attention to the isosceles right-angled triangle; they would try to measure the 
diagonal, would arrive at successive approximations, in rational fractions, to 
the value of ^2, and would find that successive efforts to obtain an exact 
expression for it failed. It was however an enormous step to conclude that 
such exact expression was impossible, and it was this step which the Pytha
goreans made. We now know that the formation of the side- and diagonal-
numbers explained by Theon of Smyrna and others was Pythagorean, and 
also that the theorems of Eucl. II. 9, 10 were used by the Pythagoreans in 
direct connexion with this method of approximating to the value of ^ 2 . The 
very method by which Euclid proves these propositions is itself "an indication 
of their connexion with the investigation of J 2, since he uses a figure made 
up of two isosceles right-angled triangles. 

The actual method by which the Pythagoreans proved the incommensura
bility of J2 with unity was no doubt that referred to by Aristotle (Anal, prior. 
I. 23, 41 a 26—7), a reductio ad absurdum by which it is proved that, if the 
diagonal is commensurable with the side, it will follow that the same number 
is both odd and even. The proof formerly appeared in the texts of Euclid as 
x. 117 , but it is undoubtedly an interpolation, and August and Heiberg 
accordingly relegate it to an Appendix. It is in substance as follows. 

Suppose AC, the diagonal of a square, to be com men- A B 
surable with AB, its side. Let a ; f3 be their ratio expressed 
in the smallest numbers. 

Then a> f3 and therefore necessarily > 1. 
Now AO : AB* = a* :fP, 

and, since ACL=iAB1, [Eucl. 1. 47] 
a* = a/P. 

Therefore a2 is even, and therefore a is even. 
Since a : ft is in its lowest terms, it follows that /8 must be odd. 
Put a =2y; 

therefore 4 / = 2/?, 
or fP = 2y\ 
so that /J2, and therefore /}, must be even. 

But p was also odd : 
which is impossible. 

This proof only enables us to prove the incommensurability of the 
diagonal of a square with its side, or of J2 with unity. In order to prove 
the incommensurability of the sides of squares, one of which has three times 
the area of another, an entirely different procedure is necessary; and we find 
in fact that, even a century after Pythagoras' time, it was still necessary to use 
separate proofs (as the passage of the Theaetetus shows that Theodorus did) 
to establish the incommensurability with unity of ^ 3 , ^ 5 , ... up to ^ 1 7 . 



This fact indicates clearly that the general theorem in Eucl. x. 9 that squares 
which have not to one another the ratio of a square number to a square number 
have their sides incommensurable in length was not arrived at all at once, but 
was, in the manner of the time, developed out of the separate consideration 
of special cases (Hankel, p. 103). 

The proposition x. 9 of Euclid is definitely ascribed by the scholiast to 
Theaetetus. Theaetetus was a pupil of Theodorus, and it would seem clear 
that the theorem was not known to Theodorus. Moreover the Platonic 
passage itself (Theaet. 147D sqq.) represents the young Theaetetus as striving 
after a general conception of what we call a surd. " The idea occurred to 
me, seeing that square roots (SiW/mt) appeared to be unlimited in multitude, 
to try to arrive at one collective term by which we could designate all these 
square roots— I divided number in general into two classes. The number 
which can be expressed as equal multiplied by equal (urov 10-0x19) I likened 
to a square in form, and I called it square and equilateral....The intermediate 
number, such as three, five, and any number which cannot be expressed as 
equal multiplied by equal, but is either less times more or more times less, so 
that it is always contained by a greater and less side, I likened to an oblong 
figure and called an oblong number Such straight lines then as square the 
equilateral and plane number I defined as length (/ITJIW), and such as square 
the oblong square roots (oura/u.e«), as not being commensurable with the 
others in length but only in the plane areas to which their squares are 
equal." 

There is further evidence of the contributions of Theaetetus to the theory 
of incommensurables in a commentary on Eucl. x. discovered, in an Arabic 
translation, by Woepcke (Afimoires prhentis a IAcademic des Sciences, xiv., 
1856, pp. 658—720). It is certain that this commentary is of Greek origin. 
Woepcke conjectures that it was by Vettius Valens, an astronomer, apparently 
of Antioch, and a contemporary of Claudius Ptolemy (2nd cent. A.D.). 
Heiberg, with greater probability, thinks that we have here a fragment of the 
commentary of Pappus (Euklid-studien, pp. 169—71) , and this is rendered 
practically certain by Suter (Die Mathematiker und Astronomen der Araber 
und ihre Werke, pp. 49 and 211) . This commentary states that the theory 
of irrational magnitudes " had its origin in the school of Pythagoras. It was 
considerably developed by Theaetetus the Athenian, who gave proof, in this 
part of mathematics, as in others, of ability which has been justly admired. 
He was one of the most happily endowed of men, and gave himself up, with a 
fine enthusiasm, to the investigation of the truths contained in these sciences, 
as Plato bears witness for him in the work which he called after his name. As 
for the exact distinctions of the above-named magnitudes and the rigorous 
demonstrations of the propositions to which this theory gives rise, I believe 
that they were chiefly established by this mathematician; and, later, the 
great Apollonius, whose genius touched the highest point of excellence in 
mathematics, added to these discoveries a number of remarkable theories 
after many efforts and much labour. 

" For Theaetetus had distinguished square roots [puissances must be the 
Svra/uit of the Platonic passage] commensurable in length from those which 
are incommensurable, and had divided the well-known species of irrational 
lines after the different means, assigning the medial to geometry, the binomial 
to arithmetic, and the apotome to harmony, as is stated by Eudemus the 
Peripatetic. 

" As for Euclid, he set himself to give rigorous rules, which he established, 



relative to commensurability and incommensurability in general; he made 
precise the definitions and the distinctions between rational and irrational 
magnitudes, he set out a great number of orders of irrational magnitudes, and 
finally he clearly showed their whole extent." 

The allusion in the last words must apparently be to x. 115 , where it is 
proved that from the medial straight line an unlimited number of other 
irrationals can be derived, all different from it and from one another. 

The connexion between the medial straight line and the geometric mean 
is obvious, because it is in fact the mean proportional between two rational 
straight lines "commensurable in square only." Since %(x +y) is the arithmetic 
mean between x, y, the reference to it of the binomial can be understood. 
The connexion between the apotome and the harmonic mean is explained by 
some propositions in the second book of the Arabic commentary. The 
harmonic mean between x, y is > a n d propositions of which Woepcke 
quotes the enunciations prove that, if a rational or a medial area has for one 
of its sides a binomial straight line, the other side will be an apotome of corre
sponding order (these propositions are generalised from Eucl. x. i n — 4 ) ; the 
fact is that —3L = . (x -y). x+y xr—jr 

One other predecessor of Euclid appears to have written on irrationals, 
though we know no more of the work than its title as handed down by 
Diogenes Laertius1. According to this tradition, Democritus wrote irtpl 
a\6yutv ypa/i/iuiv Kai vacrriov fit, two Books on irrational straight lines and 
solids (or atoms'). Hultsch (Neue Jahrbiicher fur Philologie und Padagogik, 
1881, pp. 578—9) conjectures that the true reading may be vipl iXoymv 
ypap\p.£v KAaoruv, "on irrational broken lines." Hultsch seems to have 
in mind straight lines divided into two parts one of which is rational 
and the other irrational (" Aus einer Art von Umkehr des Pythagoreischen 
Lehrsatzes iiber das rechtwinklige Dreieck gieng zunachst mit Leichtigkeit 
hervor, dass man eine Linie construiren konne, welche als irrational zu 
bezeichnen ist, aber durch Brechung sich darstellerf lasst als die Summe 
einer rationalen und einer irrationalen Linie"). But I doubt the use of (cAao-Tds 
in the sense of breaking one straight line into parts; it should properly mean 
a bent line, i.e. two straight lines forming an angle or broken short off at their 
point of meeting. It is also to be observed that vaorov is quoted as a 
Democritean word (opposite to KIVOV) in a fragment of Aristotle (202). I see 
therefore no reason for questioning the correctness of the title of Democritus' 
book as above quoted2. 

I will here quote a valuable remark of Zeuthen's relating to the classifi
cation of irrationals. He says (Geschichte der Mathematik im Altertum und 
Mittelalter, p. 56) "Since such roots of equations of the second degree as are 
incommensurable with the given magnitudes cannot be expressed by means 
of the latter and of numbers, it is conceivable that the Greeks, in exact 
investigations, introduced no approximate values but worked on with the 
magnitudes they had found, which were represented by straight lines obtained 
by the construction corresponding to the solution of the equation. That is 
exactly the same thing which happens when we do not evaluate roots but content 
ourselves with expressing them by radical signs and other algebraical symbols. 
But, inasmuch as one straight line looks like another, the Greeks did not get 

1 Diog. Laert. IX. 47, p. 139 (ed. Cobet). 
2 Cf. ante, Vol . I., p. 413. 



the same clear view of what they denoted (i.e. by simple inspection) as our 
system of symbols assures to us. For this reason it was necessary to under
take a classification of the irrational magnitudes which had been arrived at by 
successive solution of equations of the second degree." To much the same 
effect Tannery wrote in 1882 (De la solution giometrique des probfemes du 
second degre avant Euclide in Memoires de la Society des sciences physiques et 
naturelles de Bordeaux, 2" Serie, iv. pp. 395—416). Accordingly Book x. 
formed a repository of results to whjch could be referred problems which 
depended on the solution of certain types of equations, quadratic and biquad
ratic but reducible to quadratics. 

Consider the quadratic equations 
x* ± 2ax .p±f3.p2 = o, 

where p is a rational straight line, and a, /} are coefficients. Our quadratic 
equations in algebra leave out the p; but I put it in, because it has always to 
be remembered that Euclid's x is a straight line, not an algebraical quantity, 
and is therefore to be found in terms of, or in relation to, a certain assumed 
rational straight line, and also because with Euclid p may be not only of the 

form where a represents a units of length, but also of the form J \ . a , 
which represents a length "commensurable in square only" with the unit of 
length, or J A where A represents a number (not square) of units of area. 
The use therefore of p in our equations makes it unnecessary to multiply 
different cases according to the relation of p to the unit of length, and has the 
further advantage that, e.g., the expression p + Jk. p is just as general as the 
expression Jk. p + J\. p, since p covers the form Jk. p, both expressions 
covering a length either commensurable in length, or "commensurable in 
square only," with the unit of length. 

Now the positive roots of the quadratic equations 
xi± 2ax.p + f}.p' = o 

can only have the following forms 
•*, = p(a +vV^3), *,' = p ( a - v V - / 3 ) j 
x2 = p (vV + /3 + a), X2' = p (Jtf~+fi - a) J " 

The negative roots do not come in, since x must be a straight line. The 
omission however to bring in negative roots constitutes no loss of generality, 
since the Greeks would write the equation leading to negative roots in another 
form so as to make them positive, i.e. they would change the sign of x in the 
equation. 

Now the positive roots xu x,', x.2, x2 may be classified according to the 
character of the coefficents a, /3 and their relation to one another. 

I. Suppose that o, do not contain any surds, i.e. are either integers or 
of the form mjn, where m, n are integers. 

Now in the expressions for x l t xt it may be that 
m2 

(1) a is of the form -=- a2. 
n2 

Euclid expresses this by saying that the square on ap exceeds the square 
on pJa-~p by the square on a straight line commensurable in length with ap. 

In this case xt is, in Euclid's terminology, a first binomial straight line, 
and 0/ a first apotome. 



n' 
(2) In general, /? not being of the form 

x 2 is a fifth binomial, 
*$ a fifth apotome. 

II. Now suppose that a is of the form aJ^> where m, n are integers, and 
let us denote it by JX. 

Then in this case 
x^pUk+JX^/3), *, ' = p ( V \ - Jx^p), 
x3 = p(jx + p+ JX), x,' = p(-J\ + P— JX). 

Thus a;,' are of the same form as x i t x,'. 
If Jx - 0 in x , , Xi is not surd but of the form mjn, and if Jx + /? in x,, 

is not surd but of the form mjn, the roots are comprised among the forms 
already shown, the first, second, fourth and fifth binomials and apotomes. 

If six-p in * i , Xi is surd, then 
0 

(1) we may have P of the form -^X, and in this case 
xt is a third binomial straight line, 
%' a apotome; 

(2) in general, ^ not being of the form -* X, 
x t is a f&aSi binomial straight line, 
X}' a jfcM apotome. 

With the expressions for x,, x,' the distinction between the third and sixth 
binomials and apotomes is of course the distinction between the cases 

m* ml 

(1) in which P = (X + p), or p is of the form — — - 3 X, 

and (2) in which P is not of this form. 
If we take the square root of the product of p and each of the six 

binomials and six apotomes just classified, i.e. 
p a (o + > / o ^ 8 ) , p' (JtfTp ± a), 

(2) In general, /} not being of the form -j o 2 , 
Xj is a fourth binomial, 
Xi a fourth apotome. 

Next, in the expressions for x 2 , x 2 it may be that 
m* 

(1) f3 is equal to - j ( o 2 + /3), where »», n are integers, i.e. /3 is of the form 
«? i 

~~« 

n - m 
Euclid expresses this by saying that the square on p*Ja* + p exceeds the 

square on op by the square on a straight line commensurable in length with 
ps/a' + P. 

In this case x , is, in Euclid's terminology, a second binomial, 
x2' a second apotome. 
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the major (irrational straight line) (jieifrav) 
and the minor (irrational straight line) (tAao-ow), 

which are the positive roots of the equation 

S " / - / - - g - . J J~l +k* + k± 7==p==yT, JjV+¥- k, *J2(l+ki) J2(l+A*) ' 
the "side" of a rational plus a medial (area) (pirroV KO.! /xcow oWa/xcVi;) 

and the "side" of a medial minus a rational area (in the Greek 17 /wra prrrov 
p.i<rov TO oAov 7roiouo-a), 
which are the positive roots of the equation 

6 X*p / T~ \ip I J -

the " side " of the sum of two medial areas (17 Svo /x«m Swapivr)) 
and the " side " of a medial minus a medial area (in the Greek 17 ucra /xco-ov 
ptvov TO oKov 7roiovo*a), 
which are the positive roots of the equation 

xi-2jk.xy+\-^1,pl = o. 

in the six different forms that each may take, we find six new irrationals with 
a positive sign separating the two terms, and six corresponding irrationals with 
a negative sign. These are of course roots of the equations 

x* ± 2ax2. p' ± . p* = o. 
These irrationals really come before the others in Euclid's order (x. 36— 

41 for the positive sign and x. 73—-78 for the negative sign). As we shall 
see in due course, the straight lines actually found by Euclid are 

1. p + Jk. p, the binomial (17 in SVO ovopAriav) 
and the apotome (aworopy), 

which are the positive roots of the biquadratic (reducible to a quadratic) 
x*-2(i + k)pi.x*+(i-k)ipl = o.-

2. kip ± k^p, the first bimedial (IK SVO lUtrvm irpumj) 
and the first apotome of a medial (p.eo-i;s OVO-TO/M) irpdrrj), 

which are the positive roots of 
x* - 2Jk (1 + k) p 2 . x2 + k(i - kf pl = o. 

3. k^p 4 -^r P> ' n e second bimedial (« Svo p.itn>v hanipa) 
k* 

and the second apotome of a medial (ueori;s dVoro/*!/ Stvripa), 
which are the positive roots of the equation 



The above facts and formulae admit of being stated in a great variety of 
ways according to the notation and the particular letters used. Consequently 
the summaries which have been given of Eucl. x. by various writers differ 
much in appearance while expressing the same thing in substance. The first 
summary in algebraical form (and a very elaborate one) seems to have been 
that of Cossali (Origine, trasporto in Italia, primi progressi in essa del-
r Algebra, Vol. n., pp. 242—65) who takes credit accordingly (p. 265). In 
1794 Meier Hirsch published at Berlin an Algebraischer Commentar Uber das 
zehente Buck der Elemente des Euklides which gives the contents in algebraical 
form but fails to give any indication of Euclid's methods, using modern forms 
of proof only. In 1834 Poselger wrote a paper, Ueber das zehnte Buck der 
Elemente des Euklides, in which he pointed out the defects of Hirsch's repro
duction and gave a summary of his own, which however, though nearer to 
Euclid's form, is difficult to follow in consequence of an elaborate system of 
abbreviations, and is open to the objection that it is not algebraical enough 
to enable the character of Euclid's irrationals to be seen at a glance. Other 
summaries will be found (1) in Nesselmann, Die Algebra der Griechen, 
pp. 165—84; (2) in Loria, Le scienze esatte nelf antica Grecia, 1914, 
pp. 2 2 1 — 3 4 ; (3) in Christensen's article "Ueber Gleichungen vierten Grades 
im zehnten Buch der Elemente Euklids" in the Zeitschrift fiir Math. u. 
Physik (Historisch-litterarische Abtheilung), xxxiv. (1889), pp. 201—17. The 
only summary in English that I know is that in the Penny Cyclopaedia, under 
" Irrational quantity," by De Morgan, who yielded to none in his admiration of 
Book x. " Euclid investigates," says De Morgan, " every possible variety of 
lines which can be represented by J(Ja ± jb), a and b representing two 
commensurable lines....This book has a completeness which none of the 
others (not even the fifth) can boast of: and we could almost suspect that 
Euclid, having arranged his materials in his own mind, and having completely 
elaborated the 10th Book, wrote the preceding books after it and did not live 
to revise them thoroughly." 

Much attention was given to Book x. by the early algebraists. Thus 
Leonardo of Pisa (fl. about 1200A.D.) wrote in the 14th section of his Liber 
Abaci on the theory of irrationalities (de tractatu binomiorum et recisorum), 
without however (except in treating of irrational trinomials and cubic irra
tionalities) adding much to the substance of Book x.; and, in investigating 
the equation 

«*+ 2.2?+ ioa;= 20, 
propounded by Johannes of Palermo, he proved that none of the irrationals 
in Eucl. x. would satisfy it (Hankel, pp. 344—6, Cantor, n„ p. 43). Luca 
Paciuolo (about 1445—1514 A.D.) in his algebra based himself largely, as he 
himself expressly says, on Euclid x. (Cantor, II,, p. 293). Michael Stifel 
(i486 or 1487 to 1567) wrote on irrational numbers in the second Book of 
his Arithmetica Integra, which Book may be regarded, says Cantor (iij, p. 402), 
as an elucidation of Eucl. x. The works of Cardano (1501—76) abound in 
speculations regarding the irrationals of Euclid, as may be seen by reference to 
Cossali (Vol. 11., especially pp. 268—78 and 382—99); the character of 
the various odd and even powers of the binomials and apotomes is therein 
investigated, and Cardano considers in detail of what particular forms of equa
tions, quadratic, cubic, and biquadratic, each class of Euclidean irrationals can 
be roots. Simon Stevin (1548—1620) gave an Appendice des incommensurables 
grandeurs en laquelle est sommairement diclari le contenu du Dixiesme Livre 
d'Euclide (Oeuvres math/matiques, Leyde, 1634, pp. 218-22) ; he speaks thus 



of the book: " La difficulte du dixiesme Livre d'Euclide est a plusieurs 
devenue en horreur, voire jusque a l'appeler la croix des mathematiciens, 
matiere trop dure a digerer, et en la quelle n'apercoivent aucune utilite," a 
passage quoted by Loria (op. cit., p. 222). 

It will naturally be asked, what use did the Greek geometers actually 
make of the theory of irrationals developed at such length in Book x. ? The 
answer is that Euclid himself, in Book xin., makes considerable use of the 
second portion of Book x. dealing with the irrationals affected with a negative 
sign, the apotomes etc. One object of Book XIu. is to investigate the relation 
of the sides of a pentagon inscribed in a circle and of an icosahedron and 
dodecahedron inscribed in a sphere to the diameter of the circle or sphere 
respectively, supposed rational. The connexion with the regular pentagon of 
a straight line cut in extreme and mean ratio is well known, and Euclid first 
proves (xm. 6) that, if a rational straight line is so divided, the parts are the 
irrationals called apotomes, the lesser part being a first apotome. Then, on 
the assumption that the diameters of a circle and sphere respectively are 
rational, he proves (xiu. 11) that the side of the inscribed regular pentagon is 
the irrational straight line called minor, as is also the side of the inscribed 
icosahedron (xm. 16), while the side of the inscribed dodecahedron is the 
irrational called an apotome (xm. 17). 

Of course the investigation in Book x. would not have been complete if 
it had dealt only with the irrationals affected with a negative sign. Those 
affected with the positive sign, the binomials etc., had also to be discussed, 
and we find both portions of Book x., with its nomenclature, made use of by 
Pappus in two propositions, of which it may be of interest to give thf enun
ciations here. 

If, says Pappus (iv. p. 178), AS be the rational diameter of a semicircle, and 
if AB be produced to C so that BC is equal to the radius, if CD be a tangent, 

A F B C 

if E be the middle point of the arc BD, and if CE be joined, then CE is the 
irrational straight line called minor. As a matter of fact, if 0 is the radius, 

CJ? = ?(s-2j3) and CE-Jt^B.Jsjl^k. 
If, again (p. 182), CD be equal to the radius of a semicircle supposed 

rational, and if the tangent DB be drawn and the angle ADB be bisected by 
DE meeting the circumference in F, then DE is the excess by which the 
binomial exceeds the straight line which produces with a rational area a medial 



whole (see Eucl x. 77). (In the figure DK is the binomial and KFlhe other 
irrational straight line.) As a matter of fact, if p be the radius, 

K D - - P . ^ , ^ K F = P . J ^ = P (^^M:^EWy 
Proclus tells us that Euclid left out, as alien to a selection of elements, the 

discussion of the more complicated irrationals, "the unordered irrationals which 
Apollonius worked out more fully" (Proclus, p. 74, 23), while the scholiast 
to Book x. remarks that Euclid does not deal with all rationals and irrationals 
but only the simplest kinds by the combination of which an infinite number 
of irrationals are obtained, of which Apollonius also gave some. The author 
of the commentary on Book x. found by Woepcke in an Arabic translation, 
and above alluded to, also says that "it was Apollonius who, beside the 
ordered irrational magnitudes, showed the existence of the unordered and by 
accurate methods set forth a great number of them." It can only be vaguely 
gathered, from such hints as the commentator proceeds to give, what the 
character of the extension of the subject given by Apollonius may have been. 
See note at end of Book. 

DEFINITIONS. 

1. Those magnitudes are said to be commensurable 
which are measured by the same measure, and those incom
mensurable which cannot have any common measure. 

2. Straight lines are commensurable in square when 
the squares on them are measured by the same area, and 
incommensurable in square when the squares on them 
cannot possibly have any area as a common measure. 

3. With these hypotheses, it is proved that there exist 
straight lines infinite in multitude which are commensurable 
and incommensurable respectively, some in length only, and 
others in square also, with an assigned straight line. Let 
then the assigned straight line be called rational, and those 
straight lines which are commensurable with it, whether in 
length and in square or in square only, rational, but those 
which are incommensurable with it irrational. 

4. And let the square on the assigned straight line be 
called rational and those areas which are commensurable 
with it rational, but those which are incommensurable with 
it irrational, and the straight lines which produce them 
irrational, that is, in case the areas are squares, the sides 
themselves, but in case they are any other rectilineal figures, 
the straight lines on which are described squares equal to 
them. 
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D E F I N I T I O N I. 

%vpptrpa fjayeOri Xiyerai ra rm a v r u t /xerpw ptrpovptva, atrvpptTpa. § € , cov 

prfitv cv8e^€Tat KOII/OI' ptrpov ytvto~6ai 

D E F I N I T I O N 2. 

Ev#€tat oWd/m avppvrpoi cio-tp, 0x01* r a a 7 r ' aurw rtrpaytova TU a u r a l xwP"? 
piTpiJTai, aavpperpoi oe, O T a v TOIS owr* airwf TCTpa-yaii'ois pt)Siv evSt^ijTat \u>piov 
KOLVOV perpov yevtaOai. 

Commensurable in square is in the Greek W / u i o-vpptrpos. In earlier 
translations (e.g. Williamson's) Surapci has been translated "in power," but, 
as the particular power represented by Swauts in Greek geometry is square, 
I have thought it best to use the latter word throughout. It will be observed 
that Euclid's expression commensurable in square only (used in Def. 3 and 
constantly) corresponds to what Plato makes Theaetetus call a square root 
(avvapm) in the sense of a surd. If a is any straight line, a and ajm, or 
ajm and ajn (where m, n are integers or arithmetical fractions in their 
lowest terms, proper or improper, but not square) are commensurable in square 
only. Of course (as explained in the Porism to x. 10) all straight lines 
commensurable in length (p^xei), in Euclid's phrase, are commensurable in 
square also; but not all straight lines which are commensurable in square are 
commensurable in length as well. On the other hand, straight lines incom
mensurable in square are necessarily incommensurable in length also; but not 
all straight lines which are incommensurable in length are incommensurable 
in square. In fact, straight lines which are commensurable in square only are 
incommensurable in length, but obviously not incommensurable in square. 

D E F I N I T I O N 3. 

TOUTIBI' vrtOMipiviav o c t K r u x a i , on TrpoT€0(ia~r) (iOtia vva.p\ovo-iv (idsiai 
TrkyOti aVctpot avpptrpoi T€ K a t do-vpptrpOL a t ptv pqxtl povov, a t o f K a i 8vvdp.fl. 
Ka\tio-6v} ovv 17 ph> TrpoTfBtlo'a tiOda pryrq, K a t at TUIJTJ/ trvpptTpoi e t T e pyjKfi K a t 

Swdpti etT€ ovvapu povov prjrai, at S« ravrrj drroppfrpot aAoyot Ka\€urB<ao"av. 

The first sentence of the definition is decidedly elliptical. It should, 
strictly speaking, assert that " with a given straight line there are an infinite 
number of straight lines which are (1) commensurable either (a) in square 
only or (b) in square and in length also, and (2) incommensurable, either 
(a) in length only or (/') in length and in square also." 

The relativity of the terms rational and irrational is well brought out in 
this definition. We may set out any straight line and call it rational, and it 
is then with reference to this assumed rational straight line that others are 
called rational or irrational. 

We should carefully note that the signification of rational in Euclid is wider 
than in our terminology. With him, not only is a straight line commensurable in 
length with a rational straight line rational, but a straight line is rational which 
is commensurable with a rational straight line in square only. That is, if p is a 
rational straight line, not only is — p rational, where m, n are integers and 

http://8vvdp.fl


mjn in its lowest terms is not square, but . p is rational also. We should 

in this case call ^/ — . p irrational. It would appear that Euclid's termino
logy here differed as much from that of his predecessors as it does from 
ours. We are familiar with the phrase appriTos Bidptrpcn riji irtpirdoos by 
which Plato (evidently after the Pythagoreans) describes the diagonal of a 
square on a straight line containing 5 units of length. This " inexpressible 
diameter of five (squared)" means J$o, in contrast to the prjrq Sidperpm, the 
" expressible diameter" of the same square, by which is meant the approxi-

, . / m 
mation V 5 0 - 1 , or 7. Thus for Euclid's predecessors v / ^ -P would 
apparently not have been rational but appr/Tos, " inexpressible," i.e. irrational. 

I shall throughout my notes on this Book denote a rational straight line in 
Euclid's sense by p, and by p and o- when two different rational straight lines are 
required. Wherever then I use p or <r, it must be remembered that p, a may 
have either of the forms a, ^jk. a, where a represents a units of length, a being 
either an integer or of the form mjn, where ni, n are both integers, and k is an 
integer or of the form mjn (where both m, n are integers) but not square. In 
other words, p , o- may have either of the forms a or J A, where A represents 
A units of area and A is integral or of the form mjn, where m, n are both 
integers. It has been the habit of writers to give a and Ja as the alternative 
forms of p , but I shall always use J A for the second in order to keep the 
dimensions right, because it must be borne in mind throughout that p is an 
irrational straight line. 

As Euclid extends the signification of rational (prrros, literally expressible), 
so he limits the scope of the term aAoyos (literally having no ratio) as applied 
to straight lines. That this limitation was started by himself may perhaps be 
inferred from the form of words " let straight lines incommensurable with it 
be called irrational." Irrational straight lines then are with Euclid straight lines 
commensurable neither in length nor in square with the assumed rational 
straight line. Jk. a where k is not square is not irrational; Jk. a is irrational, 
and so (as we shall see later on) is (Jk± JX)a. 

D E F I N I T I O N 4. 

Kal TO piv aV6 T^S TrpoiStiorp: (iOtiat T€Todyu>vov pirroV, Kal ra TOUTO) 
trvpptrpa prrrd, ra 8c TOVTO) dfrvpptTpa dAoya KaActaPo), Kal at oWaucvat auio 
aAoyot, ct piv Tcrpdytt iva clrj, a u r a l at 7rAcvpat, ci &k CTCpd rtea tidvypappa, at 
to-a avrots TCTpdycova dfaypd^owrat. 

As applied to areas, the terms rational and irrational have, on the other 
hand, the same sense with Euclid as we should attach to them. According 
to Euclid, if p is a rational straight line in his sense, p s is rational and any 
area commensurable with it, i.e. of the form kp2 (where k is an integer, or of 
the form mjn, where m, n are integers), is rational; but any area of the form 
Jk. p2 is irrational. Euclid's rational area thus contains A units of area, 
where A is an integer or of the form mjn, where m, n are integers; and his 
irrational area is of the form Jk.A. His irrational area is then connected 
with his irrational straight line by making the latter the square root of the 
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former. This would give us for the irrational straight line ijk. J A, which of 
course includes Jk. a. 

a! Swd/xcmt afird are the straight lines the squares on which are equal to 
the areas, in accordance' with the regular meaning of SuVao-ftu. It is scarcely 
possible, in a book written in geometrical language, to translate oWa/tenj as 
the square root (of an area) and Swao-ffai as to fie the square root (of an area), 
although I can use the term " square root" when in my notes I am using an 
algebraical expression to represent an area; I shall therefore hereafter use the 
word "side" for cWa/icVi) and "to be the side of" for Svvaadm, so that 
"side" will in such expressions be a short way of expressing the "side of 
a square equal to (an area)." In this particular passage it is not quite practi
cable to use the words " side of" or " straight line the square on which is equal 
to," for these expressions occur just afterwards for two alternatives which the 
word Swaut'n; covers. I have therefore exceptionally translated " the straight 
lines which produce them " (i.e. if squares are described upon them as sides). 

at to-a avrois Terpdywva avaypd<f>ovtrai, literally " the (straight lines) which 
describe squares equal to them : a peculiar use of the active of dvaypdtptiv, 
the meaning being of course " the straight lines on which are described the 
squares " which are equal to the rectilineal figures. 



BOOK X. PROPOSITIONS. 

P R O P O S I T I O N I. 

Two unequal magnitudes being set out, if from the greater 
there be subtracted a magnitude greater than its half, and from 
that which is left a magnitude greater than its half, and if 
this process be repeated continually, there will be left some 
magnitude which will be less than the lesser magnitude set out. 

Let AB, C be two unequal magnitudes of which AB is 
the greater: 

K H O 

I say that, if from AB there be A — 1 — ' B 
subtracted a magnitude greater D + g E 
than its half, and from that which 
is left a magnitude greater than its half, and if this process be 
repeated continually, there will be left some magnitude which 
will be less than the magnitude C. 

For C if multiplied will sometime be greater than AB. 
[cf. v. Def. 4] 

Let it be multiplied, and let DE be a multiple of C, and 
greater than. AB; 
let DE be divided into the parts DE, EG, GE equal to C, 
from AB let there be subtracted BH greater than its half, 
and, from AH, HK greater than its half, 
and let this process be repeated continually until the divisions 
in AB are equal in multitude with the divisions in DE. 

Let, then, AK, KH, HB be divisions which are equal in 
multitude with DE, EG, GE. 

Now, since DE is greater than AB, 
and from DE there has been subtracted EG less than its 
half, 
and, from AB, BH greater than its half, 
therefore the remainder GD is greater than the remainder HA. 
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And, since GD is greater than HA, 
and there has been subtracted, from GD, the half GF, 
and, from HA, HK greater than its half, 
therefore the remainder Z ^ i s greater than the remainder AK. 

But DF is equal to C; 
therefore C is also greater than AK. 

Therefore AK is less than C. 
Therefore there is left of the magnitude AB the magnitude 

AK which is less than the lesser magnitude set out, namely C. 
Q . E . D . 

And the theorem can be similarly proved even if the parts 
subtracted be halves. 

This proposition will be remembered because it is the lemma required in 
Euclid's proof of xn. 2 to the effect that circles are to one another as the 
squares on their diameters. Some writers appear to be under the impression 
that xn. 2 and the other propositions in Book kit. in which the method of 
exhaustion is used are the only places where Euclid makes use of x. 1 ; and it 
is commonly remarked that x. 1 might just as well have been deferred till the 
beginning of Book xn. Even Cantor (Gesch. d. Math. i s, p. 269) remarks 
that " Euclid draws no inference from it [x. 1], not even that which we should 
more than anything else expect, namely that, if two magnitudes are incom
mensurable, we can always form a magnitude commensurable with the first 
which shall differ from the second magnitude by as little as we please." But, 
so far from making no use of x. 1 before xn. 2, Euclid actually uses it in the 
very next proposition, x. 2. This being so, as the next note will show, it 
follows that, since x. 2 gives the criterion for the incommensurability of two 
magnitudes (a very necessary preliminary to the study of incommensurables), 
X: 1 comes exactly where it should be. 

Euclid uses x. 1 to prove not only XII. 2 but xn. 5 (that pyramids with the 
same height and triangular bases are to one another as their bases), by means 
of which he proves (xn. 7 and Por.) that any pyramid is a third part of the 
prism which has the same base and equal height, and XII. 10 (that any cone 
is a third part of the cylinder which has the same base and equal height), 
besides other similar propositions. Now xn. 7 Por. and XII. 10 are theorems 
specifically attributed to Eudoxus by Archimedes (On the Sphere and Cylinder, 
Preface), who says in another place (Quadrature of the Parabola, Preface) that 
the first of the two, and the theorem that circles are to one another as the 
squares on their diameters, were proved by means of a certain lemma which 
he states as follows: "Of unequal lines, unequal surfaces, or unequal solids, 
the greater exceeds the less by such a magnitude as is capable, if added 
[continually] to itself, of exceeding any magnitude of those which are 
comparable with one another," i.e. of magnitudes of the same kind as the 
original magnitudes. Archimedes also says (loc. cit.) that the second of 
the two theorems which he attributes to Eudoxus (Eucl. xn. 10) was 
proved by means of " a lemma similar to the aforesaid." The lemma 
stated thus by Archimedes is decidedly different from x. 1, which, however, 
Archimedes himself uses several times, while he refers to the use of it 
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in xn. 2 (On the Sphere and Cylinder, I. 6). As I have before suggested 
(The Works of Archimedes, p. xlviii), the apparent difficulty caused by the 
mention of two lemmas in connexion with the theorem of Eucl. xn. 2 may be 
explained by reference to the proof of x. 1. Euclid there takes the lesser 
magnitude and says that it is possible, by multiplying it, to make it some time 
exceed the greater, and this statement he clearly bases on the 4th definition of 
Book v., to the effect that "magnitudes are said to bear a ratio to one another 
which can, if multiplied, exceed one another." Since then the smaller 
magnitude in x. 1 may be regarded as the difference between some two 
unequal magnitudes, it is clear that the lemma stated by Archimedes is in 
substance used to prove the lemma in x. 1, which appears to play so much 
larger a part in the investigations of quadrature and cubature which have come 
down to us. 

Besides being employed in Eucl. x. 1, the "Axiom of Archimedes" appears 
in Aristotle, who also practically quotes the result of x. 1 itself. Thus he 
says, Physics vm. 10, 266 b 2, " By continually adding to a finite (magnitude) 
I shall exceed any definite (magnitude), and similarly by'continually subtract
ing from it I shall arrive at something less than it," and ibid. 111. 7, 207 b 10 
"For bisections of a magnitude are endless." It is thus somewhat misleading 
to use the term " Archimedes' Axiom" for the " lemma" quoted by him, 
since he makes no claim to be the discoverer of it, and it was obviously much 
earlier. 

Stolz (see G. Vitali in Questioni riguardanti le matematiche elementari, 1., 
pp. 129—30) showed how to prove the so-called Axiom or Postulate of Archi
medes by means of the Postulate of Dedekind, thus. Suppose the two magni
tudes to be straight lines. It is required to prove that, given two straight lines, 
there always exists a multiple of the smaller which is greater than the other. 

Let the straight lines be so placed that they have a common extremity and 
the smaller lies along the other on the same side of the common extremity. 

If A C be the greater and AB the smaller, we have to prove that there 
exists an integral number n such that n. AB> AC. 

Suppose that this is not true but that there are some points, like B, not 
coincident with the extremity A, and such that, n being any integer however 
great, n. AB<.AC; and we have to prove that this assumption leads to an 
absurdity. 

H M K 

A X Y B C 

The points of AC may be regarded as distributed into two "parts," namely 
(1) points Hiot which there exists no integer n such that n\ AH> AC, 
(2) points K for which an integer n does exist such that n. AK> AC. 

This division into parts satisfies the conditions for the application of 
Dedekind's Postulate, and therefore there exists a point M such that the 
points of AM belong to the first part and those of MC to the second part 

Take now a point Kon MC such that MY < AM. The middle point (X) 
of AY will fall between A and M and will therefore belong to the first part; 
but, since there exists an integer « such that n. AY> AC, it follows that 
2n. AX> AC: which is contrary to the hypothesis. 



P R O P O S I T I O N 2. 

If, when the less of two unequal magnitudes is continually 
subtracted in turn from the greater, that which is left never 
measures the one before it, the magnitudes will be incom
mensurable. 

For, there being two unequal magnitudes AB, CD, and 
AB being the less, when the less is continually subtracted 
in turn from the greater, let that which is left over never 
measure the one before it; 
I say that the magnitudes AB, CD are incommensurable. 

_ L _ A — + B 

C 4 D 

For, if they are commensurable, some magnitude will 
measure them. 

Let a magnitude measure them, if possible, and let it be E; 
let AB, measuring FD, leave CE less than itself, 
let CF measuring BG, leave A G less than itself, 
and let this process be repeated continually, until there is left 
some magnitude which is less than £ . 

Suppose this done, and let there be left A G less than E. 
Then, since E measures AB, 

while AB measures DE, 
therefore E will also measure FD. 

But it measures the whole CD also ; 
therefore it will also measure the remainder CF. 

But CF measures BG; 
therefore E also measures BG. 

But it measures the whole AB also; 
therefore it will also measure the remainder A G, the greater 
the less: 
which is impossible. 

Therefore no magnitude will measure the magnitudes A B, 
CD; 
therefore the magnitudes AB, CD are incommensurable. 

[x. Def. 1] 
Therefore etc. 



This proposition states the test for incommensurable magnitudes, founded 
on the usual operation for finding the greatest common measure. The sign 
of the incommensurability of two magnitudes is that this operation never 
comes to an end, while the successive remainders become smaller and smaller 
until they are less than any assigned magnitude. 

Observe that Euclid says " let this process be repeated continually until 
there is left some magnitude which is less than E." Here he evidently 
assumes that the process will some time produce a remainder less than any 
assigned magnitude E. Now this is by no means self-evident, and yet 
Heiberg (though so careful to supply references) and Lorenz do not refer to 
the basis of the assumption, which is in reality x. i, as Billingsley and 
Williamson were shrewd enough to see. The fact is that, if we set off a 
smaller magnitude once or oftener along a greater which it does not exactly 
measure, until the remainder is less than the smaller magnitude, we take away 
from the greater more than its half. Thus, in the figure, FD is more than the 
half of CD, and BG more than the half of AB. If we continued the process, 
A G marked off along CF as many times as possible would cut off more than 
its half; next, more than half A G would be cut off, and so on. Hence along 
CD, AB alternately the process would cut off more than half, then more than 
half the remainder and so on, so that on both lines we should ultimately 
arrive at a remainder less than any assigned length. 

The method of finding the greatest common measure exhibited in this 
proposition and the next is of course again the same as that which we use and 
which may be shown thus : 

b)a(p 
P± 
c)b(q 

?£. 
d)c(r 

rd 
T 

The proof too is the same as ours, taking just the same form, as shown in the 
notes to the similar propositions VH. i, 2 above. In the present case the 
hypothesis is that the process never stops, and it is required to prove that a, b 
cannot in that case have any common measure, as / For suppose that / is a 
common measure, and suppose the process to be continued until the remainder 
e, say, is less than / . 

Then, since f measures a, b, it measures a - pb, or c. 
Since / measures b, c, it measures b-qc, or d; and, since / measures c, d, 

it measures c — rd, or e: which is impossible, since e <f. 
Euclid assumes as axiomatic that, if/ measures a, b, it measures ma ± nb. 
In practice, of course, it is often unnecessary to carry the process far in 

order to see that it will never stop, and consequently that the magnitudes are 
incommensurable. A good instance is pointed out by Allman (Greek Geometry 
from Thales to Euclid, pp. 42, 137—8). Euclid proves in XIII. 5 that, if AB 
be cut in extreme and mean ratio at C, and if 
DA equal to A C be added, then DB is also cut D A 0 B 
in extreme and mean ratio at A. This is indeed 
obvious from the proof of II. n . It follows conversely that, if BD is cut into 
extreme and mean ratio at A, and A C, equal to the lesser segment AD, be 
subtracted from the greater AB, AB is similarly divided at C. We can then 
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mark off from AC a portion equal to CB, and AC will then be similarly 
divided, and so on. Now the greater segment in a line thus divided is greater 
than half the line, but it follows from xm. 3 that it is less than twice the 
lesser segment, i.e. the lesser segment can never be marked off more than 
once from the greater. Our process of marking off the lesser segment from the 
greater continually is thus exactly that of finding the greatest common measure. 
If, therefore, the segments were commensurable, the process would stop. But 
it clearly does not; therefore the segments are incommensurable. 

Allman expresses the opinion that it was rather in connexion with the line 
cut in extreme and mean ratio than with reference to the diagonal and side 
of a square that the Pythagoreans discovered the incommensurable. But the 
evidence seems to put it beyond doubt that the Pythagoreans did discover 
the incommensurability of J2 and devoted much attention to this particular 
case. The view of Allman does not therefore commend itself to me, though 
it is likely enough that the Pythagoreans were aware of the incommensura
bility of the segments of a line cut in extreme and mean ratio. At all events 
the Pythagoreans could hardly have carried their investigations into the in
commensurability of the segments of this line very far, since Theaetetus is 
said to have made the first classification of irrationals, and to him is also, with 
reasonable probability, attributed the substance of the first part of Eucl. xm., 
in the sixth proposition of which occurs the proof that the segments of a 
rational straight line cut in extreme and mean ratio are apotomes. 

Again, the incommensurability of ^ 2 can be proved by a method 
practically equivalent to that of x. 2, and without carrying the process very 
far. This method is given in Chrystal's Text
book of Algebra (1. p. 270). Let d, a be the 
diagonal and side respectively of a square 
ABCD. Mark off AF along A C equal to a. 
Draw FE at right angles to AC meeting BC 
in E. 

It is easily proved that 
BE = EF=FC, 
CF=AC-AB = d-a (1). 
CE=CB- CF = a-(d-a) 

= 2a -d (2). 
Suppose, if possible, that d, a are commensurable. If d, a are both 

commensurably expressible in terms of any finite unit, each must be an 
integral multiple of a certain finite unit 

But from (1) it follows that CF, and from (2) it follows that CE, is an 
integral multiple of the same unit. 

And CF, CE are the side and diagonal of a square CFEG, the side of 
which is less than half the side of the original square. If «„ d, are the side and 
diagonal of this square, 

al = d-a ) 
d1 — 2a-d ) ' 

Similarly we can form a square with side a2 and diagonal dt which are less 
than half a,, d, respectively, and as, d, must be integral multiples of the same 
unit, where 

a2 = dl - a,, 



and this process may be continued indefinitely until (x. i) we have a square 
as small as we please, the side and diagonal of which are integral multiples of 
a finite unit: which is absurd. 

Therefore a, d are incommensurable. 
It will be observed that this method is the opposite of that shown in the 

Pythagorean series of side- and diagonal-numbers, the squares being 
successively smaller instead of larger. 

P R O P O S I T I O N 3. 

Given two commensurable magnitudes, to find their greatest 
common measure. 

Let the two given commensurable magnitudes be AB, CD 
of which AB is the less ; 
thus it is required to find the greatest common measure of 
AB, CD. 

Now the magnitude AB either measures CD or it does 
not. 

If then it measures it—and it measures itself also—AB is 
a common measure of AB, CD. 

And it is manifest that it is also the greatest; 
for a greater magnitude than the magnitude AB will not 
measure AB. 

Next, let AB not measure CD. 
Then, if the less be continually subtracted in turn from 

the greater, that which is left over will sometime measure 
the one before it, because AB, CD are not incommensurable; 

[cf. x. 2] 

let AB, measuring ED, leave EC less than itself, 
let EC, measuring FB, leave AF less than itself, 
and let AF measure CE. 

Since, then, AF measures CE, 
while CE measures FB, 
therefore AF will also measure FB. 

But it measures itself also; 
therefore AF will also measure the whole AB. 



But AB measures DE; 
therefore AF will also measure ED. 

But it measures CE also ; 
therefore it also measures the whole CD. 

Therefore AF is a common measure of AB, CD. 

I say next that it is also the greatest. 
For, if not, there will be some magnitude greater than AF 

which will measure AB, CD. 
Let it be G. 
Since then G measures AB, 

while A B measures ED, 
therefore G will also measure ED. 

But it measures the whole CD also ; 
therefore G will also measure the remainder CE. 

But CE measures FB ; 
therefore G will also measure FB. 

But it measures the whole AB also, 
and it will therefore measure the remainder AF, the greater 
the less: 
which is impossible. 

Therefore no magnitude greater than AF will measure 
AB, CD; 
therefore AF is the greatest common measure of AB, CD. 

Therefore the greatest common measure of the two given 
commensurable magnitudes AB, CD has been found. 

Q . E . D . 

P O R I S M . From this it is manifest that, if a magnitude 
measure two magnitudes, it will also measure their greatest 
common measure. 

This proposition for two commensurable magnitudes is, mutatis mutandis, 
exactly the same as vn. 2 for numbers. We have the process 

b)a(p 
pb 
~c)b(q 

qc 
T\ 1 d)c(r 

rd 
where c is equal to rd and therefore there is no remainder. 
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It is then proved that d is a common measure of a, b; and next, by a 
reductio ad absurdum, that it is the greatest common measure, since any 
common measure must measure d, and no magnitude greater than d can 
measure d. The reductio ad absurdum is of course one of form only. 

The Porism corresponds exactly to the Porism to vn. 2. 
The process of finding the greatest common measure is probably given in 

this Book, not only for the sake of completeness, but because in x. 5 a 
common measure of two magnitudes A, B is assumed and used, and therefore 
it is important to show that such a measure can be found if not already 
known. 

P R O P O S I T I O N 4. 

Given three commensurable magnitudes, to find their greatest 
common measure. 

Let A, B, C be the three given commensurable magnitudes; 
thus it is required to find the greatest 
common measure of A, B, C. A 

Let the greatest common measure B 
of the two magnitudes A, B be taken, 0 
and let it be D ; [x. 3] 0 E F 

then D either measures C, or does 
not measure it. 

First, let it measure it. 
Since then D measures C, 

while it also measures A, B, 
therefore D is a common measure of A, B, C. 

And it is manifest that it is also the greatest; 
for a greater magnitude than the magnitude D does not 
measure A, B. 

Next, let D not measure C. 
I say first that C, D are commensurable. 
For, since A, B, C are commensurable, 

some magnitude will measure them, 
and this will of course measure A, B also ; 
so that it will also measure the greatest common measure of 
A, B, namely D. [x. 3, Por.] 

But it also measures C; 
so that the said magnitude will measure C, D; 
therefore C, D are commensurable. 



Now let their greatest common measure be taken, and let 
>e E. 
Since then E measun 

while D measures A, B, 

it be E. [x. 3] 
Since then E measures D, 

therefore E will also measure A, B. 
But it measures C also ; 

therefore E measures A, B, C; 
therefore E is a common measure of A, B, C. 

I say next that it is also the greatest. 
For, if possible, let there be some magnitude ^greater than 

E, and let it measure A, B, C. 
Now, since F measures A, B, C, 

it will also measure A, B, 
and will measure the greatest common measure of A, B. 

[x. 3, Por.] 
But the greatest common measure of A, B is D ; 

therefore F measures D. 
But it measures C also ; 

therefore F measures C, D ; 
therefore F will also measure the greatest common measure 
of C, D. [x. 3, Por.] 

But that is E; 
therefore F will measure E, the greater the less : 
which is impossible. 

Therefore no magnitude greater than the magnitude E 
will measure A, B, C; 
therefore E is the greatest common measure of A, B, C if D 
do not measure C, 
and, if it measure it, D is itself the greatest common measure. 

Therefore the greatest common measure of the three given 
commensurable magnitudes has been found. 

P O R I S M . From this it is manifest that, if a magnitude 
measure three magnitudes, it will also measure their greatest 
common measure. 

Similarly too, with more magnitudes, the greatest common 
measure can be found, and the porism can be extended. 

Q. E. D . 



This proposition again corresponds exactly to vn. 3 for numbers. As 
there Euclid thinks it necessary to prove that, a, b, c not being prime to one 
another, d and c are also not prime to one another, so here he thinks it 
necessary to prove that d, c are commensurable, as they must be since any 
common measure of a, b must be a measure of their greatest common 
measure d (x. 3, Por.). 

The argument in the proof that e, the greatest common measure of d, c, is 
the greatest common measure of a, b, c, is the same as that in vu. 3 and x. 3. 

The Porism contains the extension of the process to the case of four 
or more magnitudes, corresponding to Heron's remark with regard to the 
similar extension of vn. 3 to the case of four or more numbers. 

P R O P O S I T I O N 5. 

Commensurable magnitudes have to one another the ratio 
which a number has to a number. 

Let A, B be commensurable magnitudes ; 
I say that A has to B the ratio which a number has to a 
number. 

For, since A, B are commensurable, some magnitude will 
measure them. 

Let it measure them, and let it be C. 
A B c 

D 

E 

And, as many times as C measures A, so many units let 
there be in D ; 
and, as many times as C measures B, so many units let there 
be in E. 

Since then C measures A according to the units in D, 
while the unit also measures D according to the units in it, 
therefore the unit measures the number D the same number 
of times as the magnitude C measures A ; 
therefore, as C is to A, so is the unit to D; [vn. Def. 20] 
therefore, inversely, as A is to C, so is D to the unit. 

[cf. v. 7, Por.] 
Again, since C measures B according to the units in E, 

while the unit also measures E according to the units in it, 



a = mc, 
b = TIC, 

where m, n are integers. 
It follows that c: a = 1 : m (1), 

or, inversely, a : c = m : 1; 
and also that c:b = \:n, 
so that, ex aequali, a:b = m:n. 

It will be observed that, in stating the proportion (1), Euclid is merely 
expressing the fact that a is the same multiple of c that m is of 1. In other 
words, he rests the statement on the definition of proportion in vn. Def. 20. 
This, however, is applicable only to four numbers, and c, a are not numbers but 
magnitudes. Hence the statement of the proportion is not legitimate unless 
it is proved that it is true in the sense of v. Det. 5 with regard to magnitudes 
in general, the numbers 1, m being magnitudes. Similarly with regard to the 
other proportions in the proposition. 

There is, therefore, a hiatus. Euclid ought to have proved that magnitudes 
which are proportional in the sense of vn. Def. 20 are also proportional in the 
sense of v. Def. 5, or that the proportion of numbers is included in the 
proportion of magnitudes as a particular case. Simson has proved this in his 
Proposition C inserted in Book v. (see Vol. 11. pp. 126—8). The portion of 
that proposition which is required here is the proof that, 
if a = mb \ 

c = md)' 
then a:b = c:d, in the sense of v. Def. 5. 

Take any equimultiples pa, pc of a, c and any equimultiples qb, qd of b, d. 
Now pa = pmb \ 

pc =pmd) 
But, according as pmb > = <ob,pmd> = <qd. 

Therefore, according as pa > = < qb, pa > = < qd. 
And pa, pc are any equimultiples of a, c, and qb, qd any equimultiples 

of b, d. 
Therefore a:b = c:d. [v. Def. 5.] 

therefore the unit measures E the same number of times as C 
measures B; 
therefore, as C is to B, so is the unit to E. 

But it was also proved that, 
as A is to C, so is D to the unit; 

therefore, ex aequali, 
as A is to B, so is the number D to E. [v. 22J 

Therefore the commensurable magnitudes A, B have to 
one another the ratio which the number D has to the number E. 

Q . E . D . 

The argument is as follows. If a, b be commensurable magnitudes, they 
have some common measure c, and 



P R O P O S I T I O N 6 . 

If two magnitudes have to one another the ratio which a 
number has to a number, the magnitudes will be commensurable. 

For let the two magnitudes A, B have to one another the 
ratio which the number D has to the number E ; 

5 I say that the magnitudes A, B are commensurable. 
A 1 B C 

For let A be divided into as many equal parts as there 
are units in D, 
and let C be equal to one of them ; 
and let F be made up of as many magnitudes equal to C as 

io there are units in E. 
Since then there are in A as many magnitudes equal to C 

as there are units in D, 
whatever part the unit is of D, the same part is C of A also ; 
therefore, as C is to A, so is the unit to D. [vn. Def. 20] 

15 But the unit measures the number D ; 
therefore C also measures A. 

And since, as C is to A, so is the unit to D, 
therefore, inversely, as A is to C, so is the number D to the 
unit. [cf. v. 7, Por.] 

20 Again, since there are in F as many magnitudes equal 
to C as there are units in E, 
therefore, as C is to F, so is the unit to E. [vn. Def. 20] 

But it was also proved that, 
as A is to C, so is D to the unit; 

25 therefore, ex aequali, as A is to E, so is D to E. [v. 22] 
But, as D is to E, so is A to B; 

therefore also, as A is to B, so is it to F also. [v. 11 ] 
Therefore A has the same ratio to each of the magnitudes 

B, F; 
30 therefore B is equal to F. [v. 9] 

But C measures F; 
therefore it measures B also. 

Further it measures A also ; 
therefore C measures A, B. 
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35 Therefore A is commensurable with B. 
Therefore etc. 

P O R I S M . From this it is manifest that, if there be two 
numbers, as D, E, and a straight line, as A, it is possible to 
make a straight line [E~\ such that the given straight line is to 

40 it as the number D is to the number E. 
And, if a mean proportional be also taken between A, E, 

as B, 
as A is to F, so will the square on A be to the square on B, 

that is, as the first is to the third, so is the figure on the first 
45 to that which is similar and similarly described on the second. 

[vi. 19, Por.] 
But, as A is to E, so is the number D to the number E; 

therefore it has been contrived that, as the number D is to 
the number E, so also is the figure on the straight line A to 
the figure on the straight line B. Q. E. D . 

15. But the unit measures the number D ; therefore C also measures A. 
These words are redundant, though they are apparently found in all the Mss. 

The same link to connect the proportion of numbers with the proportion 
of magnitudes as was necessary in the last proposition is necessary here. This 
being premised, the argument is as follows. 

Suppose a:b = m:n, 
where m, n are (integral) numbers. 

Divide a into m parts, each equal to c, say, 
so that a = pie. 

Now take d such that d=nc. 
Therefore we have a : c = m : I , 

and c:d=\:n, 
so that, ex aequali, a : d =m : n 

= a : *, by hypothesis. 
Therefore b = d~nc, 

so that c measures b n times, and a, b are commensurable. 
The Porism is often used in the later propositions. It follows (1) that, if 

a be a given straight line, and m, n any numbers, a straight line x can be 
found such that 

a : x — m : n. 
(2) We can find a straight line y such that 

a a :y' = m : n. 
For we have only to take y, a mean proportional between a and x, as 
previously found, in which case a, y, x are in continued proportion and 
[v. Def. 9] 

a'-.f = a :x 
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P R O P O S I T I O N 7. 

Incommensurable magnitudes have not to one another the 
ratio which a number has to a number. 

Let A, B be incommensurable magnitudes ; 
I say that A has not to B the ratio which a number has to a 
number. 

For, if A has to B the ratio which a number has to a 
number, A will be commensurable with B. [x. 6] 

But it is not; 
therefore A has not to B the ratio which a g 
number has to a number. 

Therefore etc. 

P R O P O S I T I O N 8. 

If two magnitudes have not to one another the ratio which 
a number has to a number, the magnitudes will be incom
mensurable. 

For let the two magnitudes A, B not have to one another 
the ratio which a number has to a number; 
I say that the magnitudes A, B are incom- — ^ 
mensurable. 

For, if they are commensurable, A will have to B the 
ratio which a number has to a number. [x. 5] 

But it has not; 
therefore the magnitudes A, B are incommensurable. 

Therefore etc. 

P R O P O S I T I O N 9. 

The squares on straight lines commensurable in length have 
to one another the ratio which a square number has to a square 
number; and squares which have to one another the ratio 
which a square number has to a square number will also have 
their sides commensurable in length. But the squares on 
straight lines incommensurable in length have not to one 
another the ratio which a square number has to a square 
number; and squares which have not to one another the ratio 
which a square number has to a square number will not have 
their sides commensurable in length either. 



For let A, B be commensurable in length ; 
I say that the square on A B 

has to the square on B the — 
ratio which a square number ~~ 
has to a square number. 

For, since A is commensurable in length with B, 
therefore A has to B the ratio which a number has to a 
number. [x. 5] 

Let it have to it the ratio which C has to D. 
Since then, as A is to B, so is C to D, 

while the ratio of the square on A to the square on B is 
duplicate of the ratio of A to B, 
for similar figures are in the duplicate ratio of their corre-

and the ratio of the square on C to the square on D is duplicate 
of the ratio of C to D, 
for between two square numbers there is one mean proportional 
number, and the square number has to the square number the 
ratio duplicate of that which the side has to the side ; [vm. n ] 
therefore also, as the Square on A is to the square on B, so 
is the square on C to the square on D. 

Next, as the square on A is to the square on B, so let 
the square on C be to the square on D ; 
I say that A is commensurable in length with B. 

For since, as the square on A is to the square on B, so is 
the square on C to the square on D, 
while the ratio of the square on A to the square on B is 
duplicate of the ratio of A to B, 
and the ratio of the square on C to the square on D is duplicate 
of the ratio of C to D, 
therefore also, as A is to B, so is C to D. 

Therefore A has to B the ratio which the number C has 
to the number D ; 
therefore A is commensurable in length with B. [x. 6] 

Next, let A be incommensurable in length with B ; 
I say that the square on A has not to the square on B the 
ratio which a square number has to a square number. 

For, if the square on A has to the square on B the ratio 

sponding sides; [vi. 20, Por.] 



which a square number has to a square number, A will be 
commensurable with B. 

But it is not; 
therefore the square on A has not to the square on B the 
ratio which a square number has to a square number. 

Again, let the square on A not have to the square on B 
the ratio which a square number has to a square number ; 
I say that A is incommensurable in length with B. 

For, if A is commensurable with B, the square on A will 
have to the square on B the ratio which a square number has 
to a square number. 

But it has not; 
therefore A is not commensurable in length with B. 

Therefore etc. 
P O R I S M . And it is manifest from what has been proved 

that straight lines commensurable in length are always com
mensurable in square also, but those commensurable in square 
are not always commensurable in length also. 

[ L E M M A . It has been proved in the arithmetical books 
that similar plane numbers have to one another the ratio 
which a square number has to a square number, [vm. 26] 
and that, if two numbers have to one another the ratio which 
a square number has to a square number, they are similar 
plane numbers. [Converse of vm. 26] 

And it is manifest from these propositions that numbers 
which are not similar plane numbers, that is, those which 
have not their sides proportional, have not to one another 
the ratio which a square number has to a square number. 

For, if they have, they will be similar plane numbers: 
which is contrary to the hypothesis. 

Therefore numbers which are not similar plane numbers 
have not to one another the ratio which a square number has 
to a square number.] 

A scholium to this proposition (Schol. x. No. 62) says categorically that 
the theorem proved in it was the discovery of Theaetetus. 

If a, b be straight lines, and 
a : b = m : n, 

where m, n are numbers, 
then a':b' = m':tit; 
and conversely. 



This inference, which looks so easy when thus symbolically expressed, was 
by no means so easy for Euclid owing to the fact that a, b are straight lines, 
and m, n numbers. He has to pass from a : b to a 2 : b2 by means of vi. 20, Por. 
through the duplicate ratio; the square on a is to the square on b in the 
duplicate ratio of the corresponding sides a, b. On the other hand, m, n 
being numbers, it is vm. n which has to be used to show that mp : n* is the 
ratio duplicate of m : n. 

Then, in order to establish his result, Euclid assumes that, if two ratios are 
equal, the ratios which are their duplicates are also equal. This is nowhere 
proved in Euclid, but it is an easy inference from v. 22, as shown in my note 
on vi. 22. 

The converse has to be established in the same careful way, and Euclid 
assumes that ratios the duplicates of which are equal are themselves equal. 
This is much more troublesome to prove than the converse; for proofs I refer 
to the same note on vi. 22. 

The second part of the theorem, deduced by reductio ad absurdum from 
the first, requires no remark. 

In the Greek text there is an addition to the Porism which Heiberg 
brackets as superfluous and not in Euclid's manner. It consists (1) of a sort 
of proof, or rather explanation, of the Porism and (2) of a statement and 
explanation to the effect that straight lines incommensurable in length are 
not necessarily incommensurable in square also, and that straight lines 
incommensurable in square are, on the other hand, always incommensurable 
in length also. 

The Lemma gives expressions for two numbers which have to one another 
the ratio of a square number to a square number. Similar plane numbers 
are of the form pm . pn and qm . qn, or mnp1 and mnq1, the ratio of which is 
of course the ratio of p* to q1. 

The converse theorem that, if two numbers have to one another the ratio 
of a square number to a square number, the numbers are similar plane 
numbers is not, as a matter of fact, proved in the arithmetical Books. It is 
the converse of vm. 26 and is used in ix. 10. Heron gave it (see note on 
vm. 27 above). 

Heiberg however gives strong reason for supposing the Lemma to be an 
interpolation. It has reference to the next proposition, x. 10, and, as we shall 
see, there are so many objections to x. 10 that it can hardly be accepted as 
genuine. Moreover there is no reason why, in the Lemma itself, numbers 
which are not similar plane numbers should be brought in as they are. 

[ P R O P O S I T I O N 1 0 . 

To find two straight lines incommensurable, the one in 
length only, and the other in square also, with an assigned 
straight line. 

Let A be the assigned straight line; 
thus it is. required to find two straight lines incommensurable, 
the one in length only, and the other in square also, with A. 

Let two numbers B, C be set out which have not to one 



another the ratio which a square number has to a square 
number, that is, which are not similar plane 
numbers ; A — 
and let it be contrived that, ° 

as B is to C, so is the square on A to E 

the square on D ~ Z ~ Z — 
—for we have learnt how to do this— 

[x. 6, Por.] 
therefore the square on A is commensurable with the square 
on D. [x. 6] 

And, since B has not to C the ratio which a square number 
has to a square number, 
therefore neither has the square on A to the square on D the 
ratio which a square number has to a square number; 
therefore A is incommensurable in length with D. [x. 9] 

Let E be taken a mean proportional between A, D; 
therefore, as A is to D, so is the square on A to the square 
on E. [v. Def. 9] 

But A is incommensurable in length with D; 
therefore the square on A is also incommensurable with the 
square on E; [x. n ] 
therefore A is incommensurable in square with E. 

Therefore two straight lines D, E have been found in
commensurable, D in length only, and E in square and of 
course in length also, with the assigned straight line A.] 

It would appear as though this proposition was intended to supply a 
justification for the statement in x. Def. 3 that it is proved that there are an 
infinite number of straight lines (a) incommensurable in length only, or 
commensurable in square only, and (/•) incommensurable in square, with any 
given straight line. 

But in truth the proposition could well be dispensed with; and the 
positive objections to its genuineness are considerable. 

In the first place, it depends on the following proposition,' x. 1 1 ; for the 
last step concludes that, since 

a* : y* = a : x, 

and a, x are incommensurable in length, therefore as, f are incommensurable. 
But Euclid never commits the irregularity of proving a theorem by means of 
a later one. Gregory sought to get over the difficulty by putting x. 10 after 
x. 1 1 ; but of course, if the order were so inverted, the Lemma would still be 
in the wrong place. 

Further, the expression lpj6B0p.1v yap, "for we have learnt (how to do this)," 
is not in Euclid's manner and betrays the hand of a learner (though the same 

http://lpj6B0p.1v


expression is found in the Sectio Canonis of Euclid, where the reference is 
to the Elements). 

Lastly the manuscript P has the number 10, in the first hand, at the top 
of x. I I , from which it may perhaps be concluded that x. io had at first no 
number. 

It seems best therefore to reject as spurious both the Lemma and x. io. 
The argument of x. io is simple. If a be a given straight line and m, n 

numbers which have not to one another the ratio of square to square, take x 
such that 

a" : x* = m : n, [x. 6, Por.] 
whence a, x are incommensurable in length. [x. 9] 

Then take y a mean proportional between a, x, whence 
a 2 : y2 = a : x [v. Def. 9] 

Jm : Jn], 
and x is incommensurable in length only, while y is incommensurable in 
square as well as in length, with a. 

P R O P O S I T I O N I I . 

If four magnitudes be proportional, and the first be com
mensurable with the second, the third will also be commensurable 
with the fourth; and, if the first be incommensurable with the 
second, the third will also be incommensurable with the fourth. 

Let A, B, C, D be four magnitudes in proportion, so 
that, as A is to B, so is C 
to D, A B 

and let A be commensurable 0 D 

with B; 
I say that C will also be commensurable with D. 

For, since A is commensurable with B, 
therefore A has to B the ratio which a number has to a 
number. [x. 5] 

And, as A is to B, so is C to D ; 
therefore C also has to D the ratio which a number has to a 
number; 
therefore C is commensurable with D. [x. 6] 

Next, let A be incommensurable with B ; 
I say that C will also be incommensurable with D. 

For, since A is incommensurable with B, 
therefore A has not to B the ratio which a number has to a 
number. [x. 7] 
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And, as A is to B, so is C to D ; 
therefore neither has C to D the ratio which a number has to 
a number; 
therefore C is incommensurable with D. [x. 8] 

Therefore etc. 
I shall henceforth, for the sake of brevity, use symbols for the terms 

" commensurable (with)" and " incommensurable (with)" according to the 
varieties described in x. Deff. i—4. The symbols are taken from Lorenz 
and seem convenient. 

Commensurable and commensurable with, in relation to areas, and com
mensurable in length and commensurable in length with, in relation to straight 
lines, will be denoted by n . 

Commensurable in square only or commensurable in square only with (terms 
applicable only to straight lines) will be denoted by 

Incommensurable (with), of areas, and incommensurable (with), of straight 
lines will be denoted by ̂ . 

Incommensurable in square (with) (a term applicable to straight lines only) 
will be denoted by •—. 

Suppose a, b, c, d to be four magnitudes such that 
a : b = c : d. 

Then (1), if a « b, a : b = m : n, where m, n are integers, fx. 5] 
whence c : d-m : n, 
and therefore c«d. [x. 6] 

(j) I f i i v i , a : b* m : », [x. 7] 
so that c : d+m : n, 
whence c ̂  d. [x. 8] 

P R O P O S I T I O N I 2. 

Magnitudes commensurable with the same magnitude are 
commensurable with one another also. 

For let each of the magnitudes A, B be commensurable 
with C; 
I say that A is also commensurable with B. 

- D 

— E H 

- F K 

- G 1— L 

For, aince A is commensurable with C, 
therefore A has to C the ratio which a number has to a 
number. [x. 5] 
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Let it have the ratio which D has to E. 
Again, since C is commensurable with B, 

therefore C has to B the ratio which a number has to a 

Let it have the ratio which F has to G. 
And, given any number of ratios we please, namely the 

ratio which D has to E and that which F has to G, 
let the numbers H, K, L be taken continuously in the given 
ratios ; [cf. vm. 4] 
so that, as D is to E, so is H to K, 

and, as F is to G,-so is K to L. 
Since, then, as A is to C, so is D to E, 

while, as D is to E, so is H to A", 
therefore also, as A is to C, so is H to K. [v. n ] 

Again, since, as C is to B, so is F to G, 
while, as F is to 6", so is K to Z, 
therefore also, as C is to B, so is A to L. [v. n ] 

But also, as A is to C, so is H to A*; 
therefore, ex aequali, as ^4 is to B, so is H to Z. [v. 22] 

Therefore A has to the ratio which a number has to a 
number; 
therefore A is commensurable with B. [x. 6] 

Therefore etc. 

We have merely to go through the process of compounding two ratios in 
numbers. 

number. [x- 5] 

Q . E . D . 

and 

whence, ex aequali, 
so that 

Therefore 

Suppose 
Therefore 

Now 

a, b each r< c. 
a : c = m : 11, say, 
c : b = p : q, say. 

tn : n = mp : np, 
p : q = np : nq. 
a : c = mp : np, 
c : b = np : nq, 
a : b = mp : nq, 

[x. 5] 

a « A. [x.6] 
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P R O P O S I T I O N 1 3 . 

If two magnitudes be commensurable, and the one of them 
be incommensurable with any magnitude, the remaining one 
will also be incommensurable with the same. 

Let A, B be two commensurable magnitudes, and let one 
of them, A, be incommensurable with 
any other magnitude C; x 
I say that the remaining one, B, will 0 
also be incommensurable with C. B 

For, if B is commensurable with C, 
while A is also commensurable with B, 
A is also commensurable with C. [x. 12] 

But it is also incommensurable with it: 
which is impossible. 

Therefore B is not commensurable with C; 
therefore it is incommensurable with it. 

Therefore etc. 
. 

L E M M A . 

Given two unequal straight lines, to find by what square the 
square on the greater is greater than the square on the less. 

Let AB, C be the given two unequal straight lines, and 
let AB be the greater of them; 
thus it is required to find by what 
square the square on AB is greater 
than the square on C. 

Let the semicircle ADB be de
scribed on AB, 
and let AD be fitted into it equal to C; [iv. 1] 
let DB be joined. 

It is then manifest that the angle ADB is right, [m. 31] 
and that the square on AB is greater than the square on 
AD, that is, C, by the square on DB. [1. 47] 

Similarly also, if two straight lines be given, the straight 
line the square on which is equal to the sum of the squares 
on them is found in this manner. 
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Let AD, DB be the given two straight lines, and let it be 
required to find the straight line the square on which is equal 
to the sum of the squares on them. 

Let them be placed so as to contain a right angle, that 
formed by AD, DB ; 
and let AB be joined. 

It is again manifest that the straight line the square on 
which is equal to the sum of the squares on AD, DB is AB. 

['• 47] 
Q . E . D . 

The lemma gives an obvious method of finding a straight line (e) equal to 
Jat^bi, where a, b are given straight lines of which a is the greater. 

P R O P O S I T I O N 1 4 . 

If four straight lines be proportional, and the square on 
the first be greater than the square on the second by the square 
on a straight line commensurable with the first, the square on 
the third will also be greater than the square on the fourth by 
the square on a straight line commensurable with the third. 

And, if the square on the first be greater than the square 
on the second by the square on a straight line incommensurable 
with the first, the square on the third will also be greater than 
t/te square on the fourth by the square on a straight line in
commensurable with the third. 

Let A, B, C, D be four straight lines in proportion, so 
that, as A is to B, so is C to D; 
and let the square on A be greater than 
the square on B by the square on E, and 
let the square on C be greater than the 
square on D by the square on E; 
I say that, if A is commensurable with E, 
C is also commensurable with F, 
and, if A is incommensurable with E, C is 
also incommensurable with F. 

For since, as A is to B, so is C to D, 
therefore also, as the square on A is to the square on B, so is 
the square on C to the square on D. [vi. 22] 

But the squares on E, B are equal to the square on A, 
and the squares on D, F are equal to the square on C. 

A B C D 



Therefore, as the squares on E, B are to the square on 
B, so are the squares on D, F to the square on D; 
therefore, separando, as the square on E is to the square on 
B, so is the square on F to the square on D ; [v. 17] 

3° therefore also, as E is to B, so is F to D ; [vi. 22] 
therefore, inversely, as B is to E, so is D to F. 

But, as A is to B, so also is C to D ; 
therefore, ex aequali, as 4̂ is to E, so is C to F. [v. 22] 

Therefore, if A is commensurable with E, C is also com-
35 mensurable with F, 

and, if A is incommensurable with E, C is also incommen
surable with F. [x. m] 

Therefore etc. 

3, 5, 8, 10. Euclid speaks of the square on the first (third) being greater than the square 
on the second (fourth) by the square on a straight line commensurable (incommensurable) 
" w i t h itself (iavr^),v and similarly in all like phrases throughout the Book. For clearness' 
sake I substitute " the first," " the third," or whatever it may be, for " itself" in these cases. 

Suppose a, b, c, d to be straight lines such that 
a : b = c : d (1). 

It follows [vi. 22] that a2 : b2 = c2 : d2 (2). 
In order to prove that, convertendo, 

a2 : (a2 - b2) = c2 : (c2 - d2) 
Euclid has to use a somewhat roundabout method owing to the absence of a 
convertendo proposition in his Book v. (which omission Simson supplied by 
his Prop. E). 

It follows from (2) that 
{(a2 - b2) + b2\:b2 = {(c2 -d2) + d*) : d\ 

whence, separando, (a2 - b2) ; b2=(c2 — d2) : d2, [v. 17] 
and, inversely, b2 : (a2 - b2) = d2 : (c2 — d2). 

From this and (2), ex aequali, 
a2 : (a2-b2) = c2 :(c2-d2). [v. 22] 

Hence a : •Ja2-b2 = c: -Jc2 — d2. [vi. 22] 
According therefore as a « or w J a2 — b2, 

c~or^Jc2-d2. [x. 11] 
If a « •Jd' — b2, we may put J a- — b2 = ka, where k is of the form m/n 

and m, n are integers. And if \'a2 - /<* = ka, it follows in this case that 
s/F- d2 = kc. 
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P R O P O S I T I O N 1 5 . 

If two commensurable magnitudes be added together, the 
whole will also be commensurable with each of them ; and, if 
the whole be commensurable with one of them, the original 
magnitudes will also be commensurable. 

For let the two commensurable magnitudes AB, BC be 
added together; 
I say that the whole A C is also A 1 0 

commensurable with each of the 
magnitudes AB, BC. 

For, since AB, BC are commensurable, some magnitude 
will measure them. 

Let it measure them, and let it be D. 
Since then D measures AB, BC, it will also measure the 

whole AC. 
But it measures AB, BC also ; 

therefore D measures AB, BC, AC; 
therefore AC is commensurable with each of the magnitudes 
AB, BC. [x. Def. 1] 

Next, let AC be commensurable with AB; 
I say that AB, BC are also commensurable. 

For, since AC, AB are commensurable, some magnitude 
will measure them. 

Let it measure them, and let it be D. 
Since then D measures CA, AB, it will also measure the 

remainder BC. 
But it measures AB also ; 

therefore D will measure AB, BC; 
therefore AB, BC are commensurable. [x. Def. 1] 

Therefore etc. 
(1) If a, b be any two commensurable magnitudes, they are of the form 

mc, nc, where c is a common measure of a, b and m, n some integers. 
It follows that a + b = (m + n)c: 

therefore (a + b), being measured by c, is commensurable with both a and b. 
(2) If a + b is commensurable with either a or b, say a, we may put 

a + b = mc, a = nc, where c is a common measure of (a + b), a, and m, ware 
integers. 

Subtracting, we have /' = (m— n) c, 
whence /' « a. 



P R O P O S I T I O N I 6. 

If two incommensurable magnitudes be added together, the 
whole will also be incommensurable with each of them ; and, if 
the whole be incommensurable with one of them, the original 
magnitudes will also be incommensurable. 

For let the two incommensurable magnitudes AB, BC be 
added together; 
I say that the whole AC is also incommensurable A 
with each of the magnitudes AB, BC. ° 

For, if CA, AB are not incommensurable, some 
magnitude will measure them. 

Let it measure them, if possible, and let it be D. B . 
Since then D measures CA, AB, 

therefore it will also measure the remainder BC. 
But it measures AB also ; c 

therefore D measures AB, BC. 
Therefore AB, BC are commensurable ; 

but they were also, by hypothesis, incommensurable: 
which is impossible. 

Therefore no magnitude will measure CA, AB; 
therefore CA, AB are incommensurable. [x. Def. i] 

Similarly we can prove that AC, CB are also incom
mensurable. 

Therefore AC is incommensurable with each of the magni
tudes AB, BC. 

Next, let AC be incommensurable with one of the magni
tudes AB, BC. 

First, let it be incommensurable with AB; 
I say that AB, BC are also incommensurable. 

For, if they are commensurable, some magnitude will 
measure them. 

Let it measure them, and let it be D. 
Since then D measures AB, BC. 

therefore it will also measure the whole AC. 
But it measures AB also ; 

therefore D measures CA, AB. 
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Therefore CA, AB are commensurable ; 
but they were also, by hypothesis, incommensurable : 
which is impossible. 

Therefore no magnitude will measure AB, BC; 
therefore AB, BC are incommensurable. [x. Def. 1] 

Therefore etc. 
L E M M A . 

If to any straight line there be applied a parallelogram 
deficient by a square figure, the applied parallelogram is equal 
to the rectangle contained by the segments of the straight line 
resulting from the application. 

For let there be applied to the straight line AB the 
parallelogram AD deficient by the 
square figure DB; 1 j— 
I say that AD is equal to the rectangle 
contained by A C, CB. - 1 1 ( 

This is indeed at once manifest; 
for, since DB is a square, 
DC is equal to CB ; 
and AD is the rectangle AC, CD, that is, the rectangle AC, 
CB. 

Therefore etc. 
If a be the given straight line, and x the side of the square by which the 

applied rectangle is to be deficient, the rectangle is equal to ax - x1, which is 
of course equal to x (a — x). The rectangle may be written xy, where 
* + y = a. Given the area x(a-x), or xy (where x+y = a), two different 
applications will give rectangles equal to this area, the sides of the defect 
being x or a - x (x or y) respectively; but the second mode of expression 
shows that the rectangles do not differ in form but only in position. 

P R O P O S I T I O N 1 7 . 

If there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and if 
it divide it into parts which are commensurable in length, then 
the square on the greater will be greater than the square on 
the less by the square on a straight line commensurable with 
the greater. 

And, if the square on the greater be greater than the square 
on the less by the square on a straight line commensurable with 



io the greater, and if there be applied to the greater a parallelogram 
equal to the fourth part of the square on the less and deficient 
by a square figure, it will divide it into parts which are com
mensurable in length. 

Let A, BC be two unequal straight lines, of which BC is 
15 the greater, 

and let there be applied to BC a parallel- * 
ogram equal to the fourth part of the 
square on the less, A, that is, equal to | — j 
the square on the half of A, and deficient i 

20 by a square figure. Let this be the g JF E ci c 
rectangle BD, DC, [cf. Lemma] 
and let BD be commensurable in length with DC; 
I say that the square on BC is greater than the square on A 
by the square on a straight line commensurable with BC. 

25 For let BC be bisected at the point E, 
and let EE be made equal to DE. 

Therefore the remainder DC is equal to BE. 
And, since the straight line BC has been cut into equal 

parts at E, and into unequal parts at D, 
3° therefore the rectangle contained by BD, DC, together with 

the square on ED, is equal to the square on EC; [n. 5] 
And the same is true of their quadruples ; 

therefore four times the rectangle BD, DC, together with 
four times the square on DE, is equal to four times the square 

35 on EC. 
But the square on A is equal to four times the rectangle 

BD, DC; 
and the square on DE is equal to four times the square on 
DE, for DE is double of DE. 

40 And the square on BC is equal to four times the square 
on EC, for again BC is double of CE. 

Therefore the squares on A, DE are equal to the square 
on BC, 
so that the square on BC is greater than the square on A by 

45 the square on DE. 
It is to be proved that BC is also commensurable with DE. 
Since BD is commensurable in length with DC, 

therefore BC is also commensurable in length with CD. [x. 15] 
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But CD is commensurable in length with CD, BF, for 
s° CD is equal to BF. [x. 6] 

Therefore BC is also commensurable in length with BF, 
CD, [x. 12] 

so that BC is also commensurable in length with the remainder 
FD; [x. 15] 

55 therefore the square on BC is greater than the square on A 
by the square on a straight line commensurable with BC. 

Next, let the square on BC be greater than the square on 
A by the square on a straight line commensurable with BC, 
let a parallelogram be applied to BC equal to the fourth part 

60 of the square on A and deficient by a square figure, and let 
it be the rectangle BD, DC. 

It is to be proved that BD is commensurable in length 
with DC. 

With the same construction, we can prove similarly that 
65 the square on BC is greater than the square on A by the 

square on FD. 
But the square on BC is greater than the square on A 

by the square on a straight line commensurable with BC. 
Therefore BC is commensurable in length with FD, 

70 so that BC is also commensurable in length with the remainder, 
the sum of BF, DC. [x. 15] 

Bat the sum of BF, DC is commensurable with DC, [x. 6] 
so that BC is also commensurable in length with CD ; [x. 12] 
and therefore, separando, BD is commensurable in length 

75 with DC. [x. 15] 
Therefore etc. 

45. After saying literally that "the square on BC is greater than the square on A by the 
square on DF," Euclid adds the equivalent expression with S{ivarai in its technical sense, 
tj B r apa 777s A fiiifov 56varai TJj AZ. A s this is untranslatable in English except by a 
paraphrase in practically the. same words as have preceded, I have not attempted to 
reproduce it. 

This proposition gives the condition that the roots of the equation in x, 

ax-x> = p(=^, say), 

are commensurable with a, or that x is expressible in terms of a and integral 
m numbers, i.e. is of the form — a. No better proof can be found for the fact n r 

that Euclid and the Greeks used their solutions of quadratic equations for 
numerical problems. On no other assumption could an elaborate discussion 
of the conditions of incommensurability of the roots with given lengths or 
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with a given number of units of length be explained. In a purely geometrical 
solution the distinction between commensurable and incommensurable roots 
has no point, because each can equally easily be represented by straight lines. 
On the other hand, on the assumption that the numerical solution of quadratic 
equations was an important part of the system of the Greek geometers, 
the distinction between the cases where the roots are commensurable and 
incommensurable respectively with a given length or unit becomes of great 
importance. Since the Greeks had no means of expressing what we call an 
irrational number, the case of an equation with incommensurable roots could 
only be represented by them geometrically; and the geometrical representations 
had to serve instead of what we can express by formulae involving surds. 

Euclid proves in this proposition and the next that, x being determined 
from the equation 

x (a-x) = - ( i ) , 
4 

x, (a-x) are commensurable in length when Ja'-e', a are so, and incom
mensurable in length when Ja* — &*, a are incommensurable; and conversely. 

Observe the similarity of his proof to our algebraical method of solving 
the equation, a being represented in the figure by B C , and x by CD, 

EF=ED=--x 
2 

( a \* a' - - xj = —, by Eucl. II. 5-

If we multiply throughout by 4, 

4 * (a-x)+ 4 ( j - * ) = <>', 

whence, by (1), P + (a — i x f = a*, 
or a ' - b i = (a- 2x)', 

and •JaT^P = a - i x . 

We have to prove in this proposition 
(1) that, if*, (a-x) are commensurable in length, so are a, Ja* — P , 
(2) that, if a, Ja"^ are commensurable in length, so are x , (a — x ) , 

(1) To prove that a, a - 2X are commensurable in length Euclid employs 
several successive steps, thus. 

Since (a-x) n x , a «x. [x. 15] 
But x « 2X. [x. 6] 
Therefore a <•> 2X [x. 12] 

- (0 - 2x). [x. 15] 

That is, a « -J'a' - P . 
(2) Since a r> VaJ — P , a « a-zx, 

whence a « 2*. [x. 15] 
But 2.x * x; [x. 6] 

therefore a « x , [x. 12] 
and hence (a-x)~ x. [x. 15] 



It is often more convenient to use the symmetrical form of equation in 
this and similar cases, viz. 

x + y - a 
The result with this mode of expression is that 

(1) if x then a « s/a'-P; and 
(2) if a « -Ja'-if, then x ~ y. 

The truth of the proposition is even easier to see in this case, since 
(x-yy = (a*-P). 

P R O P O S I T I O N 1 8 . 

If there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and 
if it divide it into parts which are incommensurable, the square 
on the greater will be greater than the square on tite less by 
the square on a straight line incommensurable with the greater. 

And, if the square on the greater be greater than the square 
on the less by the square on a straight line incommensurable 
with the greater, and if there be applied to the greater a 
parallelogram equal to the fourth part of the square on the 
less and deficient by a square figure, it divides it into parts 
which are incommensurable. 

Let A, BC be two unequal straight lines, of which BC is 
the greater, 
and to BC let there be applied a parallelogram equal B 

to the fourth part of the square on the less, A, and 
deficient by a square figure. Let this be the rect- F 

angle BD, DC, [cf. Lemma before x. 17] E., A 

and let BD be incommensurable in length with DC; 
I say that the square on BC is greater than the 0 

square on A by the square on a straight line incom-
mensurable with BC. 

For, with the same construction as before, we can prove 
similarly that the square on BC is greater than the square on 
A by the square on FD. 

It is to be proved that BC is incommensurable in length 
with DF. 



Since BD is incommensurable in length with DC, 
therefore BC is also incommensurable in length with CD. 

[x. ,6] 
But DC is commensurable with the sum of BF, DC; [x. 6] 

therefore BC is also incommensurable with the sum of BF, 
DC; [x. i 3 ] 

so XhaxBC is also incommensurable in length with the remainder 
FD. [x. its] 

And the square on BC is greater than the square on A 
by the square on FD ; 
therefore the square on BC is greater than the square on A 
by the square on a straight line incommensurable with BC. 

Again, let the square on BC be greater than the square on 
A by the square on a straight line incommensurable with BC, 
and let there be applied to BC a. parallelogram equal to the 
fourth part of the square on A and deficient by a square figure. 
Let this be the rectangle BD, DC. 

It is to be proved that BD is incommensurable in length 
with DC. 

For, with the same construction, we can prove similarly 
that the square on BC is greater than the square on A by 
the square on FD. 

But the square on BC is greater than the square on A by 
the square on a straight line incommensurable with BC; 
therefore BC is incommensurable in length with FD, 
so that BC is also incommensurable with the remainder, the 
sum of BF, DC. [x. 16] 

But the sum of BF, DC is commensurable in length with 
DC; [x. 6] 
therefore BC is also incommensurable in length with DC, 

[x. ij] 
so that, separando, BD is also incommensurable in length with 
DC. [x. 16] 

Therefore etc. 
With the same notation as before, we have to prove in this proposition that 

(1) if (a - x), x are incommensurable in length, so are a, Ja* - V, and 
(2) if a, Ja>-i> are incommensurable in length, so are (a - x), x. 

Or, with the equations 
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(1) if x y, then a ^ Ja' — P, and 
(2) if a yj sja2 - P, then x ^ y. 

The steps are exactly the same as shown under (1) and (2) of the last 
note, with ^ instead of n , except only in the lines "x <-> 2*" and "2x n x " 
which are unaltered, while, in the references, x. 13, 16 take the place of x. 
12, 15 respectively. 

[ L E M M A . 

Since it has been proved that straight lines commen
surable in length are always commensurable in square also, 
while those commensurable in square are not always com
mensurable in length also, but can of course be either 
commensurable or incommensurable in length, it is manifest 
that, if any straight line be commensurable in length with a 
given rational straight line, it is called rational and commen
surable with the other not only in length but in square also, 
since straight lines commensurable in length are always 
commensurable in square also. 

But, if any straight line be commensurable in square with 
a given rational straight line, then, if it is also commensurable 
in length with it, it is called in this case also rational and 
commensurable with it both in length and in square; but, if 
again any straight line, being commensurable in square with a 
given rational straight line, be incommensurable in length 
with it, it is called in this case also rational but commensurable 
in square only.] 

P R O P O S I T I O N 1 9 . 

The rectangle contained by rational straight lines commen
surable in length is rational. 

For let the rectangle AC be contained by the rational 
straight lines AB, BC commensurable in 
length; 
I say that A C is rational. 

For on AB let the square AD be de
scribed ; 
therefore AD is rational. [x. Def. 4] 

And, since AB is commensurable in 
length with BC, 
while AB is equal to BD, 
therefore BD is commensurable in length with BC. 



And, as BD is to BC, so is DA to AC. [vi. 1] 

Therefore DA is commensurable with AC. [x. n ] 
But DA is rational; 

therefore AC is also rational. fx. Def. 4] 
Therefore etc. 

There is a difficulty in the text of the enunciation of this proposition. 
The Greek runs TO VITO piyrwi' prjKti o~vp.p.irpwv KOTO. TWO. rmv irpoaprjpfvtav 
Tporrutv ivOtuov irtpit\op.tvov op6oy(£vwv p-nrov ia-tiv, where the rectangle is 
said to be contained by " rational straight lines commensurable in length in 
any of the aforesaid ways." Now straight lines can only be commensurable 
in length in one way, the degrees of commensurability being commensurability 
in length and commensurability in square only. But a straight line may be 
rational in two ways in relation to a given rational straight line, since it may 
be either commensurable in length, or commensurable in square only, with the 
latter. Hence Billingsley takes (cowd n r a riov irpoaprjp.iviM' Tpoiratv with prynSv, 
translating " straight lines commensurable in length and rational in any of the 
aforesaid ways," and this agrees with the expression in the next proposition 
"a straight line once more rational in any of the aforesaid ways"; but the 
order of words in the Greek seems to be fatal to this way of translating 
the passage. 

The best solution of the difficulty seems to be to reject the words "in 
any of the aforesaid ways " altogether. They have reference to the Lemma 
which immediately precedes and which is itself open to the gravest suspicion. 
It is very prolix, and cannot be called necessary; it appears moreover in 
connexion with an addition clearly spurious and therefore relegated by 
Heiberg to the Appendix. The addition does not even pretend to be Euclid's, 
for it begins with the words " for he calls rational straight lines those—" 
Hence we should no doubt relegate the Lemma itself to the Appendix. 
August does so and leaves out the suspected words in the enunciation, as I 
have done. 

Exactly the same arguments apply to the I-emma added (without the 
heading "Lemma") to x. 23 and the same words "in any of the aforesaid 
ways" used with " medial straight lines commensurable in length" in the 
enunciation of x. 24. The said Lemma must stand or fall with that now in 
question, since it refers to it in terfris: "And in the same way as was explained 
in the case of rationals...." 

Hence I have bracketed the Lemma added to x. 23 and left out the 
objectionable words in the enunciation of x. 24. 

If p be one of the given rational straight lines (rational of course in the 
sense of x. Def. 3), the other can be denoted by hp, where k is, as usual, of 
the form m\n (where m, n are integers). Thus the rectangle is hp*, which is 
obviously rational since it is commensurable with p 2 . fx. Def. 4.] 

A rational rectangle may have any of the forms ab, ha', kA or A, where 
a, b are commensurable with the unit of length, and A with the unit of area. 

Since Euclid is not able to use kp as a symbol for a straight line 
commensurable in length with p, he has to put his proof in a form corre
sponding to 

p 2 : kp* = p • kp, 
whence, p, kp being commensurable, p2, hp" are so also. fx. n ] 
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If a rational area be applied to a rational straight line, it 
produces as breadth a straight line rational and commensurable 
in length with the straight line to which it is applied. 

For let the rational area A C be applied to AB, a straight 
line once more rational in any of the aforesaid 
ways, producing BC as breadth ; 
I say that BC is rational and commensurable in 
length with BA. 
For on AB let the square AD be described ; B A 

therefore AD is rational. [x. Def. 4] 
But AC is also rational; 

therefore DA is commensurable with AC. 
And, as DA is to AC, so is DB to BC. 0 

[Vl- *} 
1 herefore DB is also commensurable with BC; [x. n] 

and DB is equal to BA ; 
therefore AB is also commensurable with BC. 

But AB is rational; 
therefore BC is also rational and commensurable in length 
with AB. 

Therefore etc. 

The converse of the last. If p is a rational straight line, any rational area 
is of the form hp2. If this be "applied" to p, the breadth is kp commensurable 
in length with p and therefore rational. We should reach the same result if 
we applied the area to another rational straight line o-. The breadth is then 
kp* kp' m , ,, 
— = - V . o - = — k. o- or ko-, say. 
? o2 n 

P R O P O S I T I O N 2 1 . 

The rectangle contained by rational straight lines commen
surable in square only is irrational, and the side of the square 
equal to it is irrational. Let the latter be called medial. 

For let the rectangle AC be contained by the rational 
straight lines AB, BC commensurable in square only ; 
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I say that AC is irrational, and the side of the square equal 
to it is irrational; 
and let the latter be called medial. 

For on AB let the square AD be described ; 
therefore AD is rational. [x. Def. 4] 

And, since AB is incommensurable in length 
with BC, 
for by hypothesis they are commensurable in 
square only, 
while AB is equal to BD, 
therefore DB is also incommensurable in length with BC. 

And, as DB is to BC, so is AD to AC; [vi. 1] 

therefore DA is incommensurable with AC. [x. 11] 
But DA is rational; 

therefore AC is irrational, 
so that the side of the square equal to A C is also irrational. 

fx. Def. 4] 
Ana let the latter be called medial. 

Q. E. D . 

A medial straight line, now defined for the first time, is so called because 
it is a mean proportional between two rational straight lines commensurable 
in square only. Such straight lines can be denoted by p, p Jk. A medial 
straight line is therefore of the form Jp'Jk or k*p. Euclid's proof that this is 
irrational is equivalent to the following. Take p, pjk commensurable in 
square only, so that they are incommensurable in length. 

Now p : pjk = p 2 : p2 Jk, 
whence [x. 1 1 ] p%Jk is incommensurable with p2 and therefore irrational 
[x. Def. 4], so that Jp'Jk is also irrational [ibid.]. 

A medial straight line may evidently take either of the forms JaJB or 
si AB, where of course B is not of the form k'A. 

L E M M A . 

If there be two straight lines, then, as the first is to the 
second, so is the square on the first m G 

to the rectangle contained by the 
two straight lines. 

Let FE, EG be two straight 
lines. D 

I say that, as FE is to EG, so is the square on FE to 
the rectangle FE, EG. 
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For on FE let the square DF be described, 
and let GD be completed. 

Since then, as FE is to EG, so is FD to Z?^, [vi. i] 
and FD is the square on FE, 
and Z^G the rectangle DE, EG, that is, the rectangle FE, EG, 
therefore, as FE is to EG, so is the square on FE to the 
rectangle FE, EG. 

Similarly also, as the rectangle GE, EE is to the square 
on EE, that is, as GD is to FD, so is GE to EE. 

Q . E . D . 

If a, b be two straight lines, 
a : b = a2: ab. 

P R O P O S I T I O N 2 2 . 

The square on a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable in length with that to which it 
is applied. 

Let A be medial and CB rational, 
and let a rectangular area BD equal to the square on A be 
applied to BC, producing CD as 
breadth; B 

I say that CD is rational and incom
mensurable in length with CB. G| 

For, since A is medial, the square 
on it is equal to a rectangular area 
contained by rational straight lines 
commensurable in square only. <j=—D £ j 

[x. 21] 
Let the square on it be equal to GE. 
But th( square on it is also equal to BD; 

therefore BD is equal to GE. 
But it is also equiangular with it; 

and in e q u a l and equiangular parallelograms the sides about 
the e q u a l angles are reciprocally proportional; [vi. 14] 
therefore, proportionally, as BC is to EG, so is EE to CD. 

Therefore also, as the square on BC is to the square on 
EG, so is the square on EE to the square on CD. [vi. 22] 



But the square on CB is commensurable with the square 
on EG, for each of these straight lines is rational; 
therefore the square on EE is also commensurable with the 
square on CD. [x. n] 

But the square on EE is rational; 
therefore the square on CD is also rational; [x. Def. 4] 
therefore CD is rational. 

And, since EE is incommensurable in length with EG, 
for they are commensurable in square only, 
and, as EE is to EG, so is the square on EE to the rectangle 
EE, EG, [Lemma] 
therefore the square on EE is incommensurable with the 
rectangle EE, EG. [x. n ] 

But the square on CD is commensurable with the square 
on EE, for the straight lines are rational in square ; 
and the rectangle DC, CB is commensurable with the rect
angle EE, EG, for they are equal to the square on A ; 
therefore the square on CD is also incommensurable with the 
rectangle DC, CB. [x. 13] 

But, as the square on CD is to the rectangle DC, CB, so 
is DC to CB ; [Urama] 
therefore DC is incommensurable in length with CB. [x. 11J 

Therefore CD is rational and incommensurable in length 
with CB. 

Q . E . D . 

Our algebraical notation makes the result of this proposition almost self-
evident. We have seen that the square of a medial straight line is of the form 
Jk.p*. If we "apply" this area to another rational straight line <r, the 
breadth is "* ' P . 

cr 
This is equal to * ^ p . <r = Jk. jj <r, where m, n are integers. The latter 

straight line, which we may express, if we please, in the form Jk'. <r, is clearly 
commensurable with <r in square only, and therefore rational but incom
mensurable in length with <r. 

Euclid's proof, necessarily longer, is in two parts. 
Suppose that the rectangle Jk. p* = <r. x. 
Then (1) <r :p= Jk.p:x, [vi. 14] 

whence o-!: p* = kp*: x*. fvi. 2 2] 
But o-a « pa, and therefore kp1 »* * a. [x. 11] 



And kp2 is rational, 
therefore x2, and therefore x, is rational. 

(2) Since Jk. p «- p, Jk.p v p. 
But [Lemma] Jk. p: p = kp2: Jk. p2, 

whence kp2 ^ Jk. p2. 
But Jk.p2 = ax, and kp2 « x 2 (from above); 

therefore x2^<rx; 
and, since ar1: ax = x: <r, 

x J a. 

D F 

P R O P O S I T I O N 2 3 . 

A straight line commensurable with a medial straight line 
is medial. 

Let A be medial, and let B be commensurable with A ; 
I say that B is also medial. 

For let a rational straight line CD 
be set out, 
and to CD let the rectangular area CE 
equal to the square on A be applied, 
producing ED as breadth ; 
therefore ED is rational and incommen
surable in length with CD. [x. 22] 

And let the rectangular area CF 
equal to the square on B be applied to 
CD, producing DE as breadth. 

Since then A is commensurable with B, 
the square on A is also commensurable with the square on B. 

But EC is equal to the square on A, * 
and CF is equal to the square on B; 
therefore EC is commensurable with CF. 

And, as EC is to CF, so is ED to DE; 
therefore ED is commensurable in length with DE. 

But ED is rational and incommensurable in length with 
DC; 
therefore DE is also rational [x. Def. 3] and incommensurable 
in length with DC. [x. 13] 

Therefore CD, DE are rational and commensurable in 
square only. 

[VI. I ] 

[x. 11 ] 

[x. Def. 4] 

[x. n ] 

[* 13] 
[Lemma] 



But the straight line the square on which is equal to the 
rectangle contained by rational straight lines commensurable 
in square only is medial; [x. 21] 
therefore the side of the square equal to the rectangle CD, 
DF is medial. 

And B is the side of the square equal to the rectangle 
CD, DF; 
therefore B is medial. 

P O R I S M . From this it is manifest that an area commen
surable with a medial area is medial. 

[And in the same way as was explained in the case of 
rationals [Lemma following x. 18] it follows, as regards medials, 
that a straight line commensurable in length with a medial 
straight line is called medial and commensurable with it not 
only in length but in square also, since, in general, straight 
lines commensurable in length are always commensurable in 
square also. 

But, if any straight line be commensurable in square with 
a medial straight line, then, if it is also commensurable in 
length with it, the straight lines are called, in this case too, 
medial and commensurable in length and in square, but, if in 
square only, they are called medial straight lines commen
surable in square only.] 

As explained in the bracketed passage following this proposition, a straight 
line commensurable with a medial straight line in square only, as well as a 
straight line commensurable with it in length, is medial. 

Algebraical notation shows this easily. 
If $p be the given straight line, is a straight line commensurable 

in length with it and Jk. $p a straight line commensurable with it in square 
only. 

But Ap and Jk. p are both rational [x. Def. 3] and therefore can be 
expressed by p', and we thus arrive at k^p, which is clearly medial. 

Euclid's proof amounts to the following. 
Apply both the areas Jk. p* and X ' ^ . p 2 (or kjk. p 2) to a rational 

straight line <r. 

The breadths Jk. ^ and k'Jk . 8- ^or kjk . $J are in the ratio of the 
areas Jk. p 2 and k2Jk. p a (or kjk. p 2) themselves and are therefore com
mensurable. 

Now [x. 22] Jk. — is rational but incommensurable with <r. 

Therefore k'Jk . — for kjk . —\ is so also; 



whence the area . p 2 (or \Jk . p 2) is contained by two rational straight 
lines commensurable in square only, so that Xk^p (or JX. k^p) is a medial 
straight line. 

It is in the Porism that we have the first mention of a medial area. It is 
the area which is equal to the square on a medial straight line, an area, there
fore, of the form ,*V, which is, as a matter of fact, arrived at, though not 
named, before the medial straight line itself (x. 21). 

The Porism states that A ^ p 2 is a medial area, which is indeed obvious. 

P R O P O S I T I O N 24 . 

The rectangle contained by medial straight lines commen
surable in length is medial. 

For let the rectangle AC be contained by the medial 
straight lines AB, BC which are commensurable 
in length ; 0 

I say that AC is medial. 
For on AB let the square AD be described; 

therefore AD is medial, . B 

And, since AB is commensurable in length 
with BC, 
while AB is equal to BD, 1 'o 
therefore DB is also commensurable in length 
with BC; 
so that DA is also commensurable with AC. [vi. 1, x. 11] 

But DA is medial; 
therefore AC is also medial. [x. 23, Por.] 

Q . E . D . 

There is the same difficulty in the text of this enunciation as in that of 
x. 19. The Greek says "medial straight lines commensurable in length in 
any of the aforesaid ways "; but straight lines can only be commensurable in 
length in one way, though they can be medial in two ways, as explained in the 
addition to the preceding proposition, i.e. they can be either commensurable 
in length or commensurable in square only with a given medial straight line. 
For the same reason as that explained in the note on x. 19 I have omitted 
" in any of the aforesaid ways " in the enunciation and bracketed the addition 
to x. 23 to which it refers. 

i*p and Xk^p are medial straight lines commensurable in length. The 
rectangle contained by them is which may be written and is there
fore clearly medial. 

Euclid's proof proceeds thus. Le t x, Xx be the two medial straight lines 
commensurable in length. 

Therefore x": x. Xx = x : Xx. 
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[x. , 1 ] But x " \x, so that x2 r> x. kx. 
Now x2 is medial [x. 2 1 ] ; 

therefore x a A * is also medial. [x. 23, Por.] 
We may of course write two medial straight lines commensurable in length 

in the forms mk^p, nk^p; and these may either be mJaJB, nJaJB, or 
mXJAB, njAB. 

D B 

P R O P O S I T I O N 2 5 . 

The rectangle contained by medial straight lines commen
surable in square only is either rational or medial. 

For let the rectangle AC be contained by the medial 
straight lines AB, BC which are 
commensurable in square only ; 
I say that AC is either rational 
or medial. 

For on AB, BC let the 
squares AD, BE be described ; 
therefore each of the squares 
AD, BE is medial. 

Let a rational straight line 
EG be set out, 
to EG let there be applied the rectangular parallelogram GH 
equal to AD, producing EH as breadth, 
to HM let there be applied the rectangular parallelogram MK 
equal to AC, producing HK as breadth, 
and further to KN let there be similarly applied NL equal to 
BE, producing KL as breadth ; 
therefore EH, HK, KL are in a straight line. 

Since then each of the squares AD, BE is medial, 
and AD is equal to GH, and BE to NL, 
therefore each of the rectangles GH, NL is also medial. 

And they are applied to the rational straight line EG; 
therefore each of the straight lines EH, KL is rational and 
incommensurable in length with EG. [x. 22] 

And, since AD is commensurable with BE, 
therefore GH is also commensurable with NL. 

And, as GH is to NL, so is EH to KL ; 
therefore EH is commensurable in length with KL. 

[vi. , ] 
[x. „ ] 



Therefore FH, KL are rational straight lines commen
surable in length; 
therefore the rectangle FH, KL is rational. [x. 19] 

And, since DB is equal to BA, and OB to BC, 
therefore, as DB is to BC, so is AB to BO. 

But, as DB is to BC, so is DA to ^4C, [ v i . 1] 

and, as AB is to BO, so is AC to C<9 ; [*'</.] 

therefore, as DA is to AC, so\% AC to C"(9. 
But AD is equal to G77, to l i f t ! and CO to NL ; 

therefore, as 6 7 / is to MK, so is MK to iVZ. ; 
therefore also, as FH is to HK, so is / / A ' to KL ; [vi. 1, v. 11] 
therefore the rectangle FH, KL is equal to the square on HK. 

[vi. 17] 
But the rectangle FH, KL is rational; 

therefore the square on HK is also rational. 
Therefore HK is rational. 
And, if it is commensurable in length with FG, 

HN is rational; [x. 19] 
but, if it is incommensurable in length with FG, 
KH, HM are rational straight lines commensurable in square 
only, and therefore HN is medial. [x. 21] 

Therefore HN is either rational or medial. 
But HN is equal to AC; 

therefore AC is either rational or medial. 
Therefore etc. 

Two medial straight lines commensurable in square only are of the form 
£p, Jk. k^p 

The rectangle contained by them is Jk. k^p2. Now this is in general 
medial; but, if Jk = k Jk, the rectangle is kk'p2, which is rational. 

Euclid's argument is as follows. Let us, for convenience, put x for $p, sc 
that the medial straight lines are x, Jk . x. 

Form the areas x2, x. Jk. x, kx2, 
and let these be respectively equal to au, av, aw, where a is a rational 
straight line. 

Since x2, kx2 are medial areas, 
so are au, aw, 
whence u, w are respectively rational and ~- a. 



But x> »> X.r\ 
so that au « ow, 
or u ^ w (1). 

Therefore, u, w being both rational, uw is rational (2). 
Now x2: Jk.x*= Jk.x'-.Xx* 

or au : av = av : aw, 
so that u:v = v:w, 
and uw = v". 

Hence, by (2), v2, and therefore v, is rational (3). 
Now (o) if v ^ a, av or sl\ . x2 is rational; 

(/?) if ?» ^ a, so that p o>- a, av or /̂X . x2 is medial. 

P R O P O S I T I O N 26 . 

4 medial area does not exceed a medial area by a rational 
area. 

For, if possible, let the medial area AB exceed the medial 
area AC by the rational area 
DB, 
and let a rational straight line 
EF be set out; 
to EF let there be applied the 
rectangular parallelogram FH 
equal to AB, producing EH as 
breadth, 
and let the rectangle FG equal to AC be subtracted ; 
therefore the remainder B>> is equal to the remainder KH. 

But DB is rational; 
therefore KH is also rational. 

Since, then, each of the rectangles AB, AC is medial, 
and AB is equal to FH, and AC to FG, 
therefore each of the rectangles FH, FG is also medial. 

And they are applied to the rational straight line EF; 
therefore each of the straight lines HE, EG is rational and 
incommensurable in length with EF. [x. 22] 

And, since \DB is rational and is equal to KH, 
therefore] KH is [also] rational; 
and it is applied to the rational straight line EF; 



therefore GH is rational and commensurable in length with 
EF. [x. 20] 

But EG is also rational, and is incommensurable in length 
with EF; 
therefore EG is incommensurable in length with GH. [x. 13] 

And, as EG is to GH, so is the square on EG to the 
rectangle EG, GH; 
therefore the square on EG is incommensurable with the 
rectangle EG, GH. [x. n ] 

But the squares on EG, GH are commensurable with the 
square on EG, for both are rational; 
and twice the rectangle EG, GH is commensurable with the 
rectangle EG, GH, for it is double of it; [x. 6] 
therefore the squares on EG, GH are incommensurable with 
twice the rectangle EG, GH; [x. 13] 
therefore also the sum of the squares on EG, GH and twice 
the rectangle EG, GH, that is, the square on EH [11. 4], is 
incommensurable with the squares on EG, GH. [x. 16] 

But the squares on EG, GH are rational; 
therefore the square on EH is irrational. [x. Def. 4] 

Therefore EH is irrational. 
But it is also rational: 

which is impossible. 
Therefore etc. 

Q. E. D . 

" Apply " the two given medial areas to one and the same rational straight 
line p. They can then be written in the form p 1 k^p, p . X^p. 

The difference is then (Jk- Jfyp1; a n < I t n e proposition asserts that this 
cannot be rational, i.e. (Jk - JX.) cannot be equal to k'. Cf. the proposition 
corresponding to this in algebraical text-books. 

To make Euclid's proof clear we will put x for k^p and y for K^p. 
Suppose p (x -y) = pz, 

and, if possible, let pz be rational, so that z must be rational and « p . . . (1 ) . 
Since px, py are medial, 

x ax\Ay are respectively rational and w p (2). 
From (1) and (2), y ^ z. 
Now y:z=yi:yz, 

so that jr* v yz. 



But y + z a « J 2, 
and 2_yz ^^z. 

Therefore / + z 2 v , 2 J z , 
whence (> + zf ~ (f + zs), 
or x* ^ (_y2 + z2). 

And ( j 2 + za) is rational; 
therefore x2, and consequently x, is irrational. 

But, by (2), x is rational: 
which is impossible. 

Therefore pz is not rational. 

P R O P O S I T I O N 27 . 

To find medial straight lines commensurable in square only 
•which contain a rational rectangle. 

Let two rational straight lines A, B commensurable in 
square only be set out; 
let C be taken a mean proportional between 
A,B, ' [v.. 13] 

and let it he contrived that, 
as A is to B, so is C to D. [vi. 12] 

Then, since A, B are rational and com
mensurable in square only, ; 
the rectangle A, B, that is, the square on C 
[vi 17] , is medial. [x. 21] 

Therefore C is medial. [x. 21] 
And since, as A is to B, so is C to D, 

and A, B are commensurable in square only, 
therefore C, D are also commensurable in square only. [x. n ] 

And C is medial; 
therefore D is also medial. [x. 23, addition] 

Therefore C, D are medial and commensurable in square 
only. 

I say that they also contain a rational rectangle. 
For since, as A is to B, so is C to D, 

therefore, alternately, as A is to C, so is B to D. [v. 16] 
But, as A is to C, so is C to B; 

therefore also, as C is to B, so is B to D ; 
therefore the rectangle C, D is equal to the square on B. 



B ° -
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Since A, B are rational straight lines commensurable in 
square only, 
therefore the rectangle A, B, that is, the square on D [vi. 17] , 
is medial. [x. 21] 

But the square on B is rational; 
therefore the rectangle C, D is also rational. 

Therefore medial straight lines commensurable in square 
only have been found which contain a rational rectangle. 

Q . E . D . 

Euclid takes two rational straight lines commensurable in square only, say 
P, * v 

Find the mean proportional, i.e. £p. 
Take x such that p : k-p = k^p ; x (1). 
This gives x — $p, 

and the lines required are k^p, $p. 
For (a) k*p is medial. 
And (/3), by (1), since p ~- k^p, 

k^p ~- $p, 
whence [addition to x. 23], since k^p is medial, 

k*p is also medial. 
The medial straight lines thus found may take either of the forms 

( 0 JZJB, J^f- or (2) Tab, J ' b ^ . 

P R O P O S I T I O N 2 8 . 

To find medial straight lines commensurable in square only 
which contain a medial rectangle. 

Let the rational straight lines A, B, C commensurable in 
square only be set out; 
let D be taken a mean proportional between A, B, [vi. 13] 
and let it be contrived that, 

as B is to C, so is D to E. [vi. 12] 



form p, k^p, X p̂, and proceeds as follows. 
Take the mean proportional to p, k^p, i.e. kip. 
Then take x such that 

k*p : X*p = k^p : x (r), 
so that x = 

kip, X^p/ki are the required medial straight lines. 
For kip is medial. 
Now, by (1) , since k^p A p̂, 

/r^p «- x, 
whence x is also medial [x. 23, addition], while «- kip. 

Next, by (1), X*p 1 x = k*p : kip 
= kip:p, 

whence x. kip = X V, which is medial. 
The straight lines kip, X^p/^ of course take different forms according as 

the original straight lines are of the forms (1) a, JB, JC, (2) J A, JB, JC, 
(3) J A, b, JC, and (4) J A, JB, c. 

Therefore D is medial. [x. 21] 
And since E, C are commensurable in square only, 

and, as B is to C, so is D to E, 
therefore D, E are also commensurable in square only. [x. n] 

But D is medial; 
therefore E is also medial. [x. 23, addition] 

Therefore D, E are medial straight lines commensurable 
in square only. 

I say next that they also contain a medial rectangle. 
For since, as B is to C, so is D to E, 

therefore, alternately, as B is to D, so is C to E. [v. 16] 
But, as B is to D, so is D to A ; 

therefore also, as D is to A, so is C to E; 
therefore the rectangle A, C is equal to the rectangle D, E. 

[vi. 16] 
But the rectangle A, C is medial ; [x. 21] 

therefore the rectangle D, E is also medial. 
Therefore medial straight lines commensurable in square 

only have been found which contain a medial rectangle. 
Q . E . D . 

Euclid takes three straight lines commensurable in square only, i.e. of the 
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E.g. in case (1) they are JaJB, 1 7 — 

in case (2) they are XIAB, i^J~ 

JB' 

JB ' 
and so on. 

L E M M A I . 

To find two square numbers such that their sum is also 
square. 

Let two numbers AB, BC be set out, and let them be 
either both even or both odd. 

Then since, whether an even A D c B 
number is subtracted from an 
even number, or an odd number from an odd number, the 
remainder is even, [ix. 24, 26] 
therefore the remainder A C is even. 

Let AC be bisected at D. 
Let AB, BC also be either similar plan„ numbers, or 

square numbers, which are themselves also similar plane 
numbers. 

Now the product of AB, BC together with the square on 
CD is equal to the square on BD. [11. 6] 

And the product of AB, BC is square, inasmuch as it 
was proved that, if two similar plane numbers by multiplying 
one another make some number the product is square, [ix. 1] 

Therefore two square numbers, the product of AB, BC, 
and the square on CD, have been found which, when added 
together, make the square on BD. 

And it is manifest that two square numbers, the square 
on BD and the square on CD, have again been found such 
that their difference, the product of AB, BC, is a square, 
whenever AB, BC are similar plane numbers. 

But when they are not similar plane numbers, two square 
numbers, the square on BD and the square on DC, have been 
found such that their difference, the product of AB, BC, is 
not square. 

Q. E. D . 

Euclid's method of forming right-angled triangles in integral numbers, 
already alluded to in the note on 1. 47, is as follows. 

Take two similar plane numbers, e.g. mnp2, tnng1, ivhich are either both even 
or both odd, so that their difference is divisible by 2. 
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Now the product of the two numbers, or m'n'/fq1, is square, [ix. 1] 
and, by II. 6, 

, . Imnp2 - mnq\l /Hint? + mnq'V mnf . mnq1 + ( — - - -—- 1 = (—-— —I , 

so that the numbers mnpq, ^ (mnp1 - mnq') satisfy the condition that the sum 
of their squares is also a square number. 

It is also clear that \ (tnnp* + mnq'2), mnpq are numbers such that the 
difference of their squares is also square. 

L E M M A 2. 

To find two square numbers such that their sum is not 
square. 

For let the product of AB, BC, as we said, be square, 
and CA even, 
and let CA be bisected by D. 

E 

A G~ H D ' F 5 B 

It is then manifest that the square product of AB, BC 
together with the square on CD is equal to the square on BD. 

[See Lemma 1] 
Let the unit DE be subtracted ; 

therefore the product of AB, BC together with the square on 
CE is less than the square on BD. 

I say then that the square product of AB, BC together 
with the square on CE will not be square. 

For, if it is square, it is either equal to the square on BE, 
or less than the square on BE, but cannot any more be 
greater, lest the unit be divided. 

First, if possible, let the product of AB, BC together 
with the square on CE be equal to the square on BE, 
and let GA be double of the unit DE. 

Since then the whole A C is double of the whole CD, 
and in them AG is double of DE, 
therefore the remainder GC is also double of the remainder EC; 
therefore GC is bisected by E. 

Therefore the product of GB, BC together with the square 
on CE is equal to the square on BE. [it 6] 

But the product of AB, BC together with the square on 
CE is also, by hypothesis, equal to the square on BE; 
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therefore the product of GB, BC together with the square on 
CE is equal to the product of AB, BC together with the 
square on CE. 

And, if the common square on CE be subtracted, 
it follows that AB is equal to GB: 
which is absurd. 

Therefore the product of AB, BC together with the square 
on CE is not equal to the square on BE. 

I say next that neither is it less than the square on BE. 
For, if possible, let it be equal to the square on BF, 

and let HA be double of DF. 
Now it will again follow that HC is double of CF; 

so that CH has also been bisected at F, 
and for this reason the product of HB, BC together with the 
square on EC is equal to the square on BF. [11. 6] 

But, by hypothesis, the product of AB, BC together with 
the square on CE is also equal to the square on BF. 

Thus the product of HB, BC together with the square 
on CF also be equal to the product of AB, BC together 
with the square on CE : 
which is absurd. 

Therefore the product of AB, BC together with the square 
on CE is not less than the square on BE. 

And it was proved that neither is it equal to the square 
on BE. 

Therefore the product of AB, BC together with the square 
on CE is not square. 

Q. E . D . 

We can, of course, write the identity in the note on Lemma 1 above (p. 64) 
in the simpler form 

, /mp'-mq'\> (mf + mq'y 
mf.mq* + y 2 J = [ 2 ) ' 

where, as before, mp', mq* are both odd or both even. 
Now, says Euclid, 

mp'. mq1 + f— |j ""^ - 1 ) is not a square number. 

This is proved by reductio ad absurdum. 
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The number is clearly less than mp2. mq2 + . i-e- 'ess than 
^mfp + mq2^ 

If then the number is square, its side must be greater than, equal to, or 
(mf + mq2 \ iU , ' •••ist mp2 + mq1 

less than ( 2 — 1 ), the number next less than -* —. 
\ 2 J 2 

But (1) the side cannot oe > + m^ — 1 ) without being equal to 

mp2\mq' s m c e t n e v a r e consecutive numbers. 
2 
, x 1 -jm \ 2 (mf-mq2 \« /mp2 + mq2 \2

 r 

(2) ( » ; / 2 - 2) + ( ^ - ^ - - = t - i j = r=Z 2 - 1J . [11. 6] 
„ , , /»!/»-mq2 \2 . , , + mq2 \2 

If then »j»/r • mq2 + 1 J — 1 — 1 1 is also equal to I — — 1 ) 1 

we must have ( w / 2 - 2) »z^2 = *»/ 2. mq2, 
or w/>2 - 2 = w / 2 : 
which is impossible. 

(3) If m p 2 . m q 2

+ ( m ^ - r ) \ ( ' ^ l - t ) \ 

1 1 / mp2 + mq2 \2 

suppose it equal to ( * —- - r \ . 

But (11. 6] { m f - 2 r ) m q 2

+ ( ^ ^ - r y = ( ^ ± ^ . r y . 
Therefore 

1 JX \ i (mp2-mq2 \2 ^ , (mp2-mq2 \« 
(mp2 - 2/-) aia* + ( - £ — ^ — - ~r)= mf • m9 + ( 2 ~ 1 J : 

which is impossible. 
Hence all three hypotheses are false, and the sum of the squares 

mp2. mq2 and - m f - 1 ) is not square. 

P R O P O S I T I O N 29 . 

To find two rational straight lines commensurable in square 
only and such that the square on the greater is greater than 
the square on the less by the square on a straight line commen
surable in length with the greater. 

For let there be set out any rational straight line AB, 
and two square numbers CD, DE such that their difference 
CE is not square ; [Lemma 1] 
let there be described on AB the semicircle AFB, 
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and let it be contrived that, 
as DC is to CE, so is the square on BA to the square 

on AF. [x. 6, Por.] 
Let FB be joined. 
Since, as the square on BA is to 

the square on AF, so is DC to CE, 
therefore the square on BA has to 
the square on AF the ratio which the 
number DC has to the number CE; § g ^ 
therefore the square on BA is com
mensurable with the square on AF. [x. 6] 

But the square on AB is rational; [x. Def. 4] 
therefore the square on AF'xs also rational; [id.] 
therefore AFis also rational. 

And, since DC has not to CE the ratio which a square 
number has to a square number, 
neither has the square on BA to the square on AF the ratio 
which a square number has to a square number; 
therefore AB is incommensurable in length with AF. [x. 9] 

Therefore BA, AF are rational straight lines commen
surable in square only. 

And since, as DC is to CE, so is the square on BA to 
the square on AF, 
therefore, convertendo, as CD is to DE, so is the square on 
AB to the square on BF. [v. 19, Por., m. 3 1 , 1 . 47] 

But CD has to DE the ratio which a square number has 
to a square number : 
therefore also the square on AB has to the square on BF 
the ratio which a square number has to a square number; 
therefore AB is commensurable in length with BF. [x. 9] 

And the square on AB is equal to the squares on AF, FB; 
therefore the square on AB is greater than the square onAF 
by the square on BF commensurable with AB. 

Therefore there have been found two rational straight 
lines BA, AF commensurable in square only and such that 
the square on the greater AB is greater than the square on 
the less AF by the square on BF commensurable in length 
with AB. 



Take a rational straight line p and two numbers m%, »' such that (m* - n*) 
is not a square. 

Take a straight line x such that 
m*:m',-n1 = p*:x' (1), 

whence x' = ^-^-p\ 

and x = p Vi -k*, where i = - . 
»» 

Then p, ps/i-JP are the straight lines required. 
It follows from (1) that x* « pa, 

and x is rational, but x « p. 
By (1), convertendo, m* :ri' = p1:p,-x%, 

so that Vp" — x* « p, and in fact = kp. 
According as p is of the form a or J A, the straight lines are (1) a, Ja'- P 

or (2) J A, -jA-k'A. 

P R O P O S I T I O N 30. 

To find two rational straight lines commensurable in square 
only and such that the square on the greater is greater than 
the square on the less by the square on a straight line incom
mensurable in length with the greater. 

Let there be set out a rational straight line AB, 
and two square numbers CE, ED 
such that their sum CD is not 
square ; [Lemma 2] 
let there be described on AB the 
semicircle AFB, 
let it be contrived that, 
as DC is to CE, so is the square 
on BA to the square on AF, 

[x. 6, Por.] 
and let FB be joined. 

Then, in a similar manner to the preceding, we can prove 
that BA, AF are rational straight lines commensurable in 
square only. 

And since, as DC is to CE, so is the square on BA to 
the square on AF, 
therefore, convertendo, as CD is to DE, so is the square on 
AB to the square on BF. [v. 19, Por., m. 31, 1. 47] 

But CD has not to DE the ratio which a square number 
has to a square number; 
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therefore neither has the square on AB to the square on BF 
the ratio which a square number has to a square number; 
therefore AB is incommensurable in length with BF. [x. 9] 

And the square on AB is greater than the square on AF 
by the square on FB incommensurable with AB. 

Therefore AB, AF are rational straight lines commen
surable in square only, and the square on AB is greater than 
the square on AF by the square on FB incommensurable in 
length with AB. 

Q. E . D . 

In this case we take m2, n2 such that m2 +n2 is not square. 
Find x such that m2 + n2; m2 = p2 :x>, 

whence 
m' + rf 

P 
' Vi +P' 

where k = —. 
7» 

Then p, . satisfy the condition. 
Vi + k2 

The proof is after the manner of the proof of the preceding proposition 
and need not be repeated. 

According as p is of the form a or J A, the straight lines take the 

a2 - ' - p, that is, a, Va* - iff, or (2) J A, J A -B and 

P R O P O S I T I O N 3 1 . 

To find two medial straight lines commensurable in square 
only, containing a rational rectangle, and such that the square 
on the greater is greater than the square on the less by the 
square on a straight line commensurable in length with the 
greater. 

Let there be set out two rational straight lines A, B 
commensurable in square only and such that the 
square on A, being the greater, is greater than 
the square on B the less by the square on a 
straight line commensurable in length with A. 

[x. 29] 
And let the square on C be equal to the 

rectangle A, B. A B c D 
Now the rectangle A, B is medial; [x. 21] 

therefore the square on C is also medial; 
therefore C is also medial. [x. 21] 



Let the rectangle C, D be equal to the square on B. 
Now the square on B is rational; 

therefore the rectangle C, D is also rational. 
And since, as A is to B, so is the rectangle A, B to the 

square on B, 
while the square on C is equal to the rectangle A, B, 
and the rectangle C, D is equal to the square on B, 
therefore, as A is to B, so is the square on C to the rectangle 
C, D. 

But, as the square on C is to the rectangle C, D, so is C 
toD; 
therefore also, as A is to B, so is C to D. 

But A is commensurable with B in square only ; 
therefore C is also commensurable with D in square only. [x. 11 ] 

And C is medial; 
therefore D is also medial. [x. 23, addition] 

And since, as A is to B, so is C to D, 
and the square on A is greater than the square on B by the 
square on a straight line commensurable with A, 
therefore also the square on C is greater than the square on 
D by the square on a straight line commensurable with C. 

[x. 14] 
Therefore two medial straight lines C, D, commensurable 

in square only and containing a rational rectangle, have been 
found, and the square on C is greater than the square on D 
by the square on a straight line commensurable in length 
with C. 

Similarly also it can be proved that the square on C 
exceeds the square on D by the square on a straight line 
incommensurable with C, when the square on A is greater 
than the square on B by the square on a straight line incom
mensurable with A. [x. 30] 

I. Take the rational straight lines commensurable in square only found 
in x. 29, i.e. p, p V1 - k2. 

Take the mean proportional p(i - k*)i and x such that 
P (1 - : p Vi = p Vi^t" i x. 

Then p (1. - x, or p (1 - A2)*, p (1 - k2)^ are straight lines satisfying the 
given conditions. 



'JA (A-PA)' 
II. To find medial straight lines commens irable in square only contain

ing a rational rectangle, and such that the square on one exceeds the square 
on the other by the square on a straight line incommensurable with the former, 
we simply begin with the rational straight lines having the corresponding 
property [x. 30], viz. p, -^=P==, and we arrive at the straight lines 

P P 

(i+k2f (i+k'f 
According as p is of the form a or V^> these (if we use the same 

transformation as at the end of the note on x. 30) may take any of the forms 
a2-B 

(1) 
"Ja s/a2-£' 

( 2 ) V A ( A - £ ) ' x m * % t 

A-b2 

VA(A-b2) 

P R O P O S I T I O N 3 2 . 

To find two medial straight lines commensurable in square 
only, containing a medial rectangle, and such that the square 
on the greater is greater than the square on the less by the 
square on a straight line commensurable with the greater. 

For (a) p2 Vi - k 2 is a medial area, and therefore p( i -k2)^ is a medial 
straight line ( 1 ) ; 
and x. p (1 - /P)i •= p2 (1 - A2) and is therefore a rational area. 

(f3) p, p (1 - >&2)̂ , p Vi - k2, x are straight lines in continued proportion, by 
construction. 
Therefore p :p V i - k * = p(1 : * ( 2 ) . 
(This Euclid has to prove in a somewhat roundabout way by means of the 
lemma after x. 21 to the effect that a : b = ab : b2.) 

From (2) it follows [x. 11] that x ~- p (1 - k2)i; whence, since p (1 - /fc2)̂  is 
medial, x or p (1 — is medial also. 

(y) From (2), since p, pVi -£* satisfy the remaining condition of the 
problem, p(i - k2)*, p( i - krf do so also [x. 14]. 

According as p is of the form a or J A, the straight lines take the forms 

(.) Ja7F=¥, f T i n u 
si a J a2 —b2 

or (2) i/A(A-#A), 



Let there be set out three rational straight lines A, B, C 
commensurable in square only, and such that the square on A 
is greater than the square on C by the square on a straight 
line commensurable with A, [x. 29] 
and let the square on D be equal to the rectangle A, B. 

A 
D 

B 
E 

C 

Therefore the square on D is medial; 
therefore D is also medial. [x- 21] 

Let the rectangle D, E be equal to the rectangle B, C. 
Then since, as the rectangle A, B is to the rectangle B, C, 

so is A to 0, 

while the square on D is equal to the rectangle A, B, 
and the rectangle D, E is equal to the rectangle B, C, 
therefore, as A is to C, so is the square on D to the rectangle 
D, E. 

But, as the square on D is to the rectangle D, E, so is D 
toE; 
therefore also, as A is to C, so is D to E. 

But A is commensurable with C in square only ; 
therefore D is also commensurable with E in square only. [x. 11 ] 

But D is medial; 
therefore E is also medial. [x. 23, addition] 

And, since, as A is to C, so is D to E, 
while the square on A is greater than the square on C by 
the square on a straight line commensurable with A, 
therefore also the square on D will be greater than the square 
on E by the square on a straight line commensurable with D. 

[x. 14] 
I say next that the rectangle D, E is also medial. 
For, since the rectangle B, C is equal to the rectangle D, E, 

while the rectangle B, C is medial, [x. 21] 
therefore the rectangle D, E is also medial. 

Therefore two medial straight lines D, E, commensurable 
in square only, and containing a medial rectangle, have been 
found such that the square on the greater is greater than the 
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square on the less by the square on a straight line commen
surable with the greater. 

Similarly again it can be proved that the square on D 
is greater than the square on E by the square on a straight 
line incommensurable with D, when the square on A is 
greater than the square on C by the square on a straight line 
incommensurable with A. [x. 30] 

I. Euclid takes three straight lines of the form p, p JX, p v 1 - k*, 
takes the mean proportional pX.1 between the first two ( i ) , 
and then finds x such that 

pki-.pXt^pJi^JP-.x (2), 
whence x ~ pX^ >Ji - k*, 
and the straight lines pÂ  pX^ Ji — k1 satisfy the given conditions. 

Now (o) PX* is medial. 
(ft) We have, from (1) and (2), 

p:p J1-P = pXi-.x (3), 
whence x ~- pX^; and x is therefore medial and pA*. 

(y) x . pA* = p JX . p Vi - k>. 
But the latter is medial; [x. 21] 

therefore x. pA ,̂ or pÂ  . pÂ  V1 - A*t is medial. 
Lastly (8) p, p Vi — k* have the remaining property in the enunciation; 

therefore pÂ , pÂ  Ji — & have it also. [x. 14] 
(Euclid has not the assistance of symbols to prove the proportion (3) above. 
He therefore uses the lemmas ab : be = a : c and d%: de = d: e to deduce from 
the relations 

ab = /P I 
and d:b = e:e) 
that a:c = d:e.) 

The straight lines pA ,̂ pA^Ji—k2 may take any of the following forms 
according as the straight lines first taken are 

(1) «> JB, Ja^, (2) JA, JB, JA^WA, (3) JA, b, JA-&A. 
, •jB(a*-c!>) 
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II. If the other conditions are the same, but the square on the first 
medial straight line is to exceed the square on the second by the square on a 
straight line incommensurable with the first, we begin with the three straight 
lines p, p J\, , and the medial straight lines are 

Ji + k2 

A* 
Ji+k2' 

The possible forms are even more various in this case owing to the more 
various forms that the original lines may take, e.g. 

(1) a, JB, Ja2-C; 

(2) JA, b, 
(3) J A, b, 

•J A -1 

JA-C; 
(4) J A, JB, J A-7'; 
(5) -JA, JB, JA~^C; 

the medial straight lines corresponding to these being 

s/B(a2-C). 

Ha~JB ' 

b HA'z~c2 

bjA~C_ 
~Jb~jA ' 
jBjA-c2) 

HAB ' 

•JB(A^c) 
JAB 

(1) -JaJB, 

(2) JbJA, 

(3; s/bJA, 

(4) HAB, 

(5) HAB, 

L E M M A . 

Let ABC be a right-angled triangle having the angle A 
right, and let the perpendicular AD be 
drawn ; 
I say that the rectangle CB, BD is 
equal to the square on BA, 
the rectangle BC, CD equal to the 
square on CA, 
the rectangle BD, DC equal to the square on AD, 
and, further, the rectangle BC, AD equal to the rectangle 
BA, AC. 
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And first that the rectangle CB, BD is equal to the square 
on BA. 

For, since in a right-angled triangle AD has been drawn 
from the right angle perpendicular to the base, 
therefore the triangles ABD, ADC are similar both to the 
whole ABC and to one another. [vi. 8] 

And since the triangle ABC is similar to the triangle ABD, 
therefore, as CB is to BA, so is BA to BD ; [vi. 4] 
therefore the rectangle CB, BD is equal to the square on AB. 

[vi. 17] 
For the same reason the rectangle BC, CD is also equal 

to the square on AC. 

And since, if in a right-angled triangle a perpendicular 
be drawn from the right angle to the base, the perpendicular 
so drawn is a mean proportional between the segments of the 
base, [vi. 8, Por.] 
therefore, as BD is to DA, so is AD to DC; 
therefore the rectangle BD, DC is equal to the square on AD. 

[vi. 17] 
I say that the rectangle BC, AD is also equal to the rect

angle BA, AC. 
For since, as we said, ABC is similar to ABD, 

therefore, as BC is to CA, so is BA to AD. [vi. 4] 
Therefore the rectangle BC, AD is equal to the rectangle 

BA, AC. [vi. 16] 
Q . E . D . 

P R O P O S I T I O N 3 3 . 

To find two straight lines incommensurable in square which 
make the sum of the squares on them rational but the rectangle 
contained by them medial. 

Let there be set out two rational straight lines AB, BC 
commensurable in square only 
and such that the square on the 
greater AB is greater than the 
square on the less BC by the 
square on a straight line in
commensurable with AB, 

[x. 3°] 
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let BC be bisected at D, 
let there be applied to AB a parallelogram equal to the square 
on either of the straight lines BD, DC and deficient by a 
square figure, and let it be the rectangle AE, EB; [vi. 28] 
let the semicircle AFB be described on AB, 
let EE be. drawn at right angles to AB, 
and let AE, EB be joined. 

Then, since AB, BC are unequal straight lines, 
and the square on AB is greater than the square on BC by 
the square on a straight line incommensurable with AB, 
while there has been applied to AB a parallelogram equal to 
the fourth part of the square on BC, that is, to the square on 
half of it, and deficient by a square figure, making the rect
angle AE, EB, 
therefore AE is incommensurable with EB. [x. 18] 

And, as AE is to EB, so is the rectangle BA, AE to the 
rectangle AB, BE, 
while the rectangle BA, AE is equal to the square on AE, 
and the rectangle AB, BE to the square on BE; 
therefore the square on AE is incommensurable with the 
square on EB; 
therefore AE, EB are incommensurable in square. 

And, since AB is rational, 
therefore the square on AB is also rational; 
so that the sum of the squares on AE, EB is also rational. 

[•• 47] 
And since, again, the rectangle AE, EB is equal to the 

square on EE, 
and, by hypothesis, the rectangle AE, EB is also equal to the 
square on BD, 
therefore EE is equal to BD ; 
therefore BC is double of EE, 
so that the rectangle AB, BC is also commensurable with the 
rectangle AB, EE 

But the rectangle AB, BC is medial; [x. 21] 
therefore the rectangle AB, EE is also medial. [x. 23, Por.] 
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But the rectangle AB, EF is equal to the rectangle AF, 
FB; [Lemma] 

therefore the rectangle AF, FB is also medial. 
But it was also proved that the sum of the squares on these 

straight lines is rational. 
Therefore two straight lines AF, FB incommensurable 

in square have been found which make the sum of the 
squares on them rational, but the rectangle contained by them 
medial. 

Q . E . D . 

Euclid takes* the straight lines found in x. 30, viz. p, f> 

Jl+A*' 
He then solves geometrically the equations 

x+y = p 

xy-
. (1) . 

If x, y are the values found, he takes u, v such that 
K 2 = px 1 
v* = py ) -py . 

and u, v are straight lines satisfying the conditions of the problem. 
Solving algebraically, we get (if x>y) 

•(2), 

•(3)-
whence „ = -fc j~i + 

Euclid's proof that these straight lines fulfil the requirements is as follows. 

(o) The constants in the equations (1) satisfy the conditions of x. 1 8 ; 
therefore x « y. 

But x :y = ui : B*. 
Therefore u" ^ o2, 

and u, v are thus incommensurable in square. 

(J3) u' + v* = ps, which is rational, 

(y) By(i), J$ 
2 Ji +/42 

By (2), uv = p.*Jxy 
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To find two straight lines incommensurable in square which 
make the sum of the squares on them medial but the rectangle 
contained by them rational. 

Let there be set out two medial straight lines AB, BC, 
commensurable in square only, such that the rectangle which 
they contain is rational, and the square on AB is greater than 
the square on BC by the square on a straight line incom
mensurable with AB ; fx. 3 1 , ad fin.] 

let the semicircle ADB be described on AB, 
let BC be bisected at E, 
let there be applied to AB a parallelogram equal to the square 
on BE and deficient by a square figure, namely the rectangle 
AF, FB; , > > - ^ 2 g ] 

therefore AF is incommensurable in length with FB. fx. 18] 
Let FD be drawn from F at right angles to AB, 

and let AD, DB be joined. 

But , p is a medial area, 
' Vi +& 

therefore uv is medial. 

Since p, . p may have any of the three forms 
Vi + P 

(1) a, Ja'-B, (2) JA, JA-B, (3) JA, J A~^P, 
u, v may have any of the forms 

^ /'A + -JAB J A - -JAB 

(3) x / ^ . v r ^ P -



Since AF is incommensurable in length with FB, 
therefore the rectangle BA, AF is also incommensurable with 
the rectangle AB, BF. [x. n ] 

But the rectangle BA, AF is equal to the square on AD, 
and the rectangle AB, BF to the square on DB; 
therefore the square on AD is also incommensurable with the 
square on DB. 

And, since the square on AB is medial, 
therefore the sum of the squares on A D, DB is also medial. 

[in. 3 1 , 1 . 47] 
And, since BC is double of DF, 

therefore the rectangle AB, BC is also double of the rectangle 
AB, FD. 

But the rectangle AB, BC is rational; 
therefore the rectangle AB, FD is also rational. [x. 6] 

But the rectangle AB, FD is equal to the rectangle AD, 
DB; [Lemma] 
so that the rectangle AD, DB is also rational. 

Therefore two straight lines AD, DB incommensurable 
in square have been found which make the sum of the squares 
on them medial, but the rectangle contained by them rational. 

Q. E. D . 

In this case we take [x. 31, 2nd part] the medial straight lines 
P P 

Solve the equations 
( i + / e 2 ) * ' ( i + < i 2 ) r 

x +y (1 + ^ ) * 

xy = 
An 

' 4 ( 1 + ^ ) } ) 
Take u, v such that, if x, y be the result of the solution, 

„.A_ P 

P 
(2), 

•y 
( 1 + ^ ) 1 

and u, v are straight lines satisfying the given conditions. 
Euclid's proof is similar to the preceding, 

(a) From (1) it follows [x. 18] that 
x ^y, 

whence u' ̂  tp, 
and u, v are thus incommensurable in square. 



2 ( 1 + # 7 

y = p — - ( J j + F - i ) ; 
2 ( l+ / I A )« 

and hence u = ,_ p J«/1 + A? + k, 

« = —,— Jjj + i'-i. 
N / 2 ( I + ^ ) 

Bearing in mind the forms which — - — r , —j may take (see note 

on x. 31) , we shall find that u, v may have any of the forms 

(a) »JUA + -JB"> 1.,JUA-JB)slA-B _ 

(3) JUAArb)4A=b-^ JUA-b)jAT» 

P R O P O S I T I O N 3 5 . 

To find two straight lines incommensurable in square which 
make the sum of the squares on them medial and the rectangle 
contained by them medial and moreover incommensurable with 
the sum of the squares on them. 

Let there be set out two medial straight lines A B , B C 
commensurable in square only, containing a medial rectangle, 
and such that the square on A B is greater than the square on 
B C by the square on a straight line incommensurable with 
AB; [x. 32, ad fin.] 

(P) u% + —f-— , which is a medial area. 

(y) uv = — - — j . slxy 
(T+*7* 

= - . „ , which is a rational area. 

Therefore uv is rational. 
To find the actual form of u, v, we have, by solving the equations ( i ) 

(if x>y), 



Then, since AF is incommensurable in length with FB, 
[x. 18] 

AD is also incommensurable in square with DB. [x. u ] 
And, since the square on AB is medial, 

therefore the sum of the squares on AD, DB is also medial. 
[HI. 3 1 , 1 . 47] 

And, since the rectangle AF, FB is equal to the square 
on each of the straight lines BE, DF, 
therefore BE is equal to DF; 
therefore BC is double of FD, 
so that the rectangle AB, BC is also double of the rectangle 
AB, FD. 

But the rectangle AB, BC is medial; 
therefore the rectangle AB, FD is also medial. [x. 32, Por.] 

And it is equal to the rectangle AD, DB; 
[Lemma after x. 32] 

therefore the rectangle AD, DB is also medial. 
And, since AB is incommensurable in length with BC, 

while CB is commensurable with BE, 
therefore AB is also incommensurable in length with BE, 

[x. 13] 
so that the square on AB is also incommensurable with the 
rectangle AB, BE. [x. n ] 

But the squares on AD, DB are equal to the square on 
AB, [1 .47] 

and the rectangle AB, FD, that is, the rectangle AD, DB, is 
equal to the rectangle AB, BE; 
therefore the sum of the squares on AD, DB is incommen
surable with the rectangle AD, DB. 

let the semicircle ADB be described on AB, 
and let the rest of the construction be as above. 



2 Ji + k*' 

whence p2 J\ ~ - % Sta . 

That is, by (3) and (4), 
(«2 + v2) V< »». 

The actual values are found thus. Solving the equations (1), we have 

* = ^ ( I + : Y R N P ) ' 

pA* / k \ 

whence 
V2 v Y M I 2 ' 

Therefore two straight lines AD, DB incommensurable 
in square have been found which make the sum of the squares 
on them medial and the rectangle contained by them medial 
and moreover incommensurable with the sum of the squares 
on them. 

Q . E . D . 

Take the medial straight lines found in x. 32 (2nd part), viz. 
pA*, pX*/^/7T^. 

Solve the equations 
x+y = p\i ) 

and then put u* = pA* . x | . . 
v2 = p\i . y ) 

where x, y are the ascertained values of x, y. 
Then u, v. are straight lines satisfying the given conditions. 
Euclid proves this as follows, 

(a) From (1) it follows [x. 18] that x ^ y. 
Therefore « 2 ^ v1, 

and u \s— v. 
(B) u* + 1? = p2 J\, which is a medial area (3). 
(y) uv = p\t.Jxy 

_ 1 p JK ^Yiich is a medial area (4 ) : 
2 Ji+k2 ' 

therefore uv is medial. 

(8) 



According as p is of the form a or J A, we have a variety of forms for 
u, v, arrived at by using the same transformations as in the notes on x. 30 
and x. 32 (second part), e.g. 

( 1 ) ^/(a+JQJB^ Ha-JQJB. 

( 2 ) ^/(JA + JQJB^ ^/(JA-JC)JB. 

(3) jfU4*&J*t J(JA-c)JB. 

and the expressions in (2), (3) with b in place of JB. 

P R O P O S I T I O N 3 6 . 
If two rational straight lines commensurable in square 

only be added together, the whole is irrational; and let it be 
called binomial. 

For let two rational straight lines AB, BC commen-
5 surable in square only be added 

together; 
I say that the whole AC is ir- A 8 c 

rational. 
For, since AB is incommensurable in length with BC— 

10 for they are commensurable in square only— 
and, as AB is to BC, so is the rectangle AB, BC to the 
square on BC, 
therefore the rectangle AB, BC is incommensurable with the 
square on BC. [x. n j 

is But twice the rectangle AB, BC is commensurable with 
the rectangle AB, BC [x. 6], and the squares on AB, BC are 
commensurable with the square on BC—for AB, BC are 
rational straight lines commensurable in square only— [x. 15] 
therefore twice the rectangle AB, BC is incommensurable 

20 with the squares on AB, BC. [x. 13] 
And, componendo, twice the rectangle AB, BC together 

with the squares on AB, BC, that is, the square on AC [11. 4], 
is incommensurable with the sum of the squares on AB, BC. 

. . [ x -» 6 ] 

But the sum of the squares on AB, BC is rational; 
25 therefore the square on A C is irrational, 

so that AC is also irrational. [x. Def. 4] 
And let it be called binomial . 



P R O P O S I T I O N 3 7 . 

If two medial straight lines commensurable in square only 
and containing a rational rectangle be added together, the 
whole is irrational; and let it be called a first bimedial 
straight line. 

For let two medial straight lines AB, BC commensurable 
in square only and containing 
a rational rectangle be added A g c 

together; 
I say that the whole AC is irrational. 

For, since AB is incommensurable in length with BC, 
therefore the squares on AB, BC are also incommensurable 
with twice the rectangle AB, BC; [cf. x. 36,11. 9—20] 

Here begins the first hexad of propositions relating to compound irrational 
straight lines. The six compound irrational straight lines are formed by 
adding two parts, as the corresponding six in Props. 73—78 are formed by 
subtraction. The relation between the six irrational straight lines in this and 
the next five propositions with those described in Definitions II. and the 
Props. 48—53 following thereon (the first, second, third, fourth, fifth and 
sixth binomials) will be seen when we come to Props. 54—59; but it may be 
stated here that the six compound irrationals in Props. 36—41 can be found 
by means of the equivalent of extracting the square root of the compound 
irrationals in x. 48—53 (the process being, strictly speaking, the finding of the 
sides of the squares equal to the rectangles contained by the latter irrationals 
respectively and a rational straight line as the other side), and it is therefore 
the further removed compound irrational, so to speak, which is treated first. 

In reproducing the proofs of the propositions, I shall for the sake of 
simplicity call the two parts of the compound irrational straight line x, y, 
explaining at the outset the forms which x, y really have in each case; x will 
always be supposed to be the greater segment. 

In this proposition x, y are of the form p, Ji . p, and (x +y) is proved to 
be irrational thus. 

x <^-y, so that x ^y. 
Now x : y = x* : xy, 

so that X* ^ xy. 
But x* 1 (x? +_ys), and xy « 2xy; 

therefore (x3 +_Y2) V> 2xy, 
and hence (x* +yl + 2xy) ̂  (x* +y*). 

But (x3 +y*) is rational; 
therefore (x +yf, and therefore (x +y), is irrational. 

This irrational straight line, p+ Jk.p, is called a binomial straight line. 
This and the corresponding apotome (p— Jk.p) found in x. 73 are the 

positive roots of the equation 
x4- 2 (1 +k)p2. x 2 + (1 -/*)V = o. 



and, componendo, the squares on AB, BC together with twice 
the rectangle AB, BC, that is, the square on AC [11. 4], is 
incommensurable with the rectangle AB, BC. [x. 16] 

But the rectangle AB, BC is rational, for, by hypothesis, 
AB, BC are straight lines containing a rational rectangle ; 
therefore the square on AC is irrational; 
therefore AC is irrational. [x. Def. 4] 

And let it be called a first bimedial straight line. 
Q . E. D . 

Here x, y have the forms k^p, $p respectively, as found in x. 27. 
Exactly as in the last case we prove that 

x' +y' « 2xy, 
whence (x +yf w 2xy. 

But xy is rational; 
therefore (x +yY, and consequently (x +y), is irrational. 

The irrational straight line k^p + $p is called a first bimedial straight line. 
This and the corresponding first apotome of a medial (k^p - $p) found in 

x. 74 are the positive roots of the equation 
x*-2sJk(i+k)p\xi + k(i-kYpl = o. 

P R O P O S I T I O N 38 . 

If two medial straight lines commensurable in square only 
and containing a medial rectangle be added together, the whole 
is irrational; and let it be called a second bimedial straight 
line. 

5 For let two medial straight lines AB, BC commensurable 
in square only and containing 
a medial rectangle be added A B o 
together; 
I say that A C is irrational. 

10 For let a rational straight 
line DE be set out, and let the 
parallelogram DE equal to the 
square on A C be applied to DE, 
producing DG as breadth. [1. 44] 

15 Then, since the square on AC is equal to the squares on 
AB, BC and twice the rectangle AB, BC, [11. 4] 
let EH, equal to the squares on A B, BC, be applied to DE; 



therefore the remainder HF is equal to twice the rectangle 
AB, BC. 

TO And, since each of the straight lines AB, BC is medial, 
therefore the squares on AB, BC are also medial. 

But, by hypothesis, twice the rectangle AB, BC is also 
medial. 

And EH is equal to the squares on AB, BC, 
25 while FH is equal to twice the rectangle AB, BC; 

therefore each of the rectangles EH, HF is medial. 
And they are applied to the rational straight line DE; 

therefore each of the straight lines DH, HG is rational and 
incommensurable in length with DE. [x. 22] 

30 Since then AB is incommensurable in length with BC, 
and, as AB is to BC, so is the square on AB to the rectangle 
AB, BC, 
therefore the square on AB is incommensurable with the rect
angle AB, BC. [x. 11] 

35 But the sum of the squares on AB, BC is commensurable 
with the square on AB, [x. 15] 
and twice the rectangle AB, BC is commensurable with the 
rectangle AB, BC. [x. 6] 

Therefore the sum of the squares on AB, BC is incom-
40 mensurable with twice the rectangle AB, BC. [x. 13] 

But EH is equal to the squares on AB, BC, 
and HF is equal to twice the rectangle AB, BC. 

Therefore EH is incommensurable with HF, 
so that DH is also incommensurable in length with HG. 

[vi. I, X. 11 ] 

45 Therefore DH, HG are rational straight lines commen
surable in square only ; 
so that DG is irrational. [x. 36] 

But DE is rational; 
and the rectangle contained by an irrational and a rational 

50 straight line is irrational; [cf. x. 20] 
therefore the area DF is irrational, 
and the side of the square equal to it is irrational. [x. Def. 4] 



But AC is the side of the square equal to DF; 
therefore A C is irrational. 

55 And let it be called a second bimedial straight line. 
Q . E . D . 

After proving (1. s i ) that each of the squares on AB, BC is medial. Euclid 
states (11. S4, 26) that EH, which is equal to the sum of the squares, is a 
medial area, but does not explain why. It is because, by hypothesis, the 
squares on AB, BC are commensurable, so that the sum of the squares is 
commensurable with either [x. 15] and is therefore a medial area [x. 23, Por.]. 

In this case [x. 28, note] x, y are of the forms i^p, k^p/k^ respectively. 
Apply each of the areas (x2 4-y2) and 2xy to a rational straight line 0-, i.e. 

suppose 
x' +y = tru, 

2xy = av. 
Now it follows from the hypothesis, x. 15 and x. 23, Por. that (x'+y') is 

a medial area; and so is 2xy, by hypothesis; 
therefore tru, av are medial areas. 

Therefore each of the straight lines u, v is rational and ^ a (1). 
Again x « y; 

therefore x2 ^ xy. 
But x* « x* +y* and xy r> 2xy; 

therefore x2+y ^ ixy, 
or tru W trv, 
whence u ̂  v ( s ) . 

Therefore, by (1), (2), u, v are rational and 
It follows, by x. 36, that (u + v) is irrational. 
Therefore (u + v) cr is an irrational area [this can be deduced from x. so 

by reductio ad absurdum], 
whence (x +y)2, and consequently (x +y), is irrational. 

The irrational straight line h*p + is called a second bimedial straight 

line. 
This and the corresponding second apotome of a medial {&p — 

found in x. 75 are the positive roots of the equation 
. i + K , , <h-\)2 . 

*-2lJtp-X,+ - h - L p = 0 -

P R O P O S I T I O N 3 9 . 

If two straight lines incommensurable in square wkich 
make the sum of the squares on them rational, but the rectangle 
contained by them medial, be added together, the whole straight 
line is irrational: and let it be called major. 



P R O P O S I T I O N 40 . 

If two straight lines incommensurable in square which 
make the sum of the squares on them medial, but the rectangle 
contained by them rational, be added together, the whole straight 
line is irrational; and let it be called the side of a rational 
plus a medial area. 

For let two straight lines AB, BC incommensurable in 
square, and fulfilling the given con
ditions [x. 33], be added together; A g c 
I say that AC is irrational. 

For, since the rectangle AB, BC is medial, 
twice the rectangle AB, BC is also medial. [x. 6 and 23, Por.] 

But the sum of the squares on AB, BC is rational; 
therefore twice the rectangle AB, BC is incommensurable 
with the sum of the squares on AB, BC, 
so that the squares on AB, BC together with twice the rect
angle AB, BC, that is, the square on AC, is also incommen
surable with the sum of the squares on AB, BC; [x. 16] 
therefore the square on A C is irrational, 
so that AC is also irrational. [x. Def. 4] 

And let it be called major. 
Q . E . D . 

Here x, y are of the form found in x. 33, viz. 
p / £ p / k 

By hypothesis, the rectangle xy is medial; 
therefore 2xy is medial. 

Also (X? +y*) is a rational area. 
Therefore X* +y' ^ ixy, 

whence (x +yf ^ (x2 +y2), 
so that (x +y)2, and therefore (x +y), is irrational. 

The irrational straight line -4- A / 1 + , s + -r- » / 1 r^-— is 

called a major (irrational) straight line. 
This and the corresponding minor irrational found in x. 76 are the 

positive roots of the equation 
xi-2P*.x'+—ppi = o. 



For let two straight lines AB, BC incommensurable in 
square, and fulfilling the given con
ditions [x. 34], be added together; A 3 O 
I say that A C is irrational. 

For, since the sum of the squares on AB, BC is medial, 
while twice the rectangle AB, BC is rational, 
therefore the sum of the squares on AB, BC is incommen
surable with twice the rectangle AB, BC; 
so that the square on A C is also incommensurable with twice 
the rectangle AB, BC. [x. 16] 

But twice the rectangle AB, BC is rational; 
therefore the square on A C is irrational. 

Therefore A C is irrational. [x. Def. 4] 
And let it be called the side of a rational plus a 

medial area. 
Q. E. D. 

Here x, y have [x. 34] the forms 

, 9 Jj7Tkir+ k, . p_ J JTTJ' - k. 
+&) Jiii+k?) 

In this case (xa +y) is a medial, and 2xy a rational, area; thus 
+y w 2xy. 

Therefore (x +yf ^ 2xy, 
whence, since 2xy is rational, 

(x +yY, and consequently (x +y), is irrational. 
The irrational straight line 

J 2(1 +#) J 2(1+^) 
is called (for an obvious reason) the "side" of a rational plus a medial (area). 

This and the corresponding irrational with a minus sign found in x. 77 
are the positive roots of the equation 

2 & x* . p". x* + - — a* = o. 

P R O P O S I T I O N 4 1 . 

If two straight lines incommensurable in square which 
make the sum of the squares on them medial, and the rectangle 
contained by them medial and also incommensurable with the 
sum of the squares on them, be added together, the whole straight 
line is irrational; and let it be called the side of the sum 
of two medial areas. 



For let two straight lines AB, BC incommensurable in 
square and satisfying the given conditions 
[x. 35] be added together; 
1 say that A C is irrational. 

Let a rational straight line DE be set out, 
and let there be applied to DE the rectangle 
DE equal to the squares on AB, BC, and 
the rectangle GH equal to twice the rectangle 
AB, BC; 
therefore the whole DH is equal to the square 
on A C. [n. 4] 

Now, since the sum of the squares on 
AB, BC is medial, " 
and is equal to DE, A 

therefore DE is also medial. 
And it is applied to the rational straight line DE; 

therefore DG is rational and incommensurable in length with 
DE. [x. 22] 

For the same reason GK is also rational and incommen
surable in length with GE, that is, DE. 

And, since the squares on AB, BC are incommensurable 
with twice the rectangle AB, BC, 
DE is incommensurable with GH; 
so that DG is also incommensurable with GK. [vi. 1, x. 11] 

And they are rational; 
therefore DG, GK are rational straight lines commensurable 
in square only; 
therefore DK is irrational and what is called binomial, [x. 36] 

But DE is rational; 
therefore DH is irrational, and the side of the square which 
is equal to it is irrational. [x. Def. 4] 

But AC is the side of the square equal to HD ; 
therefore AC is irrational. 

And let it be called the side of the sum of two medial 
areas. 

Q. E . D . 
In this case x, y are of the form 



x. 4 i , Lemma] PROPOSITION 41 91 

By hypothesis, (x2 +y*) and ixy are medial areas, and 
x1 + y> <j 2xy (1). 

' Apply' these areas respectively to a rational straight line <r, and suppose 
/ 2 ) . 

2xy = av ) 
Since then au and av are both medial areas, u, v are rational and both 

are wo- (3). 
Now, by (1) and (2), 

au w av, 
so that u v. 

By this and (3), u, v are rational and 
Therefore [x. 36] (u + v) is irrational. 
Hence a (u + v) is irrational [deduction from x. 20]. 
Thus (x +yf, and therefore (x +y), is irrational. 
The irrational straight line 

pX* / k pXi / k 
J2 V 1 + V T T ^ + y/a V 1 V7T /P 

is called (again for an obvious reason) the " side " of the sum of two medials 
(medial areas). 

This and the corresponding irrational with a minus sign found in x. 78 
are the positive roots of the equation 

x'-2Jk.x'p2 + XT^FPT = o. 

L E M M A . 

And that the aforesaid irrational straight lines are divided 
only in one way into the straight lines of which they are the 
sum and which produce the types in question, we will now 
prove after premising the following lemma. 

Let the straight line AB be set out, let the whole be cut 
into unequal parts at each of 
the points C, D, i 

and let^Cbe supposed greater A D E C B 
than DB; 
I say that the squares on A C, CB are greater than the squares 
on AD, DB. 

For let AB be bisected at E. 
Then, since AC is greater than DB, 

let DC be subtracted from each ; 
therefore the remainder AD is greater than the remainder CB. 

But AE is equal to EB ; 
therefore DE is less than EC; 



92 BOOK X [Lemma, x. 42 

therefore the points C, D are not equidistant from the point 
of bisection. 

And, since the rectangle A C, CB together with the square 
on EC is equal to the square on EB, [11. 5] 
and, further, the rectangle AD, DB together with the square 
on DE is equal to the square on EB, [id.] 
therefore the rectangle AC, CB together with the square on 
EC is equal to the rectangle AD, DB together with the 
square on DE. 

And of these the square on DE is less than the square 
on EC; 
therefore the remainder, the rectangle AC, CB, is also less 
than the rectangle AD, DB, 
so that twice the rectangle AC, CB is also less than twice 
the rectangle AD, DB. 

Therefore also the remainder, the sum of the squares on 
A C, CB, is greater than the sum of the squares on AD, DB. 

Q. E. D. 

3. and which produce the types in question. The Greek is toioww* tA TpoKfi/ieva 
etSrj, and I have taken etdij to mean " types (of irrational straight lines)," though the expression 
might perhaps mean " satisfying the conditions in question." 

This proves that, if x +y = u + v, and if u, v are more nearly equal than 
x, y (i.e. if the straight line is divided in the second case nearer to the point 
of bisection), then 

(x>+y,)>(u* + v>). 
It is first proved by means of u. 5 that 

2Xy< 2UV, 

whence, since (x + y)% = (u + vf, the required result follows. 

P R O P O S I T I O N 4 2 . 

A binomial straight line is divided into its terms at one 
point only. 

Let AB be a binomial straight line divided into its terms 
at C; 
therefore AC, CB are rational A 5 5 b 
straight lines commensurable in 
square only. [*• 36] 

I say that AB is not divided at another point into two 
rational straight lines commensurable in square only. 



For, if possible, let it be divided at D also, so that AD, 
DB are also rational straight lines commensurable in square 
only. 

It is then manifest that AC is not the same with DB. 
For, if possible, let it be so. 
Then AD will also be the same as CB, 

and, as A C is to CB, so will BD be to DA; 
thus AB will be divided at D also in the same way as by the 
division at C: 
which is contrary to the hypothesis. 

Therefore AC is not the same with DB. 
For this reason also the points C, D are not equidistant 

from the point of bisection. 
Therefore that by which the squares on AC, CB differ 

from the squares on AD, DB is also that by which twice 
the rectangle AD, DB differs from twice the rectangle 
AC, CB, 
because both the squares on AC, CB together with twice the 
rectangle AC, CB, and the squares on AD, DB together 
with twice the rectangle AD, DB, are equal to the square 
on AB. [11. 4] 

But the squares on AC, CB differ from the squares on 
AD, DB by a rational area, 
for both are rational; 
therefore twice the rectangle AD, DB also differs from twice 
the rectangle AC, CB by a rational area, though they are 
medial [x. 2 1 ] : 
which is absurd, for a medial area does not exceed a medial 
by a rational area. [x. 26] 

Therefore a binomial straight line is not divided at different 
points; 
therefore it is divided at one point only. 

This proposition proves the equivalent of the well-known theorem in 

Q. E. D. 

surds that, 

then 
and if 
then 

if a + Jb = x + Jy, 
a = x, b =y, 

J a + Jb = Jx + Jy, 
a = x, b=y (pra=y, fi = x). 



The proposition states that a binomial straight line cannot be split up into 
terms (ovofMTa) in two ways. For, if possible, let 

x +y = x' +y', 
where x, y, and also x', y', are the terms of a binomial straight line, x, y 
being different from x, y (or y, x). 

One pair is necessarily more nearly equal than the other. Let x',y be 
more nearly equal than x, y. 

Then (x2 +y2) - (x1 +y'2) = 2x'y' - 2xy. 
Now by hypothesis (x2 +y2), (x'2 +y'2) are rational areas, being of the form 

p2 + kp2; 
but 2x'y', 2xy are medial areas, being of the form Jk. p2; 
therefore the difference of two medial areas is rational: 
which is impossible. [x. 26] 

Therefore x',y' cannot be different from x,y (pry, x). 

• 

• 

P R O P O S I T I O N 4 3 . 

A first bimedial straight line is divided at one point only. 
Let AB be a first bimedial straight line divided at C, so 

that A C, CB are medial straight 
lines commensurable in square ,—. ^ 
only and containing a rational 
rectangle; [x. 37] 
I say that AB is not so divided at another point. 

For, if possible, let it be divided at D also, so that AD, 
DB are also medial straight lines commensurable in square 
only and containing a rational rectangle. 

Since, then, that by which twice the rectangle AD, DB 
differs from twice the rectangle AC, CB is that by which the 
squares on AC, CB differ from the squares on AD, DB, 
while twice the rectangle AD, DB differs from twice the 
rectangle AC, CB by a rational area—for both are rational— 
therefore the squares on A C, CB also differ from the squares 
on AD, DB by a rational area, though they are medial: 
which is absurd. [x. 26] 

Therefore a first bimedial straight line is not divided into 
its terms at different points; 
therefore it is so divided at one point only. 



In this case, with the same hypothesis, viz. that 
x+y = x'+y', 

and x', y are more nearly equal than x, y , 
we have as before (X*+yt)-(x3 +y'3) = zx'y — 2xy. 

But, from the given properties of x, y , and x', y ' , it follows that 2xy, 2x'y 
are rational, and (x'+y3), (x'3+y3) medial, areas. 

Therefore the difference between two medial areas is rational: 
which is impossible. [x. 26] 

C 
—(— 

P R O P O S I T I O N 4 4 . 

A second bimedial straight line is divided at one point only. 
Let AB be a second bimedial straight line divided at C, 

so that AC, CB are medial straight lines commensurable in 
square only and containing a medial rectangle ; [x. 38] 
it is then manifest that C is not at the point of bisection, 
because the segments are not commensurable in length. 

I say that AB is not so divided at another point. 

For, if possible, let it be divided at D also, so that AC is 
not the same with DB, but A C is supposed greater ; 
it is then clear that the squares on AD, DB are also, as we 
proved above [Lemma], less than the squares on A C, CB; 
and suppose that AD, DB are medial straight lines commen
surable in square only and containing a medial rectangle. 

Now let a rational straight line EF be set out, 
let there be applied to EF the rectangular parallelogram EK 
equal to the square on AB, 
and let EG equal to the squares on A C, CB be subtracted ; 
therefore the remainder HK is equal to twice the rectangle 
AC, CB. [11. 4 ] 

Again, let there be subtracted EL, equal to the squares 
on AD, DB, which were proved less than the squares on 
AC, CB [Lemma] ; 



therefore the remainder MK is also equal to twice the rect
angle AD, DB. 

Now, since the squares on AC, CB are medial, 
therefore EG is medial. 

And it is applied to the rational straight line EE; 
therefore EH is rational and incommensurable in length with 
EE. [x. 22] 

For the same reason 
HN is also rational and incommensurable in length with EE. 

And, since AC, CB are medial straight lines commen
surable in square only, 
therefore AC is incommensurable in length with CB. 

But, as AC is to CB, so is the square on AC to the rect
angle AC.CB; 
therefore the square on A C is incommensurable with the rect
angle AC, CB. [ i n ] 

But the squares on AC, CB are commensurable with the 
square on AC; for AC, CB are commensurable in square. 

[*• «5] 
And twice the rectangle AC, CB is commensurable with 

the rectangle AC, CB. [x. 6] 
Therefore the squares on AC, CB are also incommen

surable with twice the rectangle AC, CB. [x. 13] 
But EG is equal to the squares on A C, CB, 

and HK is equal to twice the rectangle A C, CB; 
therefore EG is incommensurable with HK, 
so that EH is also incommensurable in length with HN. 

[vi. I, x. I i ] 

And they are rational; 
therefore EH, HN are rational straight lines commensurable 
in square only. 

But, if two rational straight lines commensurable in square 
only be added together, the whole is the irrational which is 
called binomial. [x. 36] 

Therefore EN is a binomial straight line divided at H. 
In the same way EM, MN will also be proved to be 

rational straight lines commensurable in square only ; 
and EN will be a binomial straight line divided at different 
points, H and M. 
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And EH is not the same with MN. 
For the squares on AC, CB are greater than the squares 

on AD, DB. 
But the squares on AD, DB are greater than twice the 

rectangle AD, DB; 
therefore also the squares on A C, CB, that is, EG, are much 
greater than twice the rectangle AD, DB, that is, MK, 
so that EH is also greater than MN. 

Therefore EH is not the same with MN. 
Q . E . D . 

As the irrationality of the second bimedial straight line [x. 38] is proved by 
means of the irrationality of the binomial straight line [x. 36], so the present 
theorem is reduced to that of x. 42. 

Suppose, if possible, that the second bimedial straight line can be divided 
into its terms as such in two ways, i.e. that 

x +y = x' +y, 
where x, y are nearer equality than x, y. 

Apply x' +y, 2xy to a rational straight line a, i.e. let 
x' + y = au, 

2xy = av. 
Then, as in x. 38, the areas x^+y*, 2xy are medial, so that au, av are 

medial; 
therefore u, v are both rational and ^ a (1). 

Again, by hypothesis, x, y are medial straight lines commensurable in 
square only; 
therefore x ^y. 

Hence x* ^ xy. 
And x*~ (*» + f), while xy ~2xy; 

therefore (x* +y) ~ 2xy, 
or au w av, 
and hence u^v (2). 

Therefore, by (1) and (2), u, v are rational straight lines commensurable 
in square only; 
therefore u + v is a binomial straight line. 

Similarly, if x'' +y'' = au' and 2*y = av', 
u + v' will be proved to be a binomial straight line. 

And, since (x +y)' = (x' +y'f, and therefore (» + ») = (»' + v'), it follows that 
a binomial straight line is divided as such in two ways : 
which is impossible. [x. 42] 

Therefore x +y, the given second bimedial straight line, can only be so 
divided in one way. 

In order to prove that u + v, u + v' represent a different division of the 
same straight line, Euclid assumes that x1 + y > 2xy. This is of course an 
easy inference from II. 7 ; but the assumption of it here renders it probable 
that the Lemma after x. 59 is interpolated. 
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P R O P O S I T I O N 4 5 . 

A major straight line is divided at one and the same point 
only. 

Let AB be a major straight line divided at C, so that 
AC, CB are incommensurable in D 

square and make the sum of the ^ 1 1 g 
squares on A C, CB rational, but the 
rectangle A C, CB medial; [x. 39] 
I say that AB is not so divided at another point. 

For, if possible, let it be divided at D also, so that AD, 
DB are also incommensurable in square and make the sum 
of the squares on AD, DB rational, but the rectangle con
tained by them medial. 

Then, since that by which the squares on A C, CB differ 
from the squares on AD, DB is also that by which twice the 
rectangle AD, DB differs from twice the rectangle AC, CB, 
while the squares on AC, CB exceed the squares on AD, 
DB by a rational area—for both are rational— 
therefore twice the rectangle AD, DB also exceeds twice the 
rectangle A C, CB by a rational area, though they are medial: 
which is impossible. [x. 26] 

Therefore a major straight line is not divided at different 
points ; 
therefore it is only divided at one and the same point. 

Q . E . D . 

If possible, let the major irrational straight line be divided into terms in 
two ways, viz. as (x +y) and (x' +/), where x', y' are supposed to be nearer 
equality than x, y. 

We have then, as in x. 42, 43, 

(x2 +y) - (x'2 +y'2) = 2x'y' - 2xy. 
But, by hypothesis, (x2+y2), (x'2+/2) are both rational, so that their 

difference is rational. 
Also, by hypothesis, 2x'y, 2xy are both medial areas; 

therefore the difference of two medial areas is a rational area: 
which is impossible. [x. 26] 

Therefore etc. 



P R O P O S I T I O N 4 6 . 

The side of a rational plus a medial area is divided at one 
point only. 

Let AB be the side of a rational plus a medial area 
divided at C, so that AC, CB are 
incommensurable in square and make A d~o B 
the sum of the squares on AC, CB 
medial, but twice the rectangle AC, CB rational; [x. 40] 
I say that AB is not so divided at another point. 

For, if possible, let it be divided at D also, so that AD, 
DB are also incommensurable in square and make the sum 
of the squares on AD, DB medial, but twice the rectangle 
AD, DB rational. 

Since then that by which twice the rectangle AC, CB 
differs from twice the rectangle AD, DB is also that by 
which the squares on AD, DB differ from the squares on 
AC, CB, 
while twice the rectangle A C, CB exceeds twice the rectangle 
AD, DB by a rational area, 
therefore the squares on AD, DB also exceed the squares 
on A C, CB by a rational area, though they are medial: 
which is impossible. [x. 26] 

Therefore the side of a rational plus a medial area is not 
divided at different points ; 
therefore it is divided at one point only. 

Q . E . D . 

Here, as before, if we use the same notation, 
(*"+/-)- (x'1 + / 2 ) = 2x'y' - 2xy, 

and the areas on the left side are, by hypothesis, both medial, while the areas 
on the right side are both rational. 

Thus the result of x. 26 is contradicted, as before. 
Therefore etc. 

P R O P O S I T I O N 4 7 . 

The side of the sum of two medial areas is divided at one 
point only. 

Let AB be divided at C, so that AC, CB are incommen
surable in square and make the sum of the squares on A C, 
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CB medial, and the rectangle AC, CB medial and also in
commensurable with the sum of the squares on them ; 
I say that AB is not divided at another point so as to fulfil 
the given conditions. 

H M 

3 

For, if possible, let it be divided at D, so that again AC 
is of course not the same as BD, but AC is supposed greater; 
let a rational straight line EF be set out, 
and let there be applied to EF the rectangle EG equal to the 
squares on AC, CB, 
and the rectangle HK equal to twice the rectangle A C, CB; 
therefore the whole EK is equal to the square on AB. [n. 4] 

Again, let EL, equal to the squares on AD, DB, be applied 
to EF; 
therefore the remainder, twice the rectangle AD, DB, is equal 
to the remainder MK. 

And since, by hypothesis, the sum of the squares on AC, 
CB is medial, 
therefore EG is also medial. 

And it is applied to the rational straight line EF; 
therefore HE is rational and incommensurable in length with 
EF. [x. 22] 

For the same reason 
HN is also rational and incommensurable in length with EF. 

And, since the sum of the squares on A C, CB is incom
mensurable with twice the rectangle A C, CB, 
therefore EG is also incommensurable with GN, 
so that EH is also incommensurable with HN. [vi. 1, x. n ] 

And they are rational; 



x. 47] P R O P O S I T I O N 47, D E F I N I T I O N S I I 101 

therefore EH, HN are rational straight lines commensurable 
in square only; 
therefore EN is a binomial straight line divided at H. [x. 36] 

Similarly we can prove that it is also divided at M. 
And EH is not the same with MN; 

therefore a binomial has been divided at different points : 
which is absurd. [x. 42] 

Therefore a side of the sum of two medial areas is not 
divided at different points; 
therefore it is divided at one point only. 

Using the same notation as in the note on x. 44, we suppose that, if 
possible, 

x +y = x + y , 
and we put 

x* +y2 = cru\ ^ x'2 + y 2 = <ru'} 
2xy = <TV j 2x'y' = <rv' f ' 

Then, since x* +_ya, 2xy are medial areas, and a rational, 
u, v are both rational and « a (1) . 

Also, by hypothesis, x2 +f o ixy, 
whence u^v (2) . 

Therefore, by (1) and (2), u, v are rational and 
Hence u + v is a binomial straight line. [x. 36] 
Similarly u + v' is a binomial straight line. 
But u + v = u' 4 v'; 

therefore a binomial straight line is divided into terms in two ways: 
which is impossible. [x. 42] 

Therefore etc. 

D E F I N I T I O N S II . 

1. Given a rational straight line and a binomial, divided 
into its terms, such that the square on the greater term is 
greater than the square on the lesser by the square on a 
straight line commensurable in length with the greater, then, 
if the greater term be commensurable in length with the 
rational straight line set out, let the whole be called a first 
binomial straight line; 

2. but if the lesser term be commensurable in length 
with the rational straight line set out, let the whole be called 
a second b inomia l ; 



PROPOSITION 48. 

To find the first binomial straight line. 

Let two numbers A C, CB be set out such that the sum 
of them AB has to BC the ratio 
which a square number has to a D H 

square number, but has not to CA + 
the ratio which a square number E 

has to a square number; A c B 
[Lemma 1 after x . 28] 

let any rational straight line D be set out, and let EF be 
commensurable in length with D. 

Therefore EF is also rational. 
Let it be contrived that, 

as the number BA is to A C, so is the square on EF to the 
square on FG. fx. 6, Por.] 

But AB has to AC the ratio which a number has to a 
number; 
therefore the square on EF also has to the square on FG 
the ratio which a number has to a number, 
so that the square on EF is commensurable with the square 
on FG. [x. 6] 

And EF is rational; 
therefore FG is also rational. 

And, since BA has not to AC the ratio which a square 
number has to a square number. 

3. and if neither of the terms be commensurable in length 
with the rational straight line set out, let the whole be called 
a third binomial . 

4. Again, if the square on the greater term be greater 
than the square on the lesser by the square on a straight line 
incommensurable in length with the greater, then, if the 
greater term be commensurable in length with the rational 
straight line set out, let the whole be called a fourth 
b inomia l ; 

5. if the lesser, a fifth b inomia l ; 

6. and if neither, a s ix th binomial . 
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neither, therefore, has the square on EF to the square on FG 
the ratio which a square number has to a square number ; 
therefore EF is incommensurable in length with FG. [x. 9] 

Therefore EF, FG are rational straight lines commen
surable in square only; 
therefore EG is binomial fx. 36] 

I say that it is also a first binomial straight line. 
For since, as the number BA is to AC, so is the square 

on EF to the square on FG, 
while BA is greater than AC, 
therefore the square on EF is also greater than the square 
on FG. 

Let then the squares on FG, H be equal to the square on 
EF. 

Now since, as BA is to A C, so is the square on EF to the 
square on FG, 
therefore, convertendo, 
as AB is to BC, so is the square on EF to the square on H. 

[v. 19, Por.] 
But AB has to BC the ratio which a square number has 

to a square number ; 
therefore the square on EF also has to the square on H the 
ratio which a square number has to a square number. 

Therefore EF is commensurable in length with H; [x. 9] 
therefore the square on EF is greater than the square on FG 
by the square on a straight line commensurable with EF. 

And EF, FG are rational, and EF is commensurable in 
length with D. 

Therefore EF is a first binomial straight line. 
Q. E. D. 

Let kp be a straight line commensurable in length with p, a given rational 
straight line. 

The two numbers taken may be written p{nC- — n?),pri', where (nf-n?) is 
not a square. 

Take x such that 
pm' :p(m'-rii) = kipt. 4 

whence x = kp . 
_ m 

V m* — ri* . 
Then kp + x, or kp + kp — , is a first binomial straight line (2) . 



T o prove this we have, from (1) , 

and x is rational, but x v kp; 
that is, x is rational and r>— kp, 
so that kp + x is a binomial straight line. 

Also, k?p* being greater than x1, suppose k'p' - x' =_yJ. 
Then, from (1) , pm' : pn' = ky : f, 

whence y is rational and * kp. 
Therefore kp + x is a first binomial straight line [x. Den". II. 1]. 
This binomial straight line may be written thus, 

kp + kp J1 - K'. 
When we come to x. 85 , we shall find that the corresponding straight line 

with a negative sign is the first apotome, 
kp- kp -J 1 - Xa. 

Consider now the equation of which these two expressions are the roots. 
The equation is 

X1 - 2kp . X + A2/6V = O. 
In other words, the first binomial and the first apotome correspond to the 

roots of the equation 
a* — 2ax + X V = o, 

where o = kp. 

PROPOSITION 49. 

To find the second binomial straight line. 
Let two numbers AC, CB be set out such that the sum 

of them AB has to BC the ratio which 
a square number has to a square number, 
but has not to AC the ratio which a 
square number has to a square number; 
let a rational straight line D be set out, 
and let EF be commensurable in length 
with D; 
therefore EF is rational. 

Let it be contrived then that, 
as the number CA is to AB, so also is the square on EF to 
the square on FG; [x. 6, Por.] 
therefore the square on EF is commensurable with the square 
on FG. [x. 6] 

Therefore FG is also rational. 
Now, since the number CA has not to AB the ratio which 

a square number has to a square number, neither has the 



square on EF to the square on FG the ratio which a square 
number has to a square number. 

Therefore EF is incommensurable in length with FG ; 

therefore EF, FG are rational straight lines commensurable 
in square only; 

It is next to be proved that it is also a second binomial 
straight line. 

For since, inversely, as the number BA is to AC, so is 
the square on GF to the square on FE, 
while BA is greater than AC, 
therefore the square on GF is greater than the square on FE. 

Let the squares on EF, H be equal to the square on GF; 
therefore, convertendo, as AB is to BC, so is the square on 
FG to the square on H. [v. 19, Por.] 

But AB has to BC the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on H the 
ratio which a square number has to a square number. 

Therefore FG is commensurable in length with H; [x. 9] 
so that the square on FG is greater than the square on FE 
by the square on a straight line commensurable with FG. 

And FG, FE are rational straight lines commensurable 
in square only, and EF, the lesser term, is commensurable in 
length with the rational straight line D set out. 

Therefore EG is a second binomial straight line. 
Q. E. D. 

Taking a rational straight line kp commensurable in length with p, and 
selecting numbers of the same form as before, viz. / (m2 — n2), pn2, we put 

Ex. 9] 

therefore EG is binomial. [x. 36] 

p (m2 - n2) : pm2 m &p2 : x2 

, , m 
so that x = kp . 

slm2 — n2 

(1) . 

Just as before, x is rational and «•*- kp, 
whence kp + x is a binomial straight line. 

B y ( i ) , x2>k2p2. 



where 
V i - X» 

PROPOSITION 50. 

To find the third binomial straight line. 

Let two numbers AC, CB be set out such that the sum 
of them AB has to BC the ratio which a square number has 
to a square number, but has not to AC the ratio which a square 
number has to a square number. 

E-
F-

Let any other number D, not square, be set out also, and 
let it not have to either of the numbers BA. AC the ratio 
which a square number has to a square number. 

Let any rational straight line E be set out, 
and let it be contrived that, as D is to AB, so is the square 
on E to the square on FG ; [x. 6, Por.] 
therefore the square on E is commensurable with the square 
on FG. [x. 6] 

And E is rational; 
therefore FG is also rational. 

Let x* - * y =f, 
whence, from (1), pm2 : pn2 = x* : y\ 
and y is therefore rational and « x. 

The greater term of the binomial straight line is x and the lesser kp, and 
kp 

. +kp 
V i - X 2 

satisfies the definition of the second binomial straight line. 
The corresponding second apotome [x. 86] is 

- r ^ - k p . 
N / I - X' 

The equation of which the two expressions are the roots is 

or x2 — 2 ax + X V = o, 



And, since D has not to AB the ratio which a square 
number has to a square number, 
neither has the square on E to the square on FG the ratio 
which a square number has to a square number; 
therefore E is incommensurable in length with FG. [x. 9 ] 

Next let it be contrived that, as the number BA is to AC, 
so is the square on FG to the square on GH; [x. 6, Por.] 
therefore the square on FG is commensurable with the square 
on GH. [x. 6 ] 

But FG is rational; 
therefore GH is also rational. 

And, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on FG to the square on HG the ratio 
which a square number has to a square number; 
therefore FG is incommensurable in length with GH. [x. 9] 

Therefore FG, GH are rational straight lines commen
surable in square only; 
therefore FH is binomial. [x. 36] 

I say next that it is also a third binomial straight line. 
For since, as D is to AB, so is the square on E to the 

square on FG, 
and, as BA is to A C, so is the square on FG to the square 
on GH, 
therefore, ex aequali, as D is to A C, so is the square on E to 
the square on GH [ V . 22] 

But D has not to AC the ratio which a square number 
has to a square number; 
therefore neither has the square on E to the square on GH 
the ratio which a square number has to a square number ; 
therefore E is incommensurable in length with GH. [x. 9] 

And since, as BA is to AC, so is the square on FG to 
the square on GH, 
therefore the square on FG is greater than the square on GH. 

Let then the squares on GH, K be equal to the square 
on FG; 



therefore, convertendo, asAB is to BC, so is the square on FG 
to the square on K. [v. 19, Por.] 

But AB has to BC the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on K the 
ratio which a square number has to a square number; 
therefore FG is commensurable in length with K. [x. 9] 

Therefore the square on FG is greater than the square on 
GH by the square on a straight line commensurable with FG. 

And FG, GH are rational straight lines commensurable 
in square only, and neither of them is commensurable in length 
with E. 

Therefore FH is a third binomial straight line. 
Q. E. D. 

Let p be a rational straight line. 
Take the numbers q (m2 — n2), qn2, 

and let / be a third number which is not a square and which has not to qm2 

or q (m2 - n2) the ratio of square to square. 
Take x such that / : qm2 = p2 : x2 (1) . 
Thus x is rational and « p (2). 
Next suppose that qm2 : q (m2 - n2) = x2 -.y2 (3). 
It follows that> is rational and « - x (4) . 
Thus (x +_y) is a binomial straight line. 
Again, from (1) and (3) , ex aequali, 

p:q{m2-n2) = p2:y2 (5) , 
whence y^P (6). 

Suppose that x2 -y2 = z2. 
Then, from (3) , convertendo, 

qm2 : qn2 = x2 : z2, 
whence z <* x. 

Thus Jx^J2« x, 
and x, y are both « p; 

therefore x +y is a third binomial straight line. 

Now, from (i), x = p. m , 

it 
1 , 1 \ - -Jm2 - n 2 . Jq 

and, by (5), y = p. • 
Thus the third binomial is 

£.P(m+Jm>- n2), 

which we may write in the form 

m *Jk . p + m Jk . p V1 — X s. 



The corresponding third apotome [x . 87] is 

m Jk. p — m J A. p J1 - X*. 
The two expressions are accordingly the roots of the equation 

X* - 2m Jk . px + X.'m'kp* = o, 
or x* — 2ox + X V = o, 
where a = m Jk . p. 

See also note on x. 53 {adfin.). 

PROPOSITION 51.' 

To find the fourth binomial straight line. 
Let two numbers AC, CB be set out such that AB 

neither has to BC, nor yet to AC, the ratio 
which a square number has to a square number. 

Let a rational straight line D be set out, A 

and let EF be commensurable in length with D; 
therefore EF is also rational. 

Let it be contrived that, as the number BA c 

is to A C, so is the square on EF to the square 
on FG; [x. 6, Por.] B 

therefore the square on EF is commensurable 
with the square on FG; [x. 6 ] 
therefore FG is also rational. 

Now, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on EF to the square on FG the ratio 
which a square number has to a square number; 
therefore. EF is incommensurable in length with FG. [x . 9 ] 

Therefore EF, FG are rational straight lines commen
surable in square only; 
so that EG is binomial. 

I say next that it is also a fourth binomial straight line. 
For since, as BA is to A C, so is the square on EF to the 

square on FG, 
therefore the square on EF is greater than the square on FG. 

Let then the squares on FG, H be equal to the square 
on EF; 



11 + A 
say. 

Then kp + x, or kp + /Cp , is a fourth binomial straight line. 
V i + A 

For Jk2p'-x' is incommensurable in length with kp, and zip is com
mensurable in length with p. 

The corresponding fourth apotome [x. 88] is 
. kp 

The equation of which the two expressions are the loots is 

Xi-2kp.X + -^-Tk1p*--
r 1 + A 

_A 

where a = kp. 

or a: — 2aae + a? = o, 
1 + A 

PROPOSITION 52. 

To find the fifth binomial straight line. 
Let two numbers AC, CB be set out such that AB has 

not to either of them the ratio which a square number has 
to a square number; 
let any rational straight line D be set out, 

therefore, convertendo, as the number AB is to BC, so is the 
square on EF'to the square on H. [v. 19, Por.] 

But AB has not to BC the ratio which a square number 
has to a square number; 
therefore neither has the square on EF to the square on H 
the ratio which a square number has to a square number. 

Therefore EF is incommensurable in length with H; [x. 9] 
therefore the square on EF is greater than the square on GF 
by the square on a straight line incommensurable with EF. 

And EF, FG are rational straight lines commensurable in 
square only, and EF is commensurable in length with D. 

Therefore EG is a fourth binomial straight line. 
Q. E. D. 

Take numbers m, n such that (m + n) has not to either m or n the ratio of 
square to square. 

Take x such that (m + n) : m = fpp* : x1, 

whence x = kp . / 
r V m + n 

kp 



F -

H Q 

and let EF be commensurable with D ; 
therefore EF is rational. 

Let it be contrived that, as CA is to AB, so is the 
square on EF to the square on FG. [x. 6, Por.] 

But CA has not to AB the ratio which a 
square number has to a square number; 
therefore neither has the square on EF to the 
square on FG the ratio which a square number 
has to a square number. 

Therefore EF, FG are rational straight 
lines commensurable in square only ; [x- 9] 
therefore EG is binomial. [x. 36] 

I say next that it is also a fifth binomial straight line. 
For since, as CA is to AB, so is the square on EF tc 

the square on FG, 
inversely, as BA is to A C, so is the square on FG to the 
square on FE; 
therefore the square on GF is greater than the square on FE. 

Let then the squares on EF, H be equal to the square 
on GF; 
therefore, convertendo, as the number AB is to BC, so is the 
square on GF to the square on H. [v. 19, Por.] 

But AB has not to BC the ratio which a square number 
has to a square number ; 
therefore neither has the square on FG to the square on H 
the ratio which a square number has to a square number. 

Therefore FG is incommensurable in length with H; [x. 9] 
so that the square on FG is greater than the square on FE 
by the square on a straight line incommensurable with FG. 

And GF, FE are rational straight lines commensurable 
in square only, and the lesser term EF is commensurable in 
length with the rational straight line D set out. 

Therefore EG is a fifth binomial straight line. 
Q. E. D. 

If m, n be numbers of the kind taken in the last proposition, take x such 
that 

m : (m + n) = £ V : x*. 
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In this case 
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, /m + n 

= kpji + X, say, 

[x- 5*. S3 

and x > kp. 

Then kp Vi + X + kp is a b i n o m i a l straight line. 

For Jx' — k,p%, or JX.kp, is incommensurable in length with + X, 

or 
and kp, but not /4p <Ji + X, is commensurable in length with p. 

The correspondingapo tome [x. 89] is 
ipVi + x—^p. 

The equation of which the fifth binomial and the fifth apotome are the 
roots is 

or 

where 

x* - 2kp \li + X . x + A*V = o, 

X s — 2 cue + a = o, 
1 + X 

a = kp \f I + X. 

PROPOSITION 53. 

To find the sixth binomial straight line. 

Let two numbers A C, CB be set out such that AB has 
not to either of them the ratio which a 
square number has to a square number ; 
and let there also be another number D 
which is not square and which has not to 
either of the numbers BA, AC the ratio 
which a square number has to a square 
number. 

Let any rational straight line E be set 
out, 
and let it be contrived that, as D is to AB, 
so is the square on E to the square on FG; [x. 6, Por.] 
therefore the square on £ is commensurable with the square 
on FG. [x. 6] 

And E is rational; 
therefore FG is also rational. 

Now, since D has not to AB the ratio which a square 
number has to a square number, 



neither has the square on E to the square on FG the ratio 
which a square number has to a square number ; 
therefore E is incommensurable in length with FG. [x. 9 ] 

Again, let it be contrived that, as BA is to AC, so is the 
square on FG to the square on GH. [x. 6, Por.] 

Therefore the square on FG is commensurable with the 
square on HG. [x. 6 ] 

Therefore the square on HG is rational; 
therefore HG is rational. 

And, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on FG to the square on GH the ratio 
which a square number has to a square number; 
therefore FG is incommensurable in length with GH. [x. 9] 

Therefore FG, GH are rational straight lines commen
surable in square only; 
therefore FH is binomial. [x. 36] 

It is next to be proved that it is also a sixth binomial 
straight line. 

For since, as D is to AB, so is the square on E to the 
square on FG, 
and also, as 3A is to AC, so is the square on FG to the 
square on GH, 
therefore, ex aequali, as D is to AC, so is the square on E 
to the square on GH. [v. 22] 

But D has not to AC the ratio which a square number 
has to a square number ; 
therefore neither has the square on E to the square on GH 
the ratio which a square number has to a square number; 
therefore £ is incommensurable in length with GH. [x. 9] 

But it was also proved incommensurable with FG; 
therefore each of the straight lines FG, GH is incommen
surable in length with E. 

And, since, as BA is to AC, so is the square on FG to 
the square on GH, 
therefore the square on FG is greater than the square on GH. 

Let then the squares on GH, K be equal to the square 
on FG; 



l m \ n _ 
p * J h , say, 

m . 
- = pJK, say, 

and the sixth binomial straight line may be written 
sjk. p + J \ . p. 

The corresponding sixth apotome is [x. 90] 
sJk.p-JX.p; 

therefore, convertendo, as AB is to BC, so is the square on FG 
to the square on K. [v. 19, Por.] 

But AB has not to BC the ratio which a square number 
has to a square number ; 
so that neither has the square on FG to the square on K the 
ratio which a square number has to a square number. 

Therefore FG is incommensurable in length with K; [x. 9] 
therefore the square on FG is greater than the square on GH 
by the square on a straight line incommensurable with FG. 

ka&FG, GHare rational straight lines commensurable in 
square only, and neither of them is commensurable in length 
with the rational straight line E set out. 

Therefore FH is a sixth binomial straight line. 
Q. E. D. 

Take numbers m, n such that (m + « ) has not to either of the numbers 
m, n the ratio of square to square; take also a third number p, which is not 
square, and which has not to either of the numbers (m + n), m the ratio of 
square to square. 

Let p:(m + n) = p a : x1 (1) 
and (m + n):m = x* : j* (2). 

Then shall (x + y) be a sixth binomial straight line. 
For, by (1), x is rational and ^ p. 

By (2), since x is rational, 
y is rational and ^ x. 

Hence x, y are rational and commensurable in square only, so that (x +y) 
is a binomial straight line. 

Again, ex aequali, from (1) and ( 2 ) , 
p:m = p':f (3), 

whence y « p. 
Thus x, y are both incommensurable in length with p. 
Lastly, from (2), convertendo, 

(m + n) :n = x*: (x'-f), 

so that -Jx1 —fs,x. 
Therefore (x + y) is a sixth binomial straight line. 
Now, from (1) and (3), 



and the equation of which the two expressions are the roots is 
JC" - 2 Jk. px + (k - X) p' = o, 

or xr - 2ax + — r — o* = o, 
R 

where a = Jk.p. 
Tannery remarks ("I)e la solution gdometrique des problemes du second 

degrd avant Euclide" in Af/moires de Id Sociitides sciences physiques et naturelles 
de Bordeaux, 2 e Sene, T. iv.) that Euclid admits as binomials and apotomes 
the third and sixth binomials and apotomes which are the square roots of first 
binomials and apotomes respectively. Hence the third and sixth binomials 
and apotomes are the positive roots of biquadratic equations of the same form 
as the quadratics which give as roots the first and fourth binomials and 
apotomes. But this remark seems to be of no value because (as was pointed 
out a hundred years ago by Cossali, IT. p. 260) the squares of all the six 
binomials and apotomes (including the first and fourth) give first binomials 
and apotomes respectively. Hence we may equally well regard them all as 
roots of biquadratics reducible to quadratics, or generally as roots of equations 
of the form 

#** + 2a . ±q = o; 
and nothing is gained by raising the degree of the equations in this way. 

It is, of course, easy to see that the most general form of binomial and 
apotome, viz. 

p • -Jh ± p . JX, 
give first binomials and apotomes when squared. 

For the square is p {(h + X ) p ± 2 JhX. p}; and the expression within the 
bracket is a first binomial or apotome, because 
(1) i + X>2jhX, 
(2) */(h + X)* - 4AX = h-X, which is « (h + X), 
(3) (h + X)p^p. 

LEMMA. 

Let there be two squares AB, BC, and let them be placed 
so that DB is in a straight line with BE; 
therefore FB is also in a straight line with 
BG. 

Let the parallelogram AC be completed; 
I say that AC is a square, that DG is a 
mean proportional between AB, BC, and 
further that DC is a mean proportional 
between AC, CB. 

For, since DB is equal to BF, and BE to BG, 
therefore the whole DE is equal to the whole FG. 

But DE is equal to each of the straight lines AH, KC, 
and FG is equal to each of the straight lines AK, HC; [1. 34] 

B 
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therefore each of the straight lines AH, KC is also equal to 
each of the straight lines AK, HC. 

Therefore the parallelogram A C is equilateral. 
And it is also rectangular ; 

therefore A C is a square. 
And since, as FB is to BG, so is DB to BE, 

while, as FB is to BG, so is AB to DG, 
and, as DB is to BE, so is DG to BC, [vi. i] 
therefore also, as AB is to DG, so is DG to BC. [v. n ] 

Therefore Z><9 is a mean proportional between AB, BC. 

I say next that DC is also a mean proportional between 
AC, CB. 

For since, as AD is to DK, so is AT? to GC— 
for they are equal respectively— 
and, componendo, as AK is to KD, so is KC to CG, [v. 18] 
while, as AK is to ATA so is A C to CZ?, 
and, as KC is to CG, so is Z?C to CZ?, [vi. i] 
therefore also, as A C is to DC, so is DC to Z?C. [v. n ] 

Therefore DC is a mean proportional between A C, CB. 
Being what it was proposed to prove. 

It is here proved that 
x2: xy = xy -.y2, 

and (x +y)2 : (x +y)y = (x +y)y -.y2. 
The first of the two results is proved in the course of x. 25 (lines 6—8 on 

p. 57 above). This fact may, I think, suggest doubt as to the genuineness 
of this Lemma. 

PROPOSITION 54. 

If an area be contained by a rational straight line and the 
first binomial, the "side" of the area is the irrational straight 
line which is called binomial. 

For let the area AC he contained by the rational straight 
line AB and the first binomial AD ; 
I say that the "side" of the area AC is the irrational straight 
line which is called binomial. 

For, since AD is a first binomial straight line, let it be 
divided into its terms at E, 
and let AE be the greater term. 
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It is then manifest that AE, ED are rational straight lines 
commensurable in square only, 
the square on AE is greater than the square on ED by the 
square on a straight line commensurable with AE, 
and AE is commensurable in length with the rational straight 
line A B set out. [x. Deff. 11. 1] 

Let ED be bisected at the point F. 
A G E F D R Q 

M 
B H K L C 

Then, since the square on AE is greater than the square 
on ED by the square on a straight line commensurable with 
AE, 
therefore, if there be applied to the greater AE a parallelogram 
equal to the fourth part of the square on the less, that is, to 
the square on EF, and deficient by a square figure, it divides 
it into commensurable parts. [x. 17] 

Let then the rectangle AG, GE equal to the square on 
EF be applied to AE; 
therefore AG is commensurable in length with EG. 

Let GH, EK, FL be drawn from G, E, F parallel to 
either of the straight lines AB, CD; 
let the square SN be constructed equal to the parallelogram 
AH, and the square NQ equal to GK, [11. 14] 
and let them be placed so that MN is in a straight line with 
NO ; 
therefore RN is also in a straight line with NP. 

A n d let the parallelogram SQ be completed ; 
therefore SQ is a square. [Lemma] 

Now, since the rectangle AG, GE is equal to the square 
on EF, 
therefore, as AG is to EF, so is FE to EG; [vi. 17] 
therefore also, as AH is to EL, so is EL to KG; [vi. 1] 
therefore EL is a mean proportional between A H, GK. 

But A His equal to SN, and GK to NQ ; 
therefore EL is a mean proportional between SN, NQ. 

N 

p 



But MR is also a mean proportional between the same 
SN, NQ; [Lemma] 

therefore EL is equal to MR, 
so that it is also equal to PO. 

But AH, GK are also equal to SN, NQ; 
therefore the whole AC is equal to the whole SQ, that is, to 
the square on MO; 
therefore MO is the "side" of AC. 

I say next that MO is binomial. 
For, since AG is commensurable with GE, 

therefore AE is also commensurable with each of the straight 
lines AG, GE. [x. 15] 

But AE is also, by hypothesis, commensurable with AB ; 
therefore AG, GE are also commensurable with AB. [x. 12] 

And AB is rational; 
therefore each of the straight lines A G, GE is also rational; 
therefore each of the rectangles AH, GK is rational, [x. 19] 
and AH is commensurable with GK. 

But AH is equal to SN, and GK to NQ ; 
therefore SN, NQ, that is, the squares on MN, NO, are 
rational and commensurable. 

And, since AE is incommensurable in length with ED, 
while AE is commensurable with AG, and DE is commen
surable with EF, 
therefore AG is also incommensurable with EF, [x. 13] 
so that AH is also incommensurable with EL. [vi. 1, x. 11] 

But AH is equal to SN, and EL to MR; 
therefore SN is also incommensurable with MR. 

But, as SN is to MR, so is PN to NR; [vi. 1] 

therefore PN is incommensurable with -A/A. [x. u ] 
But PN is equal to MN, and JSfiff to NO ; 

therefore MN is incommensurable with NO. 
And the square on MN is commensurable with the square 

on NO, 
and each is rational; 
therefore MN, NO are rational straight lines commensurable 
in square only. 



and 

This is clearly a binomial straight line as defined in x. 36. 
Since Euclid has to express his results by straight lines in his figure, and 

has no symbols to make the result obvious by inspection, he is obliged to 
prove (1) that (x + y) is the square root of p(ip + kp J1 - A*), and (2) that 
(* + y) is a binomial straight line, in the following manner. 

First, he proves, by means of the preceding Lemma, that 

g r - i / J t T ? ( 3 ) ; 
2 

therefore (x+y)' = x'+y + txy 
= p(u + v)+2xy 

^ V + W i - A ' , by (1) and (3) , 

so that x + y = Jp(kp + kp\fi - A*). 

Therefore MO is binomial [x . 36] and the "side" of AC. 
Q . E . D . 

1. " S I D E . " I USE THE WORD " S I D E " IN THE SENSE EXPLAINED IN THE NOTE ON X . DEF. 4 
( P . 1 3 ABOVE), I.E. AS SHORT FOR "SIDE OF A SQUARE EQUAL TO." T H E GREEK IS 4 ri xaP^" 
Swafjutvy. 

A first binomial straight line being, as we have seen in x. 48, of the form 

kp + kpji -A", 
the problem solved in this proposition is the equivalent of finding the square 
root of this expression multiplied by p, or of 

p(kp + kpji - A a ) , 
and of proving that the said square root represents a binomial straight line 
as defined in x. 36. 

The geometrical method corresponds sufficiently closely to the algebraical 
one which we should use. 

First solve the equations 

Then, if u, v represent the straight lines so found, put 
x1 = pu 

y 

and the straight line (x +y) is the square root required. 
The actual algebraical solution of (1) gives 

u - v = kp. A, 
so that u = \kp(i + A), 

v = l*p(i-\), 

and therefore x = p (1 + A), 



therefore u ^ %kp Ji - X?, 

whence pu ^ J£p*«/1 - X 4, 
or x 2 w ,*y, 

so that 
By this and (5), y are rational and <">-, so that ( x + > ) is a binomial 

straight line. [x. 36] 
x. 91 will prove in like manner that a like theorem holds for apotomes, 

viz. that 

Since the first binomial straight line and the first apotome are the roots of 
the equation 

— zkp . x + X.'k'p* = o, 
this proposition and x. 91 give us the solution of the biquadratic equation 

x* - 2 kp> .x> + m y = o. 

PROPOSITION 55. 

If an area be contained by a rational straight line and the 
second binomial, the "side" of the area is the irrational straight 
line r.'hich is called a first bimedial. 

For let the area A BCD be contained by the rational 
5 straight line AB and the second binomial AD ; 

I say that the "side" of the area AC is a first bimedial straight 
line. 

For, since AD is a second binomial straight line, let it be 
divided into its terms at E, so that AE is the greater term ; 

10 therefore AE, ED are rational straight lines commensurable 
in square only, 
the square on AE is greater than the square on ED by the 
square on a straight line commensurable with AE, 
and the lesser term ED is commensurable in length with AB. 

[x . Deff. 11. 2] 
15 Let ED be bisected at F, 

Secondly, it results from ( i ) , [by x. 17], that 
u « v, 

so that u, v are both « (« + »), and therefore « p ( 4 ) ; 
thus u, v are rational, 
whence pu, pv are both rational, and 

pu « pi>. 
Therefore ^..v* are rational and commensurable (5). 

Next, kp v/ kp V 1 - X ' , 
and >4p « «, while kp *Ji -\* n $kp Ji -\*; 



and let there be applied to AE the rectangle AG, GE equal 
to the square on EF and deficient by a square figure ; 
therefore AG is commensurable in length with GE. [x. 17] 

Through G, E, F let GH, EK, FL be drawn parallel to 
*> AB, CD, 

let the square SN be constructed equal to the parallelogram 
AH, and the square NQ equal to GK, 
and let them be placed so that MN is in a straight line with 
NO; 

25 therefore RN is also in a straight line with NP. 
R Q 

A G I 1 0 

B H K c 

M N 

30 

Let the square SQ be completed. 
It is then manifest from what was proved before that MR 

is a mean proportional between SN, NQ and is equal to EL, 
and that MO is the "side" of the area AC. 

It is now to be proved that MO is a first bimedial straight line. 
Since AE is incommensurable in length with ED, 

while ED is commensurable with AB, 
therefore AE is incommensurable with AB. [x. 13] 

And, since AG is commensurable with EG, 
35 AE is also commensurable with each of the straight lines 

AG, GE. [x. 15] 

But AE is incommensurable in length with AB; 
therefore AG, GE are also incommensurable with AB. [x. 13] 

Therefore BA, AG and BA, GE are pairs of rational 
40 straight lines commensurable in square only ; 

so that each of the rectangles AH, GK is medial. [x. 21] 
Hence each of the squares SN, NQ is medial. 
Therefore MN, NO are also medial. 
And, since A G is commensurable in length with GE, 

45 AH is also commensurable with GK, [vi. 1, x. n ] 
that is, SN is commensurable with NQ, 
that is, the square on MN with the square on NO. 



And, since AE is incommensurable in length with ED, 
while AE is commensurable with A G, 

so and ED is commensurable with EF, 
therefore AG is incommensurable with EF; [x. 13] 
so that AH is also incommensurable with EL, 
that is, SN is incommensurable with MR, 
that is, PN with NR, [vi. r, x. n ] 

55 that is, MN is incommensurable in length with NO. 
But NO were proved to be both medial and com

mensurable in square; 
therefore MN, NO are medial straight lines commensurable 
in square only. 

60 I say next that they also contain a rational rectangle. 
For, since DE is, by hypothesis, commensurable with each 

of the straight lines AB, EF, 
therefore EF is also commensurable with EK. [x. 12] 

And each of them is rational; 
65 therefore EL, that is, MR is rational, |x- ' 9 ] 

and MR is the rectangle MN, NO. 
But, if two medial straight lines commensurable in square 

only and containing a rational rectangle be added together, the 
whole is irrational and is called a first bimedial straight line. 

[* 37] 
70 Therefore MO is a first bimedial straight line. 

Q. E. D. 
39. T h e r e f o r e B A , A G a n d B A , G E are pa irs of ra t iona l s t ra igh t l ines c o m 

m e n s u r a b l e in s q u a r e on ly . The text has "Therefore BA, AG, GE are rational straight 
lines commensurable in square only,*' which I have altered because it would naturally convey 
the impression that any two of the three straight lines are commensurable in square only, 
whereas AG, GE are commensurable in length (1. 18), and it is only the other two pairs 
which are commensurable in square only. 

A second binomial straight line being [x. 49] of the form 

k P u 

the present proposition is equivalent to finding the square root of the expression 

> ( 7 = r * ) -



then finds x, y from the equations 

u + v = —> *p } 

uv = J/JV J 
(1), 

and then proves (a) that 

x* = pu 
f=pv ) •(2), 

and (/?) that (x +y) is a first bimedial straight line [x . 37] . 
The steps in the proof are as follows. 
For (a) reference to the corresponding part of the previous proposition 

suffices. 
(0) B y ( i ) a n d x . 17, 

u * v; 
therefore u, v are both rational and « (u+v), and therefore v p [by ( i ) ] . . . ( 3 ) . 

Hence pu, pv, or x2, y2, are medial areas, 
so that x, y are also medial (4)-

But, since u « p, 
(5)-

Again (u + v), or 

so that 
whence 
or 
and 

1 y hp, 

u « \kp, 

pu w J V . 

x ^y (6)-
Thus [(4), (5) , (6)] x, y are medial and 
Lastly, xy = \kp\ which is rational. 
Therefore (x+y) is a first bimedial straight line. 
The actual straight lines obtained from (1) are 

1 1 + x * 

so that x+y = p 

The corresponding first apotome of a medial straight line found in x. 92 
being the same thing with a minus sign between the terms, the two expressions 
are the roots of the biquadratic 

2/ioS \ 2 

x* - - 4 ^ = x2 + k'p* = o, i - X » 

being the equation in x2 corresponding to that in x in x . 49. 

As in the last proposition, Euclid finds u, v from the equations 
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PROPOSITION 56. 

If an area be contained by a rational straight line and the 
third binomial, the "side" of the area is the irrational straight 
line called a second bimedial. 

For let the area A BCD be contained by the rational 
straight line AB and the third binomial AD divided into its 
terms at E, of which terms AE is the greater ; 
I say that the "side" of the area AC is the irrational straight 
line called a second bimedial. 

For let the same construction be made as before 

A Q E F D 

B H K L C 

M N 

8 1 I 

Now, since AD is a third binomial straight line, 
therefore AE, ED are rational straight lines commensurable 
in square only, 
the square on AE is greater than the square on ED by the 
square on a straight line commensurable with AE, 
and neither of the terms AE, ED is commensurable in length 
with AB. [x. Deff. 11. 3] 

Then, in manner similar to the foregoing, we shall prove 
that MO is the "side" of the area AC, 
and MN, NO are medial straight lines commensurable in 
square only; 
so that MO is bimedial. 

It is next to be proved that it is also a second bimedial 
straight line. 

Since DE is incommensurable in length with AB, that is, 
with EK, 
and DE is commensurable with EF, 
therefore EF is incommensurable in length with EK. [x. 13] 

And they are rational; 



PROPOSITION 57. 

If an area be contained by a rational straight line and the 
fourth binomial, the "side" of the area is the irrational straight 
line called major. 

For let the area AC be contained by the rational straight 
line AB and the fourth binomial AD divided into its terms 
at E, of which terms let AE be the greater ; 
I say that the "side" of the area AC is the irrational straight 
line called major. 

therefore FE, EK are rational straight lines commensurable 
in square only. 

Therefore EL, that is, MR, is medial. [x . 21] 
And it is contained by MN, NO ; 

therefore the rectangle MN, NO is medial. 
Therefore MO is a second bimedial straight line. [x. 38] 

Q. E. D. 

This proposition in like manner is the equivalent of finding the square 
loot of the product of 0 and the third binomial [x. 50] , i.e. of the expression 

As before, put 
u + v=Jk.p 1 

uv = ±hp*(i-\*) J w 

Next, u, v being found, let 
x* = pu, 

then (x +y) is the square root required and is a second bimedial straight line. 
. . . . [ x - 3 8 ] 

For, as in the last proposition, it is proved that (x +y) is the square root, 
and x, y are medial and 

Again, xy = \Jk.p% Ji - X s , which is medial. 
Hence (x + v) is a second bimedial straight line. 
By solving equations (i), we find 

« = \(Jk.p + \Jk.p), 
v = iUh.p-\Jh.P), 

and x+y = p ^ / ^ (1 + X) + P ^ / ^ (1 - A). 

The corresponding second apotome of a medial found in x. 93 is the same 
thing with a minus sign between the terms, and the two are the roots (cf. note 
on x. 50) of the biquadratic equation 

Xl-2jk. pV + k'hp* = o. 
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For, since AD is a fourth binomial straight line, 
therefore AE, ED are rational straight lines commensurable 
in square only, 
the square on AE is greater than the square on ED by the 
square on a straight line incommensurable with AE, 
and AE is commensurable in length with AB. [x . Deft". 11.4] 

Let DE be bisected at F, 
and let there be applied to AE a parallelogram, the rectangle 
A G, GE, equal to the square on EF; 
therefore AG is incommensurable in length with GE. [x. 18] 

Let GH, EK, FL be drawn parallel to AB, 
and let the rest of the construction be as before; 
it is then manifest that MO is the "side" of the area AC. 

< ) E 1 • 

B H K 

M N 

It is next to be proved that MO is the irrational straight 
line called major. 

Since AG is incommensurable with EG, 
AH is also incommensurable with GK, that is. SN with NQ; 

[vi. 1, x. 11] 

therefore MN, NO are incommensurable in square. 
And, since AE is commensurable with AB, 

AK\s rational; [x. 19] 
and it is equal to the squares on MN, NO; 
therefore the sum of the squares on MN, NO is also rational. 

And, since DE is incommensurable in length with AB, 
that is, with EK, 
while DE is commensurable with EF, 
therefore EF is incommensurable in length with EK. [x. 13] 

Therefore EK, EF are rational straight lines commen
surable in square only; 
therefore LE, that is, MR, is medial. fx. 21] 

And it is contained by MN, NO ; 
therefore the rectangle MN, NO is medial. 



And the [sum] of the squares on MN, NO is rational, 
and MN, NO are incommensurable in square. 

But, if two straight lines incommensurable in square and 
making the sum of the squares on them rational, but the 
rectangle contained by them medial, be added together, the 
whole is irrational and is called major. [x. 39] 

Therefore MO is the irrational straight line called major 
and is the "side" of the area AC. Q. E. D. 

The problem here is to find the square root of the expression [cf. x. 51] 

p Up + ,-—-) • 

The procedure is the same. 
Find u, v from the equations 

u + v = kp 1 
, *y I (1) , 

UV m i Ej-

and, if x" = pu 1 . , 
/ = > } ( 2 ) ' 

(x +y) is the required square root. 
T o prove that (x +y) is the major irrational straight line Euclid argues 

thus. 
By x. 18, u ^ v, 

therefore pu w pv, 
or k<»£* 
so that x ^- y (3). 

Now, since (a + v) « p, 
(u + v) P, or (x1 +y*), is a rational area (4) . 
kp* 

Lastly, xy = I —~-—, which is a medial area (5). 
V i + X 

Thus [(3), (4) , (5)] (x+y) is a major irrational straight line. [x . 39] 
Actual solution gives 

The corresponding square root found in x. 94 is the minor irrational 
straight line, the terms being separated by a minus sign, and the two straight 
lines are the roots (cf. note on x. 51) of the biquadratic equation 

X1 - ikf? . X1 + - . £ V = o. 
* 1 + X " 



PROPOSITION 58. 

If an area be contained by a rational straight line and the 
fifth binomial, the "side" of the area is the irrational straight 
line called the side of a rational plus a medial area. 

For let the area AC be contained by the rational straight 
line AB and the fifth binomial AD divided into its terms at 
E, so that AE is the greater term ; 
I say that the "side" of the area AC is the irrational straight 
line called the side of a rational plus a medial area. 

For let the same construction be made as before shown; 
it is then manifest that MO is the "side" of the area AC. 

o E 

B H <L L C 
M N 

It is then to be proved that MO is the side of a rational 
plus a medial area. 

For, since AG is incommensurable with GE, [x. 18] 
therefore AH is also commensurable with HE, [vi. 1, x. n ] 
that is, the square on MN with the square on NO ; 
therefore MN, NO are incommensurable in square. 

And, since AD is a fifth binomial straight line, and ED 
the lesser segment, 
therefore ED is commensurable in length with AB. 

fx. Deff. 11. 5] 

But AE is incommensurable with ED ; 
therefore AB is also incommensurable in length with AE. 

[*• ' S i 
Therefore AK, that is, the sum of the squares on MN, 

NO, is medial. fx. 21] 
And, since DE is commensurable in length with AB, that 

is, with EK, 
while DE is commensurable with EF, 
therefore EF is also commensurable with EK. fx. 12] 



} • <•»• 

2 ' * ' v 2 ' 
The corresponding "side" found in x. 95 is a straight line which produces 

with a rational area a medial whole, being of the form (x -y), where x, y 
have the same values as above. 

The two square roots are (cf. note on x. 52) the roots of the biquadratic 
equation 

x* - 2kp2 J1 + K. x2 + X&p* = o. 

And EK is rational; 
therefore EL, that is, MR, that is, the rectangle MN, NO, is 
also rational. [x. 19] 

Therefore MN, NO are straight lines incommensurable 
in square which make the sum of the squares on them medial, 
but the rectangle contained by them rational. 

Therefore MO is the side of a rational plus a medial area 
[x. 40] and is the "side" of the area AC. 

Q . E. D . 

We have here to find the square root of the expression [cf. x. 52] 

p{kpji +\ + kp). 
As usual, we put 

u + v = kPJi + \ 

Then, u, v being found, we take 

and (x +y), so founu, is our required square root. 
Euclid's proof of the class of (x + y) is as follows: 
By x. 18, u ^> v; 

therefore pu ̂  pv, 
so that x2^/, 
and x^-y (3). 

Next u + v w kp 

« P< 
whence p (u + v), or (x2 -t-y2), is a medial area (4). 

Lastly, xy - \kp2, which is a rational area (5). 
Hence [(3), (4), (5)] (x+y) is the side of a rational plus a medial area. 

If we solve algebraically, we obtain 

u = 2 ? (V7TX + 

and x +y = p + A + J\) + p *Jk- (JTTX-



P r o p o s i t i o n 59. 

If an area be contained by a rational straight line and the 
sixth binomial, the "side" of the area is the irrational straight 
line called the side of the sum of two medial areas. 

For let the area ABCD be contained by the rational 
straight line AB and the sixth binomial AD, divided into its 
terms at E, so that AE is the greater term ; 
I say that the "side" of AC is the side of the sum of two 
medial areas. 

Let the same construction be made as before shown. 
A G E • D 

B H K I C 
N 

It is then manifest that MO is the "side" of AC, and 
that MN is incommensurable in square with NO. 

Now, since EA is incommensurable in length with AB, 
therefore EA, AB are rational straight lines commensurable 
in square only; 
therefore AK, that is, the sum of the squares on MN, NO, 
is medial. [x. 21] 

Again, since ED is incommensurable in length with AB, 
therefore FE is also incommensurable with EK; [x. 13] 
therefore FE, EK are rational straight lines commensurable 
in square only ; 
therefore EL, that is, MR, that is, the rectangle MN, NO, is 
medial. [x. 21] 

And, since AE is incommensurable with EF, 
AK is also incommensurable with EL. [vi. 1, x. n ] 

But AK is the sum of the squares on MN, NO, 
and EL is the rectangle MN, NO; 
therefore the sum of the squares on MN, NO is incommen
surable with the rectangle MN, NO.. 

And each of them is medial, and MN, NO are incom
mensurable in square. 



UV = \ \p 
then, u, * being found, we put 

and (x + y) is the square root required. 
Euclid proves that (x +y) is the side of (the sum of) two medial areas, as 

follows. 
As in the last two propositions, x, y are proved to be incommensurable 

in square. 
Now Jk. p, p are.commensurable in square only; 

therefore p (u + v), or (x2 +y2), is a medial area (3) . 
Next, xy = J JX \ p\ which is again a medial area (4). 
Lastly, Jk.p^\J\.j>, 

so that Jk.p* ~\\j\.pl; 
that is, (x' +_ya) « xy (5) . 

Hence [(3), (4) , (5)] (x +y) is the side of the sum of two medial areas. 
Solving the equations algebraically, we have 

« = £ (Jk + Jk^l), 

and x+y = PJ$(Jk + Jk^t) + p Jiuh - jT^t). 
The corresponding square root found in x. 96 is x-y, where x, y are the 

same as here. 
The two square roots are (cf. note on x. 53) the roots of the biquadratic 

equation 
x'-2 Jh.pV + ik-typ^o. 

« 
[LEMMA. 

I f a straight line be cut into unequal parts, the squares 
on the unequal parts are greater 
than twice the rectangle con- * ?—5 ? 
tained by the unequal parts. 

Let AB be a straight line, and let it be cut into unequal 
parts at C, and let A C be the greater; 
I say that the squares on AC, CB are greater than twice the 
rectangle AC, CB. 

Therefore MO is the side of the sum of two medial areas 
[x. 41] , and is the " s ide" of AC. 

Q. E. D. 
Euclid here finds the square root of the expression [cf. x . 53] 

P U k -p + JX.p). 
As usual, we solve the equations 

« + V=Jh.p\ 
P2 J 
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For let AB be bisected at D. 
Since then a straight line has been cut into equal parts 

at D, and into unequal parts at C, 
therefore the rectangle AC, CB together with the square on 
CD is equal to the square on AD, [11. 5] 
so that the rectangle AC, CB is less than the square on AD; 
therefore twice the rectangle AC, CB is less than double of 
the square on AD. 

But the squares on AC, CB are double of the squares on 
AD, DC; [11. 9 ] 

therefore the squares on A C, CB are greater than twice the 
rectangle A C, CB. 

Q. E. D.] 
We have already remarked (note on x. 44 ) that the Lemma here proving 

that 

can hardly be genuine, since the result is used in x. 44. 

PROPOSITION 60. 

The square on the binomial straight line applied to a 
rational straight line produces as breadth the first binomial. 

Let AB be a binomial straight line divided into its terms 
at C, so that A C is the greater term; 
let a rational straight line DE be D K M H r* 
set out, 
and let DEFG equal to the square 
on AB be applied to DE producing 
DG as' its breadth ; 
I say that DG is a first binomial 
straight line. 

For let there be applied to DE the rectangle DH equal 
to the square on AC, and KL equal to the square on BC; 
therefore the remainder, twice the rectangle AC, CB, is equal 
to MF. 

Let MG be bisected at N, and let NO be drawn parallel 
[to ML or GF]. 

Therefore each of the rectangles MO, NF is equal to 
once the rectangle AC, CB. 

Now, since AB is a binomial divided into its terms at C, 



therefore AC, CB are rational straight lines commensurable 
in square only ; [x. 36] 
therefore the squares on AC, CB are rational and commen
surable with one another, 
so that the sum of the squares or AC, CB is also rational. 

[x. 15] 

And it is equal to DL ; 
therefore DL is rational. 

And it is applied to the rational straight line DE; 
therefore DM is rational and commensurable in length with 
DE. [x. 20] 

Again, since A C, CB are rational straight lines commen
surable in square only, 
therefore twice the rectangle A C, CB, that is ME, is medial. 

[x. 21] 

And it is applied to the rational straight line ML \ 
therefore MG is also rational and incommensurable in length 
with ML, that is, DE. [x. 22] 

But MD is also rational and is commensurable in length 
with DE; 
therefore DM is incommensurable in length with MG. [x. 13] 

And they are rational; 
therefore DM, MG are rational straight lines commensurable 
in square only; 
therefore DG is binomial. fx. 36] 

It is next to be proved that it is also a first binomial 
straight line. 

Since the rectangle AC, CB is a mean proportional between 
the squares on AC, CB, [cf. Lemma after x. 53] 

therefore MO is also a mean proportional between DH, KL. 
Therefore, as DH is to MO, so is MO to KL, 

that is, as DK is to MN, so is MN to MK; [vi. 1] 
therefore the rectangle DK, KM is equal to the square 
on MN. [vi. 17] 

And, since the square on AC is commensurable with the 
square on CB, 
DH is also commensurable with KL, 
so that DK is also commensurable with KM. [vi. 1, x. n ] 



And, since the squares on A C, CB are greater than twice 
the rectangle AC, CB, [Lemma] 

therefore DL is also greater than MF, 
so that DM is also greater than MG. [vi. 1] 

And the rectangle DK, KM is equal to the square on 
MN, that is, to the fourth part of the square on MG, 
and DK is commensurable with KM. 

But, if there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and 
if it divide it into commensurable parts, the square on the 
greater is greater than the square on the less by the square 
on a straight line commensurable with the greater; [x. 17] 
therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with DM. 

And DM, MG are rational, 
and DM, which is the greater term, is commensurable in length 
with the rational straight line DE set out. 

Therefore DG is a first binomial straight line. [x. Deff. n. 1] 

Q. E. D. 

In the hexad of propositions beginning with this we have the solution of 
the converse problem to that of x. 5 4 — 5 9 . We find the squares of the 
irrational straight lines of x. 36—41 and prove that they are respectively equal 
to the rectangles contained by a rational straight line and the first, second, 
third, fourth, fifth and sixth binomials. 

In x. 60 we prove that, p + Jk. p being a binomial straight line [x. 36], 

<T 

is a first binomial straight line, and we find it geometrically. 
The procedure may be represented thus. 
Take x,y, 2 such that 

ax = p2, 
cry = V 

<r . 22 = 2 Jk . p*, 
p', kp' being of course the squares on the terms of the original binomial, 
and 2 Jk. p' twice the rectangle contained by them. 

Then fr*j)+«r 
o* 

and we have to prove that (x + y) + 20 is a first binomial straight line of which 
(x+y), 22 are the terms and (x+y) the greater. 

Euclid divides the proof into two parts, showing first that (x + y) + 22 is 
some binomial, and secondly that it is the first binomial. 



Therefore [(4), (5) , (6), and x. r7J J(x~+yf - (2zf « (x+y). 
And (x + y), 2 2 are rational and « - [(3)], 

while o- [ ( 1 ) ] . 

Hence (x +^) + 2 2 is a b i n o m i a l . 
The actual value of (x+y) + 2 2 is, of course, 

p=, 
- (1 +k + 2 „M). 

P R O P O S I T I O N 61. 

The square on the first bimedial straight line applied to a 
rational straight line produces as breadth the second binomial. 

Let AB be a first bimedial straight line divided into its 
medials at C, of which medials AC 
is the greater ; „ „ „ „ . . . „ 

&

 T D K M N Q 
let a rational straight line DE be set 
out, 
and let there be applied to DE the 
parallelogram DFequal to the square on AB, producing DG as its breadth; E H L 
I say that DG is a second binomial A C~ 
straight line. 

For let the same construction as before be made. 

(a) p Jk. p, so that p2, kp* are rational and commensurable; 
therefore p2 + kp', or cr (x + y), is a rational area, 
whence (x + j ) is rational and *> a (1). 

Next, 2p . Jk . p is a medial area, 
so that tr. 23 is a medial area, 
whence 2 2 is rational but ^ 0- . (2). 

Hence [(1), ( 2 ) ] (x+y), 2 2 are rational and commensurable in square 
only • ( 3 ) ; 
thus (x + y) + 2 2 is a binomial straight line. fx. 36] 
0 ) P A : Jk.p*=Jk.p': kp\ 
so that o-x : <72 = cr2 : cry, 
and x : 2 = 2 : y, 
or xy = 2 2 - , l ( 2 S ) 2 (4). 

Now p2, £p 2 are commensurable, so that <rx, try are commensurable, and 
therefore 

•xr-y (s)-
And, since [Lemma] p- + kp' > 2 Jk . p*, 

x + y > 2 2 . 

But (x +y) is given, being equal to P + ^p (6). 



Then, since AB is a first bimedial divided at C, 
therefore AC, CB are medial straight lines commensurable in 
square only, and containing a rational rectangle, [x. 37] 
so that the squares on AC, CB are also medial. [x. 21] 

Therefore DL is medial. [x. 15 and 23, Por.] 
And it has been applied to the rational straight line DE; 

therefore MD is rational and incommensurable in length 
with DE. [x. 22] 

Again, since twice the rectangle AC, CB is rational, ME is 
also rational. 

And it is applied to the rational straight line ML ; 
therefore MG is also rational and commensurable in length 
with ML, that is, DE; [x. 20] 
therefore DM is incommensurable in length with MG. [x . 13] 

And they are rational; 
therefore DM, MG are rational straight lines commensurable 
in square only ; 
therefore DG is binomial. [x. 36] 

It is next to be proved that it is also a second binomial 
straight line. 

For, since the squares on AC, CB are greater than twice 
the rectangle AC, CB, 
therefore DL is also greater than MF, 
so that DM is also greater than MG. [vi. 1] 

And, since the square on A C is commensurable with the 
square on CB, 
DH is also commensurable with KL, 
so that DK is also commensurable with KM. [vi, 1, x. 11] 

And the rectangle DK, KM is equal to the square on MN; 
therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with DM. 

[ x- 17] 
And MG is commensurable in length with DE. 
Therefore DG is a second binomial straight line. [x. Deff. n. 2J 

In this case we have to prove that, ($p + $p) being a first bimedial 
straight line, as found in x. 37, 

a 
is a second binomial straight line. 



The form of the proposition and the figure being similar to those of x . 60, 
I can somewhat abbreviate the reproduction of the proof. 

Take x, y, z such that 

<rx = AY, 
*y = AY, 

O-. 2Z = 2Ap2. 
Then shall (x +y) + 2z be a second binomial. 

(o) A^p, ^ o . a r e medial straight lines commensurable in square only and 
containing a rational rectangle. [x. 37] 

The squares AY, *Y are medial; 
thus the sum, or <r(x+y), is medial. [x. 23, Por.] 

Therefore (x +y) is rational and cr. 
And cr. 22 is rational; 

therefore 22 is rational and « cr (1) . 
Therefore (x +y), 22 are rational and •— (2), 

so that (x+y) + 22 is a binomial. 
(/?) As before, (x +y) > 22. 

Now, AY, &Y being commensurable, 
x « y. 

And xy = z2, 
AY + kY while x+y= — —, 

Hence [x. 17] J(x + y)2 - (2Z)2«(x +y) . . . (3 ) . 
But 22 " <r, by (1) . 

Therefore [(1), (2), (3)] (x +y) + 22 is a second binomial straight line. 

Of course (x +y) + 22 = % {JA (1 + k) + 2A}. 

K M 

PROPOSITION 62. 

Tfo square on the second bimedial straight line applied to 
a rational straight line produces as breadth the third binomial. 

Let AB be a. second bimedial straight line divided into 
its medials at C, so that AC is the 
greater segment; 
let DE be any rational straight line, 
and to DE let there be applied the 
parallelogram DE equal to the square 
on AB and producing DG as its 
breadth ; ^ g— 
I say that DG is a third binomial 
straight line. 

Let the same construction be made as before shown. 

H L 



Then, since AB is a second bimedial divided at C, 
therefore AC, CB are medial straight lines commensurable in 
square only and containing a medial rectangle, [x. 38] 
so that the sum of the squax'es on AC, CB is also medial. 

[x. 15 and 23 Por.] 

And it is equal to DL ; 
therefore DL is also medial. 

And it is applied to the rational straight line DE; 
therefore MD is also rational and incommensurable in length 
with DE. [x. 22] 

For the same reason, 
MG is also rational and incommensurable in length with ML, 
that is, with DE; 
therefore each of the straight lines DM, MG is rational and 
incommensurable in length with DE. 

And, since AC is incommensurable in length with CB, 
and, as A C is to CB, so is the square on A C to the rectangle 
AC CB, 
therefore the square on AC is also incommensurable with the 
rectangle AC, CB. fx. n ] 

Hence the sum of the squares on AC, CB is incommen
surable with twice the rectangle AC,'CB, [x. 12, 13] 
that is, DL is incommensurable with ME, 
so that DM is also incommensurable with MG. [vi. r, x. 11] 

And they are rational; 
therefore DG is binomial. [x. 36] 

It is to be proved that it is also a third binomial straight line. 
In manner similar to the foregoing we may conclude that 

DM is greater than MG, 
and that DK is commensurable with KM. 

And the rectangle DK, KM is equal to the square on 
MN; 
therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with 
DM. 

And neither of the straight lines DM, MG is commen
surable in length with DE. 

Therefore DG is a third binomial straight line. [x. Deff. 11. 3 ] 
Q. E. D. 



X * p \ 2 

But (^p)2 « |(^p) 2 + J > o r ff* " * C* a n d <r2 ^ cr . 22 ; A*p 

therefore 0- (x + y) vy cr. 22, 
or (x+y) ^ 22 (3)-

Hence [(1), (2), (3)] (x +y) + 22 is a binomial straight line (4). 
(J3) As before, ( x +y) > 22, 
and xi^y. 

Also xy = 22. 

Therefore [x. 17] -J(x+yf -(isf « (x+>>)-
And [(1), (2)] neither ( x + . y ) nor 22 is » <r. 
Therefore (* +_y) + 22 is a M/'n/ binomial straight line. 

{k + \ 
Obviously (x+y) + 22 = - + 2 NAJ • 

PROPOSITION 63. 

7 7 ^ square on the major straight line applied to a rational 
straight line produces as breadth the fourth binomial. 

Let AB be a. major straight line divided at C, so that AC 
is greater than CB ; 
let DB be a rational straight line, 

We have to prove that [cf. x. 38] 

is a third binomial straight line. 
Take x, y, 2 such that 

<rx = * V . 
V 

cr . 22 = 2 Jh . p2. 

(a) Now £̂ p, —— are medial straight lines commensurable in square only 
k* 

and containing a medial rectangle. [x. 3 8 ] 
The sum of the squares on them, or 0- (x +y), is medial; 

therefore (x+y) is rational and ̂  cr (1). 
And o-. 2 2 being medial also, 

2 2 is rational and ^ cr ( 2 ) . 

Now k^:^=(^Pf:kip

X-P

i 

k* h* 
— <TX : <T2, 

whence <rx ^ 0-2. 



H L 
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and to DE let there be applied the parallelogram DF equal 
to the square on AB and producing DG as its breadth ; 
I say that DG is a fourth binomial 
straight line. D K M N 

Let the same construction be 
made as before shown. 

Then, since AB is a major 
straight line divided at C, 
AC, CB are straight lines incom
mensurable in square which make c 8 

the sum of the squares on them 
rational, but the rectangle contained by them medial. [x. 39] 

Since then the sum of the squares on AC, CB is rational, 
therefore DL is rational; 
therefore DM is also rational and commensurable in length 
with DE. rx. 2 0 ] 

Again, since twice the rectangle AC, CB, that is, ME, is 
medial, 
and it is applied to the rational straight line ML, 
therefore MG is also rational and incommensurable in length 
with DE ; [x. 2 2 ] 
therefore DM is also incommensurable in length with MG. 

[*• 13] 
Therefore DM, MG are rational straight lines commen

surable in square only ; 
therefore DG is binomial. [x. 36] 

It is to be proved that it is also a fourth binomial straight line. 
In manner similar to the foregoing we can prove that 

DM is greater than MG, 
and that the rectangle DK, KM is equal to the square on MN. 

Since then the square on AC is incommensurable with the 
square on CB, 
therefore DH is also incommensurable with KL, 
so that DK is also incommensurable with KM. [vi. 1, x. u ] 

But, if there be two unequal straight lines, and to the 
greater there be applied a parallelogram equal to the fourth 
part of the square on the less and deficient by a square 
figure, and if it divide it into incommensurable parts, then the 



square on the greater will be greater than the square on the 
less by the square on a straight line incommensurable in 
length with the greater; [x. 18] 
therefore the square on DM is greater than the square on 
MG by the square on a straight line incommensurable with 
DM. 

And DM, MG are rational straight lines commensurable 
in square only, 
and DM is commensurable with the rational straight line DE 
set out. 

Therefore DG is a fourth binomial straight line. [x. Deff. 11. 4] 

Q. E. D. 
We have to prove that [cf. x . 39] 

is a fourth binomial straight line. 
For brevity we must call this expression 

- 0 + vf. 
** 

Take x, y, 2 such that 
ax = u* 
ay = 7̂  

a. 2Z = 2UV 
wherein it has to be remembered [x. 39] that u, v are incommensurable in 
square, ( « a + t?) is rational, and uv is medial. 

(o) (u' + v*), and therefore a (x +y), is rational; 
therefore (x +y) is rational and « a (1) . 

2uji, and therefore a. 2z, is medial; 
therefore 22 is rational and ^ a (2) . 

Thus (x +y), 22 are rational and (3) , 
so that (x +y) + 22 is a binomial straight line. 
(/3) As before, x+y> 22, 

and xy = z\ 
Now, since u' o v*, 

axv ay, or x ^>y. 
Hence [x. 18] J(x+y)'-(2zf ~(x+y) (4) . 

And (x +y) « a, by (1) . 

Therefore [(3), ( 4 ) ] (x +y) + 22 is a fourth binomial straight line. 

It is of course - (1 + - - } . 



H L 

PROPOSITION 64. 

The square on the side of a rational plus a medial area 
applied to a rational straight line produces as breadth the fifth 
binomial. 

Let AB be the side of a rational plus a medial area, 
divided into its straight lines at C, 
so that A C is the greater ; D K M 
let a rational straight line DE be set 
out, 
and let there be applied to DE the 
parallelogram DE equal to the square 
on AB, producing DG as its breadth; 
I say that DG is a fifth binomial 
straight line. 

Let the same construction as before be made. 
Since then AB is the side of a rational plus a medial 

area, divided at C, 
therefore AC, CB are straight lines incommensurable in square 
which make the sum of the squares on them medial, but the 
rectangle contained by them rational. [x. 40] 

Since then the sum of the squares on AC, CB is medial, 
therefore DL is medial, 
so that DM is rational and incommensurable in length with 
DE. [x. 22] 

Again, since twice the rectangle A C, CB, that is ME, is 
rational, 
therefore MG is rational and commensurable with DE. [x. 20] 

Therefore DM is incommensurable with MG ; [x. 13] 
therefore DM, MG are rational straight lines commensurable 
in square only; 
therefore DG is binomial. [x. 3 6 ] 

I say next that it is also a fifth binomial straight line. 
For it can be proved similarly that the rectangle DK, KM 

is equal to the square on MN, 
and that DK is incommensurable in length with KM; 
therefore the square on DM is greater than the square on MG 
by the square on a straight line incommensurable with DM. 

[x. 18] 



ax t « « , 

CR . 2 2 - 2UV. 

Remembering that [x. 40] a 2 ^ ( » S + TI 5) is medial, and 2uv is rational, 
we proceed thus. 

(a) o- (x +y) is medial; 
therefore (x + y) is rational and ^ a (1) . 

Next, a . 2 2 is rational; 
therefore 2 2 is rational and •» <r ( 2 ) . 

Thus (x 2 2 are rational and »- (3), 
so that (x +y) + 2 2 is a binomial straight line. 
(/J) As before, X +y > 2 2 , 

xy = z2, 
and x ^y. 

Therefore [x. 18] -J(x+ yf - ( 2 2 ) * ~ ( * +y) (4). 
Hence [ ( 2 ) , (3) , (4)] (* +y) + 2 2 is a fifth binomial straight line. 

It is of course — ( + 1 ,.,1 . 

PROPOSITION 65. 

The square on the side of the sum of two medial areas 
applied to a rational straight line produces as breadth the 
sixth binomial. 

Let AB be the side of the sum of two medial areas, 
divided at C, 
let DE be a rational straight line, 
and let there be applied to DE the parallelogram DE equal 
to the Square on AB, producing DG as its breadth ; 

And DM, MG are commensurable in square only, and the 
less, MG, is commensurable in length with DE. 

Therefore DG is a fifth binomial. 
Q. E. D. 

To prove that [cf. x. 40] 

is a fifth binomial straight line. 
1 

For brevity denote it by - (u + vf, and put 
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I say that DG is a sixth binomial straight line. 
For let the same construction be made as before. 
Then, since AB is the side of 

the sum of two medial areas, divided „ . 
„ ^ D K M N o at C, I rn 1 

therefore A C, CB are straight lines 
incommensurable in square which 
make the sum of the squares on 
them medial, the rectangle contained E H L o r 
by them medial, and moreover the A <$ B 
sum of the squares on them incom
mensurable with the rectangle contained by them, [x. 41] 
so that, in accordance with what was before proved, each of 
the rectangles DL, MF is medial. 

And they are applied to the rational straight line DE; 
therefore each of the straight lines DM, MG is rational and 
incommensurable in length with DE. [x. 22] 

And, since the sum of the squares on A C, CB is incom
mensurable with twice the rectangle A C, CB, 
therefore DL is incommensurable with MF. 

Therefore DM is also incommensurable with MG; 
[vi. I , x. I l ] 

therefore DM, MG are rational straight lines commensurable 
in square only; 
therefore DG is binomial. [x. 36] 

I say next that it is also a sixth binomial straight line. 
Similarly again we can prove that the rectangle DK, KM 

is equal to the square on MN, 
and that DK is incommensurable in length with KM; 
and, for the same reason, the square on DM is greater than 
the square on MG by the square on a straight line incom
mensurable in length with DM. • 

And neither of the straight lines DM, MG is commen
surable in length with the rational straight line DE set out. 

Therefore DG is a sixth binomial straight line. 
Q . E . D . 



is a i « M binomial straight line. 

<rx = u2, 

Denote it by - (u + v)2, and put 

oy^v2, 
cr . 2Z = 7UV. 

Now, by x. 41, u2 v v2, (u2 + v2) is medial, 2uv is medial, and 
(u2 + V2) v/ 2»t/. 
(a) In this case 0- (x +y) is medial; 
therefore (x +y) is rational and o- (1). 

In like manner, 2z is rational and <r (2) . 
And, since a (x + y) « a-. 2z, 

(x+y) ^ 2z (3) . 
Therefore (x+y) + 2Z is a binomial straight line. 

(p) As before, x +y > 2z , 
*y = z2, 

x*y> 
therefore [x. 18] J(x+y)2 ~ (2Z)2 ^ (x + y) (4). 

Hence [(1), ( 2 ) , (3), (4)] (x +y) + 2z is a sixth binomial straight line. 

It is obviously 2 j^ /X + • g j . 

PROPOSITION 66. 

^4 straight line commensurable in length with a binomial 
straight line is itself also binomial and the same in order. 

Let AB be binomial, and let CD be commensurable in 
length with AB; 

A- 1 B 
C — I D 

I say that CD is binomial and the same in order with AB. 
For, since AB is binomial, 

let it be divided into its terms at E, 
and let AE be the greater term ; 

To prove that [cf. x. 41] 

1 A 1 jZ+gjj A" D ' 



therefore AE, EB are rational straight lines commensurable 
in square only. [x. 36] 

Let it be contrived that, 
as AB is to CD, so is AE to CF; [vi. 12] 

therefore also the remainder EB is to the remainder FD as 
AB is to CD. [v. 19] 

But AB is commensurable in length with CD; 
therefore AE is also commensurable with CF, and EB with 
FD. [x. . 1 ] 

And A E, EB are rational; 
therefore CF, FD are also rational. 

And, as AE is to CF, so is EB to FD. [v. n ] 
Therefore, alternately, as AE is to EB, so is CF to 

[v. 16] 
But v^Z?, EB are commensurable in square only ; 

therefore CF, FD are also commensurable in square only. 
• , " 1 

And they are rational; 
therefore CZ? is binomial. [x. 36] 

I say next that it is the same in order with AB. 
For the square on AE is greater than the square on EB 

either by the square on a straight line commensurable with 
AE or by the square on a straight line incommensurable 
with it. 

I f then the square on AE is greater than the square on 
EB by the square on a straight line commensurable with AE, 
the square on CF will also be greater than the square on FD 
by the square on a straight line commensurable with CF. 

[x. 14] 
And, if AE is commensurable with the rational straight 

line set out, CF will also be commensurable with it, [x. 12] 
and for this reason each of the straight lines AB, CD is a 
first binomial, that is, the same in order. [x. Deft*, ti. 1] 

But, if EB is commensurable with the rational straight line 
set out, FD is also commensurable with it, [x. 12] 
and for this reason again CD will be the same in order with 
AB, 
for each of them will be a second binomial. fx. Deft", n. 2] 



But, if neither of the straight lines AE, EB is commen
surable with the rational straight line set out, neither of the 
straight lines CF, FD will be commensurable with it, [x. 13] 
and each of the straight lines AB, CD is a third binomial. 

[x. Deff. II. 3 ] 
But, if the square on AE is greater than the square on 

EB by the square on a straight line incommensurable with 
AE, 
the square on CF is also greater than the square on FD by 
the square on a straight line incommensurable with CF. [x. 14] 

And, if AE is commensurable with the rational straight 
line set out, CF is also commensurable with it, 
and each of the straight lines AB, CD is a fourth binomial. 

[x. Deff. 11. 4 ] 

But, if EB is so commensurable, so is FD also, 
and each of the straight lines AB, CD will be a fifth binomial. 

[x. Deff. 11. 5 ] 
But, if neither of the straight lines AE, EB is so com

mensurable, neither of the straight lines CF, FD is commen
surable with the rational straight line set out, 
and each of the straight lines AB, CD will be a sixth binomial. 

[x. Deff. 11. 6 ] 
Hence a straight line commensurable in length with a 

binomial straight line is binomial and the same in order. 
Q . E . D . 

The proofs of this and the following propositions up to x. 70 inclusive are 
easy and require no elucidation. They are equivalent to saying that, if in each 

of the preceding irrational straight lines -g, p is substituted for p, the resulting 

irrational is of the same kind as that from which it is altered. 

PROPOSITION 67. 

A straight line commensurable in length with a bimedial 
straight line is itself also bimedial and the same in order. 

Let AB be bimedial, and let CD be commensurable in 
length with AB; 
I say that CD is bimedial and the same * g B 

in order with AB. ? f o 
For, since AB is bimedial, 

let it be divided into its medials at E; 
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therefore AE, EB are medial straight lines commensurable 
in square only. fx. 37, 38] 

And let it be contrived that, 
as AB is to CD, so is AE to CF; 
therefore also the remainder EB is to the remainder FD as 
AB is to CD. [v. 19] 

But AB is commensurable in length with CD; 
therefore AE, EB are also commensurable with CF, FD 
respectively. fx. n ] 

But AE, EB are medial; 
therefore CF, FD are also medial. fx. 23] 

And since, as AE is to EB, so is CF to FD, [v. n ] 
and AE, EB are commensurable in square only, 
CF, FD are also commensurable in square only. fx. 11J 

But they were also proved medial; 
therefore CD is bimedial. 

I say next that it is also the same in order with AB. 
For since, as AE is to EB, so is CF to FD, 

therefore also, as the square on AE is to the rectangle AE, 
EB, so is the square on CF to the rectangle CF, FD; 
therefore, alternately, 
as the square on AE is to the square on CF, so is the rect
angle AE, EB to the rectangle CF, FD. [v. 16] 

But the square on AE is commensurable with the square 
on CF; 
therefore the rectangle AE, EB is also commensurable with 
the rectangle CF, FD. 

I f therefore the rectangle AE, EB is rational, 
the rectangle CF, FD is also rational, 
[and for this reason CD is a first bimedial] ; fx. 37] 
but if medial, medial, fx. 23. Por-] 
and each of the straight lines AB, CD is a second bimedial. 

[*• 38] 
And for this reason CD will be the same in order with AB. 

Q . E . D . 



PROPOSITION 68. 

A straight line commensurable with a major straight 
line is itself also major. 

Let AB be major, and let CD be commensurable with AB; 
I say that CD is major. 

Let AB be divided at E; 
therefore AE, EB are straight lines incommensur
able in square which make the sum of the squares 
on them rational, but the rectangle contained by 
them medial. [x. 39] 

Let the same construction be made as before. 
Then since, as AB is to CD, so is AE to CF, and EB 

to FD, 
therefore also, as AE is to CF, so is EB to FD. [v. » ] 

But AB is commensurable with CD; 
therefore AE, EB are also commensurable with CF, FD 
respectively. [x. n ] 

And since, as AE is to CF, so is EB to FD, 
alternately also, 
as AE is to EB, so is CF to FD ; [v. 16] 

therefore also, componendo, 
as AB is to BE, so is CD to DF; [v. 18] 

therefore also, as the square on AB is to the square on BE, 
so is the square on CD to the square on DF. [vi. 20] 

Similarly we can prove that, as the square on AB is to 
the square on AE, so also is the square on CD to the square 
on CF. 

Therefore also, as the square on AB is to the squares on 
AE, EB, so is the square on CD to the squares on CF. FD; 
therefore also, alternately, 
as the square on AB is to the square on CD, so are the 
squares on AE, EB to the squares on CF, FD. [v. 16] 

But the square on AB is commensurable with the square 
on CD; 
therefore the squares on AE, EB are also commensurable 
with the squares on CF, FD. 



And the squares on AE, EB together are rational; 
therefore the squares on CF, FD together are rational. 

" Similarly also twice the rectangle AE, EB is commen
surable with twice the rectangle CF, FD. 

And twice the rectangle AE, EB is medial; 
therefore twice the rectangle CF, FD is also medial. 

[x. 23, Por.] 
Therefore CF, FD are straight lines incommensurable in 

square which make, at the same time, the sum of the squares 
on them rational, but the rectangle contained by them medial; 
therefore the whole CD is the irrational straight line called 
major. [x. 39] 

Therefore a straight line commensurable with the major 
straight line is major. 

Q. E. D. 

PROPOSITION 69. 

A straight line commensurable with the side of a rational 
plus a medial area is itself also the side of a rational plus a 
medial area. 

Let AB be the side of a rational plus a medial area, 
and let CD be commensurable with AB; 
it is to be proved that CD is also the side of a 
rational plus a medial area. 

Let AB be divided into its straight lines at E; 
therefore AE, EB are straight lines incommensur
able in square which make the sum of the squares 
on them medial, but the rectangle contained by them 
rational. [x. 40] 

Let the same construction be made as before. 
W e can then prove similarly that 

CF, FD are incommensurable in square, 
and the sum of the squares on AE, EB is commensurable 
with the sum of the squares on CF, FD, 
and the rectangle AE, EB with the rectangle CF, FD; 
so that the sum of the squares on CF, FD is also medial, and 
the rectangle CF, FD rational. 

Therefore CD is the side of a rational plus a medial area. 
Q. E. D. 



PROPOSITION 70. 

A straight line commensurable with the side of the sum 
of two medial areas is the side of the sum of two medial areas. 

Let AB be the side of the sum of two medial areas, and 
CD commensurable with AB ; 
it is to be proved that CD is also the side of the 
sum of two medial areas. 

For, since AB is the side of the sum of two 
medial areas, 
let it be divided into its straight lines at E; 
therefore AE, EB are straight lines incommensur
able in square which make the sum of the squares 
on them medial, the rectangle contained by them 
medial, and furthermore the sum of the squares on AE, EB 
incommensurable with the rectangle AE, EB. [x. 41] 

Let the same construction be made as before. 
W e can then prove similarly that 

CF, FD are also incommensurable in square, 
the sum of the squares on AE, EB is commensurable with 
the sum of the squares on CF, FD, 
and the rectangle AE, EB with the rectangle CF, FD; 
so that the sum of the squares on CF, FD is also medial, 
the rectangle CF, FD is medial, 
and moreover the sum of the squares on CF, FD is incom
mensurable with the rectangle CF, FD. 

Therefore CD is the side of the sum of two medial areas. 
Q . E . D . 

PROPOSITION 71. 

If a rational and a medial area be added together, four 
irrational straight lines arise, namely a binomial or a first 
bimedial or a major or a side of a rational plus a medial 
area. 

Let.AB be rational, and CD medial; 
I say that the "side" of the area AD is a binomial or a first 
bimedial or a major or a side of a rational plus a medial 
area. 
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For IB is either greater or less than CD. 
First, let it be greater ; 

let a rational straight line EF be set out, 
let there be applied to EF the rectangle EG equal to AB, 
producing EH as breadth, 
and let HI, equal to DC, be applied to EF, producing HK 
as breadth. 

Then, since AB is rational and is equal to EG, 
therefore EG is also rational. 

And it has been applied to EF, producing EH as breadth; 
therefore EH is rational and commensurable in length with 
EF. [x. 20] 

Again, since CD is medial and is equal to HI, 
therefore HI is also medial. 

And it is applied to the rational straight line EF, pro
ducing HK as breadth; 
therefore HK is rational and incommensurable in length 
with EF [x. 22] 

And, since CD is medial, 
while AB is rational, 
therefore AB is incommensurable with CD, 
so that EG is also incommensurable with HI. 

But, as EG is to HI, so is EH to HK; [vi. 1] 

therefore EH is also incommensurable in length with HK. 
[x. I t ] 

And both are rational; 
therefore EH, HK are rational straight lines commensurable 
in square only; 
therefore EK is a binomial straight line, divided at H. [x. 36] 



And, since AB is greater than CD, 
while AB is equal to EG and CD to HI, 
therefore EG is also greater than HI; 
therefore EH is also greater than HK. 

The square, then, on EH is greater than the square on 
HK either by the square on a straight line commensurable 
in length with EH or by the square on a straight line in
commensurable with it. 

First, let the square on it be greater by the square on a 
straight line commensurable with itself. 

Now the greater straight line HE is commensurable in 
length with the rational straight line EF set out; 
therefore EK is a first binomial. [x. Deff. 11. 1] 

But EF is rational; 
and, if an area be contained by a rational straight line and the 
first binomial, the side of the square equal to the area is 
binomial. [x. 54] 

Therefore the "side" of EI is binomial; 
so that the "side" of AD is also binomial. 

Next, let the square on EH be greater than the square 
on HK by the square on a straight line incommensurable 
with EH. 

Now the greater straight line EH is commensurable in 
length with the rational straight line EF net out; 
therefore EK is a fourth binomial. [x. Deff. 11. 4 ] 

But EF is rational; 
and, if an area be contained by a rational straight line and the 
fourth binomial, the "side" of the area is the irrational straight 
line called major. [x. 57] 

Therefore the "side" of the area EI is major ; 
so that the "side" of the area AD is also major. 

Next, let AB be less than CD ; 
therefore EG is also less than HI, 
so that EH is also less than HK. 

Now the square on HK is greater than the square on EH 
either by the square on a straight line commensurable with 
HK or by the square on a straight line incommensurable 
with it. 



First, let the square on it be greater by the square on a 
straight line commensurable in length with itself. 

Now the lesser straight line EH is commensurable in 
length with the rational straight line EF set out; 
therefore EK is a second binomial. [x. Deff. 11. 2] 

But EF is rational, 
and, if an area be contained by a rational straight line and 
the second binomial, the side of the square equal to it is a 
first bimedial; fx- 55] 
therefore the "side" of the area EI is a first bimedial, 
so that the "side" of AD is also a first bimedial. 

Next, let the square on HK be greater than the square 
on HE by the square on a straight line incommensurable 
with HK. 

Now the lesser straight line EH is commensurable with 
the rational straight line EF set out; 
therefore EK is a fifth binomial. [x. Deff. n. 5] 

But EF is rational; 
and, if an area be contained by a rational straight line and the 
fifth binomial, the side of the square equal to the area is a 
side of a rational plus a medial area. [x. 58] 

Therefore the "side" of the area EI is a side of a rational 
plus a medial area, 
so that the "side" of the area AD is also a side of a rational 
plus a medial area. 

Therefore etc. Q. E. D. 

A rational area being of the form ftp1, and a medial area of the form 
J \ . p2, the problem is to classify 

according to the different possible relations between k, X. 
Put <ru = kp\ 

<rv = J\. p2. 
Then, since the former rectangle is rational, the latter medial, 

u is rational and « cr, 
v is rational and ^ <r. 

Also the rectangles are incommensurable; 
so that u u v. 

Hence u, v are rational and *•>-; 
whence (« + v) is a binomial straight line. 



The possibilities now are as follows : 
I. a > v. 

Then either 
(1) Ju* — p* «"> u, 

or ( 2 ) Ju'-t/1 V, a, 
while in both cases a « o-. 

In case (1) (a + zi) is a binomial straight line, 
and in case ( 2 ) (a +?>) is a fourth binomial straight line. 

Thus vV(a + v) is either (1) a binomial straight line [x. 54] or ( 2 ) a major 
irrational straight line [x. 57] . 

II. v>u. 
Then either 

( 1 ) vV - a2 « z>, 
or ( 2 ) N/Z)2 — a2 ^ D , 

while in both cases v ^ <r, but a «<r. 
Hence, in case (1), (v + « ) is a ftw/zi binomial straight line, 

and, in case ( 2 ) , ( ? ' + 11) is a b i n o m i a l straight line. 
Thus Ja (v + a) is either (1) a first bimedial straight line [x. 55], or ( 2 ) a 

side of a rational plus a medial area [x . 58]. 

PROPOSITION 72. 

If two medial areas incommensurable with one another be 
added together, the remaining two irrational straight lines 
arise, namely either a second bimedial or a side of the sum of 
two medial areas. 

For let two medial areas AB, CD incommensurable with 
one another be added together ; 
I say that the "side" of the area AD is either a second 
bimedial or a side of the sum of two medial areas. 

3 0 

For AB is either greater or less than CD. 
First, if it so chance, let AB be greater than CD. 
Let the rational straight line EF be set out, 

and to EF let there be applied the rectangle EG equal to 



AB and producing EH as breadth, and the rectangle HI 
equal to CD and producing HK as breadth. 

Now, since each of the areas AB, CD is medial, 
therefore each of the areas EG, HI is also medial. 

And they are applied to the rational straight line EE, 
producing EH, HK as breadth ; 
therefore each of the straight lines EH, HK is rational and 
'ncommensurable in length with EE. [x. 22] 

And, since AB is incommensurable with CD, 
and AB is equal to EG, and CD to HI, 
therefore EG is also incommensurable with HI. 

therefore EH is incommensurable in length with HK. [x. n ] 
Therefore EH, HK are rational straight lines commen

surable in square only ; 

But the square on EH is greater than the square on HK 
either by the square on a straight line commensurable with 
EH or by the square on a straight line incommensurable 
with it. 

First, let the square on it be greater by the square on a 
straight line commensurable in length with itself. 

Now neither of the straight lines EH, HK is commen
surable in length with the rational straight line EF set out; 
therefore EK is a third binomial. [x. Deff. it. 3] 

But EF is rational; 
and, if an area be contained by a rational straight line and the 
third binomial, the "side" of the area is a second bimedial; 

therefore the "side" of EI, that is, of AD, is a second bimedial. 

Next, let the square on EH be greater than the square 
on HK by the square on a straight line incommensurable in 
length with EH. 

Now each of the straight lines EH, HK is incommen
surable in length with EF; 
therefore EK is a sixth binomial. fx. Deff. 11. 6] 

But, if an area be contained by a rational straight line and 

But, as EG is to HI, so is EH to HK; [vi- 1 ] 

therefore EK is binomial. fx- 36] 

fx- 56] 



the sixth binomial, the "side" of the area is the side of the 
sum of two medial areas; [x. 59] 
so that the "side" of the area AD is also the side of the 
sum of two medial areas. 

Therefore etc. 
Q . E . D . 

We have to classify, according to the different possible relations between 
k, \, the straight line 

where Jh. p- and JS.. p- are incommensurable. 
Suppose that era = Jk. p 2 , 

av = ij\. p". 
It is immaterial whether Jk. p 2 or J\. p" is the greater. Suppose, e.g., 

that the former is. 
Now, Jk. p 2 , J \ . p 2 being both medial areas, and cr rational, 

u, v are both rational and ^ cr (1) . 
Again, by hypothesis, era ̂  av, 

or « u » (2). 

Hence [(1), (2)] (a + v) is a binomial straight line. 

Next, \/u* -v* is either commensurable or incommensurable in length 
with u. 

(a ) Suppose Ju* - v* is u. 
In this case (a + v) is a third binomial straight line, 

and therefore [x. 56] 

Vo- (a + v) is a second bimedial straight line. 

(0) UsJu^F^u, 
(u + v) is a sixth binomial straight line, 
and therefore [x. 59] 

J a (a + v) is a side of the sum of two medial areas. 

The binomial straight line and the irrational straight lines 
after it are neither the same with the medial nor with one 
another. 

For the square on a medial, if applied to a rational straight 
line, produces as breadth a straight line rational and incom
mensurable in length with that to which it is applied. [x. 22] 

But the square on the binomial, if applied to a rational 
straight line, produces as breadth the first binomial. [x. 60] 

The square on the first bimedial, if applied to a rational 
straight line, produces as breadth the second binomial, [x. 6 1 ] 



The square on the second bimedial, if applied to a rational 
straight line, produces as breadth the third binomial. [x. 62] 

T h e square on the major, if applied to a rational straight 
line, produces as breadth the fourth binomial. [x. 63] 

T h e square on the side of a rational plus a medial area, if 
applied to a rational straight line, produces as breadth the fifth 
binomial. [x. 64] 

T h e square on the side of the sum of two medial areas, if 
applied to a rational straight line, produces as breadth the 
sixth binomial. [x. 65] 

And the said breadths differ both from the first and from 
one another: from the first because it is rational, and from 
one another because they are not the same in order; 
so that the irrational straight lines themselves also differ from 
one another. 

The explanation after x. 72 is for the purpose of showing that all the 
irrational straight lines treated hitherto are different from one another, viz. the 
medial, the six irrational straight lines beginning with the binomial, and the 
six consisting of the first, second, third, fourth, fifth and sixth binomials. 

'. 

PROPOSITION 73. 

If from a rational straight line there be subtracted a 
rational straight line commensurable with the whole in square 
only, the remainder is irrational; and let it be called an 
a p o t o m e . 

For from the rational straight line AB let the rational 
straight line BC, commensurable with 
the whole in square only, be sub- A is B 
tracted ; 
I say that the remainder AC is the irrational straight line 
called a p o t o m e . 

For, since AB is incommensurable in length with BC, 
and, as AB is to BC, so is the square on AB to the rectangle 
AB, BC, 
therefore the square on AB is incommensurable with the 
rectangle AB, BC. fx. n ] 

But the squares on AB, BC are commensurable with the 
square on AB, fx. 15] 
and twice the rectangle AB, BC is commensurable with the 
rectangle AB, BC. fx. 6] 



And, inasmuch as the squares on AB, BC are equal to 
twice the rectangle AB, BC together with the square on CA, 

7] 
therefore the squares on AB, BC are also incommensurable 
with the remainder, the square on AC. [x. 13, 16] 

But the squares on AB, BC are rational ; 
therefore AC is irrational. [x. Def. 4] 

And let it be called an apo tome . 
Q. E. D. 

Euclid now passes to the irrational straight lines which are the difference 
and not, as before, the sum of two straight lines. Apotome ("portion cut off") 
accordingly takes the place of binomial and the other terms follow mutatis 
mutandis. The first hexad of propositions (73 to 78) exhibit the six irrational 
straight lines which are really the result of extracting the square root of the six 
irrationals in the later propositions 85 to 90 (or, strictly speaking, of finding 
the sides of squares equal to the rectangles formed by each of those six 
irrational straight lines respectively with a rational straight line). Thus, just 
as in the corresponding propositions about the irrational straight lines formed 
by addition, the further removed irrationals, so to speak, come first. 

We shall denote the apotome etc. by (x —y), which is formed by subtracting 
a certain lesser straight line y from a greater x. In x. 79 and later propositions 
y is called by Euclid the annex (17 irpoaapuo&vaa), being the straight line which, 
when added to the apotome or other irrational formed by subtraction, makes 
up the greater x. 

The methods of proof are exactly the same as in the preceding propositions 
about the irrational straight lines formed by addition. 

In this proposition x, y are rational straight lines commensurable in square 
only, and we have to prove that (x -y), the apotome, is irrational. 

x ~ - y, so that x w y : 
therefore, since x : y = x- : xy, 

x- v xy. 
But x? * (x- +_r) , and xy « ixy; 

therefore x- +y' ^ 2xy, 
whence (x -y)- ~ (x- +y-). 

But (x- +y"-) is rational, 
therefore (x -yf, and consequently (x —y), is irrational. 

The apotome (x -y) is of the form p - s/k. 0, just as the binomial straight 
line is of the form p + Ji. p. 

PROPOSITION 74. 

If from a medial straight line there be subtracted a medial 
straight line which is commensurable with the whole in square 
only, and which contains with the whole a rational rectangle, 
the remainder is irrational. And let it be called a first 
apotome of a media l straight line. 



For from the medial straight line AB let there be sub
tracted the medial straight line BC 
which is commensurable with AB in * c ? 
square only and with AB makes the 
rectangle AB, BC rational; 
I say that the remainder A C is irrational; and let it be 
called a first a p o t o m e of a media l straight line. 

For, since AB, BC are medial, 
the squares on AB, BC are also medial. 

But twice the rectangle AB, BC is rational; 
therefore the squares on AB, BC are incommensurable with 
twice the rectangle AB, BC; 
therefore twice the rectangle AB, BC is also incommensurable 
with the remainder, the square on A C, [cf. H . 7] 
since, if the whole is incommensurable with one of the magni
tudes, the original magnitudes will also be incommensurable. 

[x . . 6 ] 
But twice the rectangle AB, BC is rational; 

therefore the square on A C is irrational; 
therefore AC is irrational. [x . Def. 4] 

And let it be called a first a p o t o m e of a media l straight 
line. 

The first apotome of a medial straight line is the difference between straight 
lines of the form k^p, $p, which are medial straight lines commensurable in 
square only and forming a rational rectangle. 

By hypothesis, x\ y* are medial areas. 

And, since xy is rational, (X? +y') « xy 

v 2xy, 

whence <x -y)* ^ 2xy. 

But 2xy is rational; 

therefore (x- y)2, and consequently (x-y), is irrational. 

This irrational, which is of the form ($p ~ $p), is the first apotome of a 
medial straight line; the term corresponding of course to first bimedial, which 
applies where the sign is positive. 



PROPOSITION 75. 

If from a medial straight line there be subtracted a medial 
straight line which is commensurable with the whole in square 
only, and which contains with the whole a medial rectangle, 
the retnainder is irrational; and let it be called a second 
apotome of a media l straight line. 

For from the medial straight line AB let there be sub
tracted the medial straight line CB which is commensurable 
with the whole AB in square only and such that the rectangle 
AB, BC, which it contains with the whole AB, is medial; [x. 28] 
I say that the remainder AC is irrational; and let it be called 
a second apotome of a media l straight line. 

A c 
F G 

For let a rational straight line DI be set out, 
let DE equal to the squares on AB, BC be applied to DI, 
producing DG as breadth, 
and let DH equal to twice the rectangle AB, BC be applied 
to DI, producing DF as breadth ; 
therefore the remainder FE is equal to the square on AC. 

["• 7] 
Now, since the squares on AB, BC are medial and 

commensurable, 
therefore DE is also medial. [x. 15 and 23, Por.] 

And it is applied to the rational straight line DI, producing 
DG as breadth ; 
therefore DG is rational and incommensurable in length 
with DI. [x. 22] 

Again, since the rectangle AB, BC is medial, 
therefore twice the rectangle AB, BC is also medial. 

[x. 23, Por.] 
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And it is equal to DH; 
therefore DH is also medial. 

And it has been applied to the rational straight line DI, 
producing DF as breadth ; 
therefore DF is rational and incommensurable in length 
with DI. [x. 22] 

And, since AB, BC are commensurable in square only, 
therefore AB is incommensurable in length with BC; 
therefore the square on AB is also incommensurable with the 
rectangle AB, BC. [x. i i ] 

But the squares on AB, BC are commensurable with the 
square on AB, [x. 15] 
and twice the rectangle AB, BC is commensurable with the 
rectangle AB, BC; [x. 6] 
therefore twice the rectangle AB, BC is incommensurable with 
the squares on AB, BC. [x. 13] 

But DE is equal to the squares on AB, BC, 
and DH to twice the rectangle AB, BC; 
therefore DE is incommensurable with DH. 

But, as DE is to DH, so is GD to DF; [vi. 1] 

therefore GD is incommensurable with DF. [x. 11] 
And both are rational; 

therefore GD, DFare rational straight lines commensurable 
in square only; 
therefore FG is an apotome. [x. 73] 

But DI is rational, 
and the rectangle contained by a rational and an irrational 
straight line is irrational, [deduction from x. 20] 

and its "side" is irrational. 
And AC is the "side" of FE; 

therefore A C is irrational. 
And let it be called a second a p o t o m e of a medial 

straight line. 
Q . E . D . 

We have here the difference between M*p, J \ . pjk*, two medial straight 
lines commensurable in square only and containing a medial rectangle. 

Apply each of the areas (x'+y2), 2xy to a rational straight line cr, i.e. 
suppose that 

x2 + y = era, 
2xy = av. 



*• 75. 76] P R O P O S I T I O N S 75, 76 

Then o-a, av are medial areas, 
so that a, v are both rational and « 0- (1) . 

Again, x^y; 
therefore x* « xy, 
and consequently x* +y* w 2xy, 
or cr« ^ of, 
and « v. o (2) . 

Thus [(1), (2)] a, v axe rational and 
therefore [x. 73] (a - v) is an apotome, 
and, (a — being thus irrational, 

(u — v)<r is an irrational area. 
Hence (x -y)1, and consequently (x -y), is irrational. 

The irrational straight line $p ~ f. i s called a second apotome of a 

medial straight line. 

PROPOSITION 76. 

If from a straight line there be subtracted a straight line 
which is incommensurable in square with the whole and which 
with the whole makes the squares on them added together 
rational, but the rectangle contained by them medial, the 
remainder is irrational; and let it be called minor . 

For from the straight line AB let there be subtracted the 
straight line BC which is incom
mensurable in square with the whole A" & B 
and fulfils the given conditions. [x. 33] 

I say that the remainder AC is the irrational straight line 
called minor. 

For, since the sum of the squares on AB, BC is rational, 
while twice the rectangle AB, BC is medial, 
therefore the squares on AB, BC are incommensurable with 
twice the rectangle AB, BC; 
and, convertendo, the squares on AB, BC are incommensurable 
with the remainder, the square on AC. [11. 7, x . 16] 

But the squares on AB, BC are rational; 
therefore the square on A C is irrational ; 
therefore AC is irrational. 

And let it be called minor . 



^ V , I + V 7 T ^ ' A Y 1 V f T F 
By hypothesis ( x 2 + f) is a rational, xy a medial, area. 
Therefore (x 2 +_ya) ^ 2x_y, 

whence (x — y ) 2 ^ ( x 2 + y 2). 
Therefore (x — yf, and consequently (x — y), is irrational. 
The minor (irrational) straight line is thus of the form 

1 A * 4 L ^ . 

Observe the use of convertendo (avtunpi^avri) for the inference that, since 
(x*+y*) -j 2xy, ( x 2 + y ) ( x - ^ ) 2 . The use of the word corresponds exactly 
to its use in proportions. 

PROPOSITION 77. 

If from a straight line there be subtracted a straight line 
which is incommensurable in square with the whole, and which 
with the whole makes the sum of the squares on them medial, 
but twice the rectangle contained by them rational, the remainder 
is irrational: and let it be called t h a t w h i c h produces with 
a ra t iona l a r e a a media l whole . 

For from the straight line AB let there be subtracted the 
straight line BC which is incommensurable in square 
with AB and fulfils the given conditions ; [x. 34] 
I say that the remainder AC is the irrational straight 
line aforesaid. 

For, since the sum of the squares on AB, BC is 
medial, 
while twice the rectangle AB, BC is rational, 
therefore the squares on AB, BC are. incommensurable 
with twice the rectangle AB, BC; 
therefore the remainder also, the square on AC, is incom
mensurable with twice the rectangle AB, BC. [n. 7, x. 16] 

And twice the rectangle AB, BC is rational; 
therefore the square on A C is irrational; 
therefore AC is irrational. 

And let it be called t h a t w h i c h produces with a 
ra t iona l a r e a a media l whole . 

Q . E . D . 

x, y are here of the form found in x. 33, viz. 



Here x, y are of the form [cf. x. 34] 

J\/77I' + t, . p J-Ji+h'-h. 
V 2 ( l ' -J2 (!+**) 

By hypothesis, (JC2 + j 2 ) is a media/, xy a rational, area; 
thus ( x 2 + j 2 ) ^ 2X)», 
and therefore (x-yY w 2*y, 
whence (x — j>)2, and consequently (x - is irrational. 

The irrational straight line 

N / 2 ( I + - 4 2 ) N / 2 ( I + / 4 2 ) 
is called Ma/ which produces with a rational area a medial whole or more 
literally that which with a rational area makes the whole medial (17 p e ™ ptjrov 

pco-op TO 0Kov irotovio-a). Here " produces " means " produces when a square 
is described on it." A clearer way of expressing the meaning would be to call 
this straight line the "side" of a medial minus a rational area corresponding 
to the "side" of a rational plus a medial area [x. 40]. 

PROPOSITION 78. 

If from a straight line there be subtracted a straight line 
which is incommensurable in square with the whole and which 
with the whole makes the sum of the squares on them medial, 
twice the rectangle contained by them medial, and further the 
squares on them incommensurable with twice the rectangle 
contained by them, the remainder is irrational; and let it be 
called tha t w h i c h produces wi th a media l a r e a a 
medial whole . 

For from the straight line AB let there be subtracted the 
straight line BC incommensurable in 
square with AB and fulfilling the 
given conditions ; [x. 35] 
I say that the remainder A C is the 
irrational straight line called t h a t 
which produces with a media l 
a r e a a medial whole . 1 " t 

For let a rational straight line DI A c B 
be set out, 
to DI let there be applied DE equal to the squares on AB, 
BC, producing DG as breadth, 
and let DH equal to twice the rectangle AB, BC be 
subtracted. 



Therefore the remainder FE is equal to the square 
on AC, [11.7] 

so that AC is the " side " of FE. 
Now, since the sum of the squares on AB, BC is medial 

and is equal to DE, 
therefore DE is medial. 

And it is applied to the rational straight line DI, producing 
DG as breadth; 
therefore DG is rational and incommensurable in length 
with DI. [x. 22] 

Again, since twice the rectangle AB, BC is medial and is 
equal to DH, 
therefore DH is medial. 

And it is applied to the rational straight line DI, producing 
DF as breadth; 
therefore DF is also rational and incommensurable in length 
with DI. [x. 22] 

And, since the squares on AB, BC are incommensurable 
with twice the rectangle AB, BC, 
therefore DE is also incommensurable with DH. 

But, as DE is to DH, so also is DG to DF; [vi. 1] 
therefore DG is incommensurable with DF. [x. n ] 

And both are rational; 
therefore GD, DF are rational straight lines commensurable 
in square only. 

Therefore FG is an apotome. [x. 73] 
And FH is rational; 

but the rectangle contained by a rational straight line and an 
apotome is irrational, [deduction from x. 20] 

and its "side" is irrational. 
And AC is the "side" of FE; 

therefore A C is irrational. 
And let it be caljed t h a t w h i c h produces with a 

media l a r e a a media l whole . 
Q. E. D. 



is called Ma/ which produces [i.e. when a square is described on it] ZOT'M a 
medial area a medial whole, more literally that which with a medial area makes 
the whole medial (1) aera. peVou piaov TO O\O>' 7ROIOUCRA). A clearer phrase (to 
us) would be the "side" of the difference between two medial areas, correspond
ing to the " side" of (the sum of) two medial areas [x . 41] . 

P r o p o s i t i o n 79. 

To an apotome only one rational straight line can be 
annexed which is commensurable with the whole in square only. 

Let A3 be an apotome, and BC an annex to i t ; 
therefore AC, CB are rational 
straight lines commensurable in B c d 
square only. [x. 73] H ' 

I say that no other rational 
straight line can be annexed to AB which is commensurable 
with the whole in square only. 

For, if possible, let BD be so annexed ; 
therefore AD, DB are also rational straight lines commen
surable in square only. [x- 73] 

Now, since the excess of the squares on AD, DB over 
twice the rectangle AD, DB is also the excess of the squares 
on AC, CB over twice the rectangle AC, CB, 
for both exceed by the same, the square on AB, [11. 7] 

In this case x, y have respectively the forms [cf. x. 35] 

Suppose that x 8 + y2 = era, 
2*y = av. 

By hypothesis, the areas <ru, av are medial; 
therefore a, v are both rational and w cr (1) . 

Further era ̂  av, 
so that a ^ w ( 2 ) . 

Hence [(1), (2)] a, v are rational and »>-, 
so that (a -v) is the irrational straight line called apotome [x. 73]. 

Thus a(u-v) is an irrational area, 
so that (x -yf, and consequently („r -y), is irrational. 

The irrational straight line 

pA* / ' I P \ * / I 
V2 V 1 + V T t T 2 V2 V 1 N/YTJ 2 



therefore, alternately, the excess of the squares on AD, DB 
over the squares on A C, CB is the excess of twice the rect
angle AD, DB over twice the rectangle A C, CB. 

But the squares on AD, DB exceed the squares on AC, 
CB by a rational area, 
for both are rational; 
therefore twice the rectangle AD, DB also exceeds twice the 
rectangle A C, CB by a rational area: 
which is impossible, 
for both are medial [x . 21], and a medial area does not exceed 
a medial by a rational area. [x. 26] 

Therefore no other rational straight line can be annexed 
to AB which is commensurable with the whole in square only. 

Therefore only one rational straight line can be annexed 
to an apotome which is commensurable with the whole in 
square only. 

Q . E . D . 

This proposition proves the equivalent of the well-known theorem of surds 
that, 
if a — Jb = x — Jy, then a = x, b =y; 
and, if Ja - Jb = Jx - Jy, then a = x, b =y. 

The method of proof corresponds to that of x . 42 for positive signs. 
Suppose, if possible, that an apotome can be expressed as (x -y) and also 

as (x'—y'), where x, y are rational straight lines commensurable in square only, 
and x', y' are so also. 

Of x, x', let x be the greater. 
Now, since x —y = x' —y, 

x* +y - (x'1 +y'*) = txy - 2x'y'. 
But (x* +y), (•*'*+/*) are both rational, so that their difference is a 

rational area. 
On the other hand, 2xy, 2x'y' are both medial areas, being of the form 

J6.fr; 
therefore the difference between two medial areas is rational: 
which is impossible [x. 26]. 

Therefore etc. 

PROPOSITION 80. 

To a first apotome of a medial straight line only one 
medial straight line can be annexed which is commensurable 
with the whole in square only and which contains with the 
whole a rational rectangle. 

http://J6.fr


For let AB be a first apotome of a medial straight line, 
and let BC be an annex to AB ; 
therefore AC, CB are medial ? £—-
straight lines commensurable in 
square only and such that the rectangle AC, CB which they 
contain is rational; [x. 74] 
I say that no other medial straight line can be annexed to 
AB which is commensurable with the whole in square only 
and which contains with the whole a rational area. 

For, if possible, let DB also be so annexed ; 
therefore AD, DB are medial straight lines commensurable 
in square only and such that the rectangle AD, DB which 
they contain is rational. [x. 74] 

Now, since the excess of the squares on AD, DB over 
twice the rectangle AD, DB is also the excess of the squares 
on AC, CB over twice the rectangle AC, CB, 
for they exceed by the same, the square on AB, [11. 7] 
therefore, alternately, the excess of the squares on AD, DB 
over the squares on A C, CB is also the excess of twice the 
rectangle AD, DB over twice the rectangle AC, CB. 

But twice the rectangle AD, DB exceeds twice the rect
angle A C, CB by a rational area, 
for both are rational. 

Therefore the squares on AD, DB also exceed the squares 
on A C, CB by a rational area : 
which is impossible, 
for both are medial [x. 15 and 23, Por.], and a medial area does 
not exceed a medial by a rational area. [x. 26] 

Therefore etc. 
Q . E . D . 

Suppose, if possible, that the same first apotome of a medial straight line 
can be expressed in terms of the required character in two ways, so that 

x —y = x' —y', 
and suppose that x > x'. 

In this case x* +y*, (x' +y'*) are both medial areas, and 2xy, 2x'y' are both 
rational areas; 
and xi+y,-(x''+/') = 2xy-2x'y'. 

Hence x. 26 is contradicted again ; 
therefore etc. 



PROPOSITION 8I. 

C D 

To a second apotome of a medial straight line only one 
medial straight line can be annexed which is commensurable 
with the whole in square only and which contains with the 
whole a medial rectangle. 

Let AB be a second apotome of a medial straight line 
and BC an annex to AB; 
therefore AC, CB are medial straight 
lines commensurable in square only and 
such that the rectangle AC, CB which 
they contain is medial. [x. 75] 

I say that no other medial straight line 
can be annexed to AB which is commen
surable with the whole in square only and 
which contains with the whole a medial 
rectangle. 

For, if possible, let BD also be so 
annexed; 
therefore AD, DB are also medial straight 
lines commensurable in square only and 
such that the rectangle AD, DB which 
they contain is medial. [x. 75] 

Let a rational straight line EF be set out, 
let £G equal to the squares on A C, CB be applied to EF, 
producing EM as breadth, 
and let HG equal to twice the rectangle AC, CB be sub
tracted, producing HM as breadth ; 
therefore the remainder EL is equal to the square on AB, 

[»• 7] 
so that AB is the "side" of EL. 

Again, let EI equal to the squares on AD, DB be applied 
to EF, producing EN as breadth. 

But EL is also equal to the square on AB; 
therefore the remainder HI is equal to twice the rectangle 
AD, DB. [11. 7] 

Now, since AC, CB are medial straight lines, 
therefore the squares on A C, CB are also medial. 



And they are equal to EG; 
therefore EG is also medial. [x. 15 and 23, Por.] 

And it is applied to the rational straight line EF, producing 
EM as breadth ; 
therefore EM is rational and incommensurable in length 
with EF. [x. 22] 

Again, since the rectangle A C, CB is medial, 
twice the rectangle A C, CB is also medial. [x . 23, Por.] 

And it is equal to HG; 
therefore HG is also medial. 

And it is applied to the rational straight line EF, producing 
HM as breadth; 
therefore HM is also rational and incommensurable in length 
with EF. [x. 22] 

And, since AC, CB are commensurable in square only, 
therefore AC is incommensurable in length with CB. 

But, as AC is to CB, so is the square on AC to the rect
angle AC, CB; 
therefore the square on AC is incommensurable with the 
rectangle AC, CB. [x. i x ] 

But the squares on AC, CB are commensurable with the 
square on AC, 
while twice the rectangle AC, CB is commensurable with the 
rectangle A C, CB ; [x. 6] 
therefore the squares on AC, CB are incommensurable with 
twice the rectangle AC, CB. [x. 13] 

And EG is equal to the squares on A C, CB, 
while GH is equal to twice the rectangle AC, CB; 
therefore EG is incommensurable with HG. 

But, as EG is to HG, so is EM to HM; [vi. 1] 

therefore EM is incommensurable in length with MH. [x. 11] 
And both are rational; 

therefore EM, MH are rational straight lines commensurable 
in square only; 
therefore EH is an apotome, and HM an annex to it. fx. 73] 



Similarly we can prove that HN is also an annex to it; 
therefore to an apotome different straight lines are annexed 
which are commensurable with the wholes in square only : 
which is impossible. [x. 79] 

Therefore etc. 
Q . E . D . 

As the irrationality of the second apotome of a medial straight line was 
deduced [x. 75] from the irrationality of an apotome, so the present theorem 
is reduced to x. 79. 

Suppose, if possible, that (x -y), (x' -y') are the same second apotome of 
a medial straight line ; 
and let (say) x be greater than x'. 

Apply (x* +y'), 2xy and also (JC'2 +_y'2), 2x'y' to a rational straight line a, 
i.e. put 

x*+y* = au 1 * ' 2 + / 2 = oV 1 
2xy = av I 2x'y' = av' f ' 

Dealing with (x -y) first, we have: 
(x2 +y>) is a medial area, and 2xy is also a medial area. 

Therefore u, v are both rational and ^ a (1). 
Also, since x r—y, x ^ y, 

so that x1 ^ xy, 
whence, as usual, x 2 + y2 ^ 2xy, 
that is, era >j av, 
and therefore u « v (2). 

Thus [(1) and (2)] u, v are rational and 
so that (» — v) is ah apotome. 

Similarly («' - v') is proved to be the same apotome. 
Hence this apotome is formed in two ways: 

which contradicts x. 79. 
Therefore the original hypothesis is false, and a second apotome of a 

medial straight line is uniquely formed. 

PROPOSITION 82. 

To a minor straight line only one straight line can be 
annexed which is incommensurable in square with the whole 
and which makes, with the whole, the sum of the squares on 
them rational but twice the rectangle contained by them medial. 

Let AB be the minor straight line, and let BC be an 
annex to AB; 
therefore AC, CB are straight * % $__? 
lines incommensurable in square 



which make the sum of the squares on them rational, but 
twice the rectangle contained by them medial. [x. 76] 

I say that no other straight line can be annexed to AB 
fulfilling the same conditions. 

For, if possible, let BD be so annexed ; 
therefore AD, DB are also straight lines incommensurable 
in square which fulfil the aforesaid conditions. [x. 76] 

Now, since the excess of the squares on AD, DB over 
the squares on AC, CB is also the excess of twice the rect
angle AD, DB over twice the rectangle AC, CB, 
while the squares on AD, DB exceed the squares on AC, 
CB by a rational area, 
for both are rational, 
therefore twice the rectangle AD, DB also exceeds twice 
the rectangle A C, CB by a rational area: 
which is impossible, for both are medial. |x- 2 6 1 

Therefore to a minor straight line only one straight 
line can be annexed which is incommensurable in square with 
the whole and which makes the squares on them added 
together rational, but twice the rectangle contained by them 
medial. 

Q . E . D . 

Suppose, if possible, that, with the usual notation, 
x-y = x-y'; 

and let x (say) be greater than x'. 
In this case (x? +y*), (x' 2 + y 2 ) are both rational areas, 

and 2xy, 2x'y' are both medial areas. 
But, as before, (x2 + y ) - (x' 2 +_y'2) = 2xy - 2x'y', 

so that the difference between two medial areas is rational: 
which is impossible [x. 26] . 

Therefore etc. 

PROPOSITION 83. 

To a straight line which produces with a rational area a 
medial whole only one straight line can be annexed which is 
incommensurable in square with the whole straight line and 
which with the whole straight line makes the sum of the squares 
on them medial, but twice the rectangle contained by them 
rational. 



PROPOSITION 84. 

To a straight line which produces with a medial area a 
medial whole only one straight line can de annexed which is 
incommensurable in square with the whole straight line and 
which with the whole straight line makes the sum of the squares 

Let AB be the straight line which produces with a rational 
area a medial whole, 
and let BC be an annex to AB; A P S_P 
therefore A C, CB are straight lines 
incommensurable in square which fulfil the given conditions. 

[*r 77] 
I say that no other straight line can be annexed to AB 

which fulfils the same conditions. 
For, if possible, let BD be so annexed ; 

therefore AD, DB are also straight lines incommensurable in 
square which fulfil the given conditions. [x. 77] 

Since then, as in the preceding cases, 
the excess of the squares on AD, DB over the squares on 
AC, CB is also the excess of twice the rectangle AD, DB 
over twice the rectangle A C, CB, 
while twice the rectangle AD, DB exceeds twice the rectangle 
AC, CB by a rational area, 
for both are rational, 
therefore the squares on AD, DB also exceed the squares 
on A C, CB by a rational area: 
which is impossible, for both are medial. [x. 26] 

Therefore no other straight line can be annexed to AB 
which is incommensurable in square with the whole and which 
with the whole fulfils the aforesaid conditions; 
therefore only one straight line can be so annexed. 

Q . E . D . 

Suppose, with the same notation, that 
x-y =x —y. (x > x') 

Here, (x*+y), (x'^+y'*) being both medial areas, and 2xy, ix'y' both 
rational areas, 
while (x1 +y*) — (#'a +y'*) = 2xy - 2x'y', 
x. 26 is contradicted again. 

Therefore etc. 



on them medial and twice the rectangle contained by them both 
medial and also incommensurable with the sum of the squares 
on them. 

Let AB be the straight line which produces with a medial 
area a medial, whole, 
and BL an annex to it; 
therefore AC, CBare straight lines incommensurable in square 
which fulfil the aforesaid conditions. [x. 78] 

E H 

F L 

I say that no other straight line can be annexed to AB 
which fulfils the aforesaid conditions. 

For, if possible, let BD be so annexed, 
so that AD, DB are also straight lines incommensurable in 
square which make the squares on AD, DB added together 
medial, twice the rectangle AD, DB medial, and also the 
squares on AD, DB incommensurable with twice the rectangle 
AD, DB. [x. 78] 

Let a rational straight line EF be set out, 
let EG equal to the squares on AC, CB be applied to EF, 
producing EM as breadth, 
and let HG equal to twice the rectangle AC, CB be applied 
to EF, producing HM as breadth ; 
therefore the remainder, the square on AB [n. 7], is equal 
to EL ; 
therefore AB is the "side" of EL. 

Again, let EI equal to the squares on AD, DB be applied 
to EF, producing EN as breadth. 

But the square on AB is also equal to EL ; 
therefore the remainder, twice the rectangle AD, DB [11. 7] , 
is equal to HI. 



Now, since the sum of the squares on AC, CB is medial 
and is equal to EG, 
therefore EG is also medial. 

And it is applied to the rational straight line EF, pro
ducing EM as breadth ; 
therefore EM is rational and incommensurable in length 
with EF. [x. 22] 

Again, since twice the rectangle AC, CB is medial and is 
equal to HG, 
therefore HG is also medial. 

And it is applied to the rational straight line EF, pro
ducing HM as breadth ; 
therefore HM is rational and incommensurable in length 
with EF. [x. 22] 

And, since the squares on AC, CB are incommensurable 
with twice the rectangle A C, CB, 
EG is also incommensurable with HG; 
therefore EM is also incommensurable in length with MH. 

[vi. I , x. 11] 
And both are rational; 

therefore EM, MH are rational straight lines commensurable 
in square only; 
therefore EH is an apotome, and HM an annex to it. [x. 73] 

Similarly we can prove that EH is again an apotome and 
HN an annex to it. 

Therefore to an apotome different rational straight lines 
are annexed which are commensurable with the wholes in 
square only: 
which was proved impossible. [x . 79] 

Therefore no other straight line can be so annexed to AB. 
Therefore to AB only one straight line can be annexed 

which is incommensurable in square with the whole and which 
with the whole makes the squares on them added together 
medial, twice the rectangle contained by them medial, and 
also the squares on them incommensurable with twice the 
rectangle contained by them. 

Q. E. D. 
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With the usual notation, suppose that 
x -y = x -y'. (x > xf) 

Let x,+y* = <ru 1 , x'* + «*• = au' ) 
\ and f, , , \. 2xy = <rv J 2xy =<rv ) 

Consider (x -y) first; 
it follows, since (x* +y*), ixy are both medial areas, that 
u, v are both rational and w <r (1 ) . 

But x* +y* w 2xy, 

that is, au w av, 
and therefore u ^ v (a) . 

Therefore [ (1) and (2)] u, v are rational and » y ; 
hence (u — v) is an apotome. 

Similarly (»' - tf) is proved to be the same apotome. 
Thus the same apotome is formed as such in two ways: 

which is impossible [x. 79]. 
Therefore, etc. 

D E F I N I T I O N S I I I . 

1. Given a rational straight line and an apotome, if the 
square on the whole be greater than the square on the annex 
by the square on a straight line commensurable in length with 
the whole, and the whole be commensurable in length with 
the rational straight line set out, let the apotome be called a 
first apotome . 

2. But if the annex be commensurable in length with 
the rational straight line set out, and the square on the whole 
be greater than that on the annex by the square on a straight 
line commensurable with the whole, let the apotome be called 
a second apotome. 

3. But if neither be commensurable in length with the 
rational straight line set out, and the square on the whole be 
greater than the square on the annex by the square on a 
straight line commensurable with the whole, let the apotome 
be called a third a p o t o m e . 

4. Again, if the square on the whole be greater than 
the square on the annex by the square on a straight line 
incommensurable with the whole, then, if the whole be com
mensurable in length with the rational straight line set out, 
let the apotome be called a fourth a p o t o m e ; 

•v if the annex be so commensurable, a fifth; 

6 . and, if neither, a s ixth . 



PROPOSITION 85. 

To find the first apotome. 
Let a rational straight line A be set out, 

and let BG be commensurable in length with A ; 
therefore BG is also rational. 

A ° — 8 P 
H 

E F D 

Let two square numbers DE, EF be set out, and let their 
difference FD not be square ; 
therefore neither has ED to DF the ratio which a square 
number has to a square number. 

Let it be contrived that, 
as ED is to DF, so is the square on BG to the square on GC; 

[x. 6, Por.] 
therefore the square on BG is commensurable with the square 
on GC. [x. 6 ] 

But the square on BG is rational; 
therefore the square on GC is also rational; 
therefore GC is also rational. 

And, since ED has not to DF the ratio which a square 
number has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number; 
therefore BG is incommensurable in length with GC. [x. 9] 

And both are rational; 
therefore BG, GC are rational straight lines commensurable 
in square only; 
therefore BC is an apotoiiic. [x. 73] 

I say next that it is also a first apotome. 
For let the square on H be that by which the square on 

BG is greater than the square on GC. 
Now since, as ED is to FD, so is the square on BG to 

the square on GC, 
therefore also, convertendo, [v. 19, P o r ] 
as DE is to EF, so is the square on GB to the square on H. 
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But DE has to EF the ratio which a square number has 
to a square number, 
for each is square ; 
therefore the square on GB also has to the square on H the 
ratio which a square number has to a square number; 
therefore BG is commensurable in length with H. [x . 9] 

And the square on BG is greater than the square on GC 
by the square on H; 
therefore the square on BG is greater than the square on GC 
by the square on a straight line commensurable in length 
with BG. 

And the whole BG is commensurable in length with the 
rational straight line A set out. 

Therefore BC is a first apotome. [ x . Deff. In. 1] 
Therefore the first apotome BC has been found. 

(Being) that which it was required to find. 

Take kp commensurable in length with 0, the given rational straight line. 

Let m2, n' be square numbers such that (m* - n') is not square. 

Take x such that m*: (m>-n') ^Pp'-.x* ( i ) , 

so that x = kp 

• kp V i - A4, say. 

Then shall kp - x, or kp -kp -Ji-X', be a first apotome. 

For (a) it follows irom (1) that x is rational but incommensurable with kp, 

whence kp, x are rational and 

so that (kp — x) is an apotome. 

(/}) If / = k*p2 - X*, then, by (1), convertendo, 

m* : n' = k*pl:y>, 

whence y, that is, %/Pp* — x?, is commensurable in length with kp. 

And kp p ; 

therefore kp - x i« a first apotome. 

As explained in the note to x. 48, the first apotome 

kp-kpfm 

is one of the roots of the equation 
x>-2tp.x + W p » = o. 



PROPOSITION 86. 

To find the second apotome. 
Let a rational straight line A be set out, and GC com

mensurable in length with A ; 
therefore GC is rational. 

Let two square numbers DE, ?—5- G 

EE be set out, and let their H 

difference DE not be square. 
Now let it be contrived that, E P b 

as ED is to DE, so is the square 
on CG to the square on GB. [x. 6, Por.] 

Therefore the square on CG is commensurable with the 
square on GB. [x. 6 ] 

But the square on CG is rational ; 
therefore the square on GB is also rational; 
therefore BG is rational. 

And, since the square on GC has not to the square on GB 
the ratio which a square number has to a square number, 
CG is incommensurable in length with GB. [x. 9 ] 

And both are rational; 
therefore CG, GB are rational straight lines commensurable 
in square only; 
therefore BC is an apotome. [x. 73] 

I say next that it is also a second apotome. 
For let the square on H be that by which the square on 

BG is greater than the square on GC. 
Since then, as the square on BG is to the square on GC, 

so is the number ED to the number DF, 
therefore, convertendo, 
as the square on BG is to the square on H, so is DE to EF. 

[v. 19, Por.] 
And each of the numbers DE, EF is square ; 

therefore the square on BG has to the square on H the ratio 
which a square number has to a square number ; 
therefore BG is commensurable in length with H. [x. 9 ] 

And the square on BG is greater than the square on GC 
by the square on H; 
therefore the square on BG is greater than the square on GC 



m 
Jm' — n'* 

kp 
say. 

r - V Thus x is greater than kp. 

Then x - kp, or j ^ ~ &P>'s a second apotome. 

For (o), as before, x is rational and « - kp. 
(/?) If x* - #p 2 = / , we have, from (1), 

Thus y, or Jx^-Pp', is commensurable in length with x. 
And kp is « p. 
Therefore X — kp is a second apotome. 
As explained in the note on x. 49, the second apotome 

*L=-kP vT^X 2 

is the lesser root of the equation 

PROPOSITION 87. 

To find the third apotome. 
Let a rational straight line A be set out, 

let three numbers E, BC, CD be 
set out which have not to one 
another the ratio which a square % S 9 
number has to a square number, 
but let CB have to BD the ratio 
which a square number has to a E 
square number. . 

Let it be contrived that, as E B o c 
is to BC, so is the square on A to the square on EG, 

A 

by the square on a straight line commensurable in length 
with BG. 

And CG, the annex, is commensurable with the rational 
straight line A set out. 

Therefore BC is a second apotome. [x. Deff. m. 2] 
Therefore the second apotome BC has been found. 

Q . E . D . 

Take, as before, kp commensurable in length with p. 
Let m1, « 2 be again square numbers, but (m' — » 2 ) not square. 
Take x such that (m' - n'): m* = Pp': .r 2 (1) , 

whence x = kp 
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and, as BC is to CD, so is the square on FG to the square 

Since then, as E is to BC, so is the square on A to the 
square on FG, 
therefore the square on A is commensurable with the square 
on FG. [*• 6] 

But the square on A is rational; 
therefore the square on FG is also rational; 
therefore FG is rational. 

And, since E has not to BC the ratio which a square 
number has to a square number, 
therefore neither has the square on A to the square on FG 
the ratio which a square number has to a square number; 
therefore A is incommensurable in length with FG. [x. 9] 

Again, since, as BC is to CD, so is the square on FG to 
the square on GH, 
therefore the square on FG is commensurable with the square 
on GH. [x. 6] 

But the square on FG is rational; 
therefore the square on GH is also rational; 
therefore GH is rational. 

And, since BC has not to CD the ratio which a square 
number has to a square number, 
therefore neither has the square on FG to the square on GH 
the ratio which a square number has to a square number; 
therefore FG is incommensurable in length with GH. [x. 9] 

And both are rational; 
therefore FG, GH are rational straight lines commensurable 
in square only; 
therefore FH is an apotome. [x. 73] 

I say next that it is also a third apotome. 
For since, as E is to BC, so is the square on A to the 

square on FG, 
and, as BC is to CD, so is the square on FG to the square 

therefore, ex aequali, as E is to CD, so is the square on A 

on GH. [x. 6, Por.] 

on HG, 

to the square on HG. [v. a a] 



But E has not to CD the ratio which a square number 
has to a square number; 
therefore neither has the square on A to the square on GH 
the ratio which a square number has to a square number; 
therefore A is incommensurable in length with GH. [x. 9 ] 

Therefore neither of the straight lines FG, GH is 
commensurable in length with the rational straight line A 
set out. 

Now let the square on K be that by which the square on 
FG is greater than the square on GH. 

Since then, as BC is to CD, so is the square on FG to 
the square on GH, 
therefore, convertendo, as BC is to BD, so is the square on 
FG to the square on K. [v. 19, Por.] 

But BC has to BD the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on K the 
ratio which a square number has to a square number. 

Therefore FG is commensurable in length with K, fx. 9] 
and the square on FG is greater than the square on GH by 
the square on a straight line commensurable with FG. 

And neither of the straight lines FG, GH is commen
surable in length with the rational straight line A set out; 
therefore FH is a third apotome. [x. Deff. m. 3] 

Therefore the third apotome FH has been found. 

Let p be a rational straight line. 
Take numbers qm', q (m' - n') which have not to one another the ratio 

of square to square. 
Now let x, y be such that 

Q. E. D. 

/ : qm' = p' : x' 
(2) . and qm': q (m' - n') m x* : f. 

Then shall (x —y) be a third apotome. 
For (o), from (1), 

x is rational but « p 
And, from (2), y is rational but w x. 
Therefore x, y are rational and 

so that (x -y) is an apotome. 



Let two numbers DF, FE be set out such that the whole 
DE has not to either of the numbers DF, EF the ratio 
which a square number has to a square number. 

Let it be contrived that, as DE is to EF, so is the square 
on BG to the square on GC; [x. 6, Por.] 
therefore the square on BG is commensurable with the square 
on GC. [x. 6] 

But the square on BG is rational; 
therefore the square on GC is also rational; 
therefore GC is rational. 

(P) By (1), (2) , ex aequali, 
p:q(m'-n>) = p' 

whence y ^ p. 
Thus, by this and (3), x, y are both w p (4). 
Lastly, let z* = x* -y', so that, from (2) , convertendo, 

qm' : qn' = x* : z'; 
therefore z, or Jx'-y', f x . . (5) . 

Thus [(4) and (5)] (x -y) is a third apotome. 
To find its form, we have, from (1) and (2), 

y ' p - _ TP ' 

so that x -y = i j \ . p{m~ *Jm' - «*). 

This may be written in the form 
mjk.p- mjh. psl 1 — X'. 

As explained in the note on x. 50, this is the lesser root of the equation 
x2 - 2m Jk. px + \?m*hp* = o. 

. 

PROPOSITION 88. 

To find the fourth apotome. 
Let a rational straight line A be set out, and BG com

mensurable in length with i t ; 
therefore BG is also rational. 

. B C Q 

A 1 



a square number. 
Take x such that (m + n):tt = i>p': x* (1) , 

whence * = kp. I —-— 
r \ m + n 

kp 
~ •JT+H' 8ay* 

Then shall (kp - x), or (kp r —— ) , be a fourth apotome. 
\ V i + A/ 

• 

Now, since DE has not to EF the ratio which a square 
number has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with GC. Fx. 9] 

And both are rational; 
therefore BG, GC are rational straight lines commensurable 
in square only; 
therefore BC is an apotome. fx. 73] 

Now let the square on H be that by which the square on 
BG is greater than the square on GC. 

Since then, as DE is to EF, so is the square on BG to 
the square on GC, 
therefore also, convertendo, as ED is to DF, so is the square 
on GB to the square on H. [v. 19, Por.] 

But ED has not to DF the ratio which a square number 
has to a square number ; 
therefore neither has the square on GB to the square on H 
the ratio which a square number has to a square number; 
therefore BG is incommensurable in length with H. fx. 9 ] 

And the square on BG is greater than the square on GC 
by the square on H; 
therefore the square on BG is greater than the square on GC 
by the square on a straight line incommensurable with BG. 

And the whole BG is commensurable in length with the 
rational straight line A set out. 

Therefore BC is a fourth apotome. [x. Deff. m. 4 ] 
Therefore the fourth apotome has been found. 

Q. E . D . 

Beginning with p, kp, as in x. 85, 86, we take numbers m, n such that 
(m + n) has not to either of the numbers m, n the ratio of a square number to 



For, by (1) , x is rational and kPi. 

Also sl/Pp* — x* is incommensurable with kp, since 
(m + n).m = Pp*: (¥p* - x?), 

and the ratio (»» + * ) : m is not that of a square number to a square number. 
And kp r« p. 
As explained in the note on x. 51, the fourth apotome 

k p - * 
v 1 + X 

is the lesser root of the quadratic equation 

x1 - ikp. x + 7 k*tf = o. 
r 1 + X 

-

PROPOSITION 89. 

To find the fifth apotome. 
Let a rational straight line A be set out, 

and let CG be commensurable in length 
with A ; 
therefore CG is rational. 

Let two numbers DF, FE be set out 
such that DE again has not to either of the 
numbers DF, FE the ratio which a square 
number has to a square number; 
and let it be contrived that, as FE is to ED, 
so is the square on CG to the square on GB. 

Therefore the square on GB is also 
rational; [x. 6] 
therefore BG is also rational. 

Now since, as DE is to EF, so is the square on BG to 
the square on GC, 
while DE has not to EF the ratio which a square number 
has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number; 
therefore BG is incommensurable in length with GC. [x. 9] 

And both are rational; 
therefore BG, GC are rational straight lines commensurable 
in square only; 
therefore BC is an apotome. [x. 73] 



I say next that it is also a fifth apotome. 
For let the square on H be that by which the square on 

BG is greater than the square on GC. 
Since then, as the square on BG is to the square on GC, 

so is DE to EF, 
therefore, convertendo, as ED is to DF, so is the square on 
BG to the square on H. [v. 19, Por.] 

But ED has not to DF the ratio which a square number 
has to a square number ; 
therefore neither has the square on BG to the square on H 
the ratio which a square number has to a square number; 
therefore BG is incommensurable in length with H. [x. 9] 

And the square on BG is greater than the square on GC 
by the square on H; 
therefore the square on GB is greater than the square on GC 
by the square on a straight line incommensurable in length 
with GB. 

And the annex CG is commensurable in length with the 
rational straight line A set out; 
therefore BC is a fifth apotome. [x. Deff. ra. 5] 

Therefore the fifth apotome BC has been found. 
Q . E . D . 

Let p, kp and the numbers m, n of the last proposition be taken. 
Take x such that n : (m + n) = ky: x' (1) . 

In this case * > kp, and x = kp. / 

v n 
= kpj 1 + A, say. 

Then shall (x - kp), or (hp J 1 + A — kp), be a fifth apotome. 
For, by ( 1 ) , x is rational and « - kp. 
And since, by (1), (m + ») -.m-x*: (x2 — k*p*), 

*/x*- k*if is incommensurable with x. 

Also kp « p. 

As explained in the note on x. 52, the fifth apotome 

ipsj 1 + A - £p 
is the lesser root of the quadratic 

x* - ikpj 1 + A. * + A#p* = o. 
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PROPOSITION 90. 

To find the sixth apotome. 

Let a rational straight line A be set out, and three 
numbers E, BC, CD not having 
to one another the ratio which A 

a square number has to a square ^ ^ a 

number; 
and further let CB also not have 
to BD the ratio which a square E 

number has to a square number. Q S c 
Let it be contrived that, as 

E is to BC, so is the square on A to the square on FG, 
and, as BC is to CD, so is the square on FG to the square 
on GH. [x. 6, Por.] 

Now since, as E is to BC, so is the square on A to the 
square on FG, 
therefore the square on A is commensurable with the square 
on FG. [x. 6 ] 

But the square on A is rational ; 
therefore the square on FG is also rational; 
therefore FG is also rational. 

And, since £ has not to BC the ratio which a square 
number has to a square number, 
therefore neither has the square on A to the square on FG 
the ratio which a square number has to a square number; 
therefore A is incommensurable in length with FG. [x. 9] 

Again, since, as BC is to CD, so is the square on FG to 
the square on GH, 
therefore the square on FG is commensurable with the square 
on GH. fx. 6 ] 

But the square on FG is rational; 
therefore the square on GH is also rational; 
therefore GH is also rational. 

And, since BC has not to CD the ratio which a square 
number has to a square number, 



therefore neither has the square on FG to the square on GH 
the ratio which a square number has to a square number; 
therefore FG is incommensurable in length with GH. [x. 9 ] 

And both are rational; 
therefore FG, GH are rational straight lines commensurable 
in square only; 
therefore FH is an apotome. [x. 73] 

I say next that it is also a sixth apotome. 
For since, as E is to BC, so is the square on A to the 

square on FG, 
and, as BC is to CD, so is the square on FG to the square 
on GH, 
therefore, ex aequali, as E is to CD, so is the square on A to 
the square on GH. [ V . 22] 

But E has not to CD the ratio which a square number 
has to a square number; 
therefore neither has the square on A to the square on GH 
the ratio which a square number has to a square number; 
therefore A is incommensurable in length with GH; [x. 9] 
therefore neither of the straight lines FG, GH is commen
surable in length with the rational straight line A. 

Now let the square on A" be that by which the square on 
FG is greater than the square on GH. 

Since then, as BC is to CD, so is the square on FG to 
the square on GH, 
therefore, convertendo, as CB is to BD, so is the square on 
FG to the square on K. [v. 19, Por.] 

But CB has not to BD the ratio which a square number 
has to a square number; 
therefore neither has the square on FG to the square on K 
the ratio which a square number has to a square number; 
therefore FG is incommensurable in length with K. [x. 9 ] 

And the square on FG is greater than the square on GH 
by the square on K; 
therefore the square on FG is greater than the square on GH 
by the square on a straight line incommensurable in length 
with FG. 



ym + n 
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so that the sixth apotome may be written 
. ._ 

/m + n In 
p S / - p ~ ~ p \ / p ' 

or, more simply, Jk. p- Jk.p. 
As explained in the note on x. 53, the sixth apotome is the lesser root of 

the equation 
* - - 2 y ' . * . p * + ( * - A ) p ' = 0. 

PROPOSITION 91. 

If an area be contained by a rational straight line and a 
first apotome, the "side" of the area is an apotome. 

For let the area AB be contained by the rational straight 
line AC and the first apotome AD ; 

I say that the "side" of the area AB is an apotome. 

And neither of the straight lines FG, GH is commen
surable with the rational straight line A set out. 

Therefore FH is a sixth apotome. [x. Deff. m. 6] 
Therefore the sixth apotome FH has been found. 

Q . E . D . 

Let ft be the given rational straight line. 
Take numbers / , (m + n), n which have not to one another the ratio of a 

square number to a square number, m, n being also chosen such that the 
ratio (m + n) :m is not that of square to square. 

Take x, y such that / : ( » » + « ) = p': a* (1) , 
(m + n) : n = xt:y* (2) . 

Then shall (x -y) be a sixth apotome. 
For, by (1) , x is rational and « p (3). 
By (2) , since x is rational, 

y is rational and w x •••••(4)-
Thus [(3) , (4)] (x -y) is an apotome. 
Again, ex aequali, p : n = p* : y, 

whence y ^ p. 
Thu,s x, y are both « p. 
Lastly, convertendo from (2), 

(m + = : (x*-f), 
whence Jx*-y* _ x. 

Therefore (x -y) is a sixth apotome. 
From (1) and (2) we have 



For, since AD is a first apotome, let DG be its annex ; 
therefore AG, GD are rational straight lines commensurable 
in square only. fx. 73] 

And the whole AG is commensurable with the rational 
straight line AC set out, 
and the square on AG is greater than the square on GD 
by the square on a straight line commensurable in length 
with AG; [x. Deff. m. 1] 
if therefore there be applied to A G a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it divides it into commensurable parts. fx. 17] 

F o 
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Let DG be bisected at E, 
let there be applied to AG a parallelogram equal to the square 
on EG and deficient by a square figure, 
and let it be the rectangle AE, FG; 
therefore AF is commensurable with FG. 

And through the points E, F, G let EH, FI^ GKbe drawn 
parallel to A C. 

Now, since AF is commensurable in length with FG, 
therefore AG is also commensurable in length with each of 
the straight lines AF, FG. fx. 15] 

But AG is commensurable with AC; 
therefore each of the straight lines AF, FG is commensurable 
in length with AC. [x. 12] 



And AC is rational; 
therefore each of the straight lines AF, FG is also rational, 
so that each of the rectangles AI, FK is also rational, [x . 19] 

Now, since DE is commensurable in length with EG, 
therefore DG is also commensurable in length with each of 
the straight lines DE, EG. [x. 15] 

But DG is rational and incommensurable in length 
with AC; 
therefore each of the straight lines DE, EG is also rational 
and incommensurable in length with AC; [x. 13] 
therefore each of the rectangles DH, EK is medial. [x . 21] 

Now let the square LM be made equal to AI, and let 
there be subtracted the square NO having a common angle 
with it, the angle LPM, and equal to FK; 
therefore the squares LM, NO are about the same diameter. 

[vi. 26] 

Let PR be their diameter, and let the figure be drawn. 
Since then the rectangle contained by AF, FG is equal to 

the square on EG, 
therefore, as AF is to EG, so is EG to FG. [vi. 17] 

But, as AF is to EG, so is AI to EK, 
and, as EG is to FG, so is EK to KF; [vi. 1] 

therefore EK is a mean proportional between A I, KF. [v. u ] 
But MN is also a mean proportional between LM, NO, 

as was before proved, [Lemma after x . 53] 

and AI is equal to the square LM, and KF to NO ; 
therefore MN is also equal to EK. 

But EK is equal to DH, and MN to LO ; 
therefore DK is equal to the gnomon UVWaxiA NO. 

But AK is also equal to the squares LM, NO; 
therefore the remainder AB is equal to ST. 

But ST is the square on LN; 
therefore the square on LN is equal to AB; 
therefore LN is the "side" of AB. 



I say next that LN is an apotome. 
For, since each of the rectangles AI, FK is rational, 

and they are equal to LM, NO, 
therefore each of the squares LM, NO, that is, the squares on 
LP, PN respectively, is also rational; 
therefore each of the straight lines LP, PN is also rational. 

Again, since DH is medial and is equal to LO, 
therefore LO is also medial. 

Since then LO is medial, 
while NO is rational, 
therefore LO is incommensurable with NO. 

But, as LO is to NO, so is LP to PN; [vi. 1] 
therefore LP is incommensurable in length with PN. [x. n ] 

And both are rational; 
therefore LP, PN are rational straight lines commensurable 
in square only; 
therefore LN is an apotome. [x. 73] 

And it is the "side" of the area AB; 
therefore the "side" of the area AB is an apotome. 

Therefore etc. 

This proposition corresponds to x. 54, and the problem solved in it is to 
find and to classify the side of a square equal to the rectangle contained by a 
first apotome and p, or (algebraically) to find 

Jp(kp - kp J1 - X 2 ) . 
First find u, v from the equations 

u + v = kp I 
uv = ±k*p>(1 - \*) ) v '' 

If u, v represent the values so found, put 

(2) 

and (x -y) shall be the square root required. 
To prove this Euclid argues thus. 

By (1), u:\kp <Jl-\* =\kp sIT- X 1 : v, 
whence pu : |j8p* vT^X 2 = ikp* y/i-X* : pv, . 

or x> : \kp* s/T-J? = \kp* V i - X 2 : Jf . 
But [Lemma after x. 53] 

x2 : xy = xy : y', 
so that xy = %kp- Ji - A2 (3). 

file://u:/kp


PROPOSITION 92. 

If an area be contained by a rational straight line and a 
second apotome, the "side" of the area is a first apotome of a 
medial straight line. 

For let the area AB be contained by the rational straight 
line AC and the second apotome AD ; 

Therefore (x -yf = x* + y" - 2xy 

= p(u + v)- kp' JY- X' 
= kp*-kf? JT^x2. 

Thus (x -y) is equal to J p(kp- kp J1 — X2). 
It has next to be proved that (x-y) is an apotome. 
From (1) it follows, by x. 17, that 

u <-> v; 

thus u, v are both commensurable with (u + v) and therefore with p (4). 
Hence u, v are both rational, 

so that pu, pv are rational areas; 
therefore, by ( 2 ) , x2, y2 are rational and commensurable (5), 
whence also *, y are rational straight lines (6). 

Next, kp Vi - A.2 is rational and ^ 0 ; 

therefore \kp2 V ' I —X2 is a medial area. 
That is, by (3), xy is a medial area. 
But [(5)] y2 is a rational area; 

therefore xy ^ _y2, 
or x ^ y. 

But [(6)] x, j are both rational. 
Therefore x, y are rational and « - ; 

so that (x-_y) is an apotome. 
T o find the form of ( x - j ) algebraically, we have, by solving ( 1 ) , 

U-\kp{Y+X\ 

whence, from ( 2 ) , x = p t 1 + 

and x-J> = P *y*(i + *)-p *y*('-x)-

As explained in the note on x. 54, (x -y) is the lesser positive root of the 
biquadratic equation 

Xi-2kp2.X2 + X2k2pi = 0. 
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For let DG be the annex to AD ; 
therefore AG, GD are rational straight lines commensurable 
in square only, [x. 73] 
and the annex DG is commensurable with the rational straight 
line AC set out, 
while the square on the whole AG is greater than the square 
on the annex GD by the square on a straight line commen
surable in length with AG. [x. Deff. in. 2] 

Since then the square on A G is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on GD and deficient by a square 
figure, it divides it into commensurable parts. [x. 17] 

Let then DG be bisected at E, 
let there be applied to A G a parallelogram equal to the square 
on EG and deficient by a square figure, 
and let it be the rectangle AF, FG; 
therefore AF is commensurable in length with FG. 

Therefore AG is also commensurable in length with each 
of the straight lines AF, FG. [x. 15] 

But AG is rational and incommensurable in length 
with AC; 

I say that the "side" of the area AB is a first apotome of a 
medial straight line. 



therefore each of the straight lines AF, FG is also rational 
and incommensurable in length with AC; [x. 13] 
therefore each of the rectangles A J, FK is medial. [x. 21] 

Again, since DE is commensurable with EG, 
therefore DG is also commensurable with each of the straight 
lines DE, EG. [x. 15] 

But DG is commensurable in length with AC. 
Therefore each of the rectangles DH, EK is rational. 

[x. 19] 

Let then the square LMbe constructed equal to AI, 
and let there be subtracted NO equal to FK and being about 
the same angle with LM, namely the angle LPM; 
therefore the squares LM, NO are about the same diameter. 

[vi. 26] 

Let PR be their diameter, and let the figure be drawn. 
Since then AI, FK are medial and are equal to the squares 

on LP, PN, 
the squares on LP, PN are also medial; 
therefore LP, PN are also medial straight lines commen
surable in square only. 

And, since the rectangle AF, FG is equal to the square 
on EG, 
therefore, as AF is to EG, so is EG to FG, [vi. 17] 
while, as AF is to EG, so is AI to EK, 
and, as EG is to FG, so is EK to FK; [vi. 1] 

therefore EK is a mean proportional between A I, FK. [v. n ] 
But MN is also a mean proportional between the squares 

LM, NO, 
and AI is equal to LM, and FK to NO ; 
therefore MN is also equal to EK. 

But DH is equal to EK, and LO equal to MN; 
therefore the whole DK is equal to the gnomon UVW 
and NO. 

Since then the whole AK is equal to LM, NO, 
and, in these, DK is equal to the gnomon UVW and NO, 
therefore the remainder AB is equal to TS. 



X. 9 2 ] P R O P O S I T I O N 92 197 

But TS is the square on LN; 
therefore the square on LN is equal to the area AB; 
therefore LN is the "side" of the area AB. 

I say that LN is a first apotome of a medial straight line. 
For, since EK is rational and is equal to LO, 

therefore LO, that is, the rectangle LP, PN, is rational. 
But N0 was proved medial; 

therefore LO is incommensurable with NO. 
But, as LO is to NO, so is LP to PN; [vi. 1] 

therefore LP, PN are incommensurable in length. [x. n ] 
Therefore LP, PN are medial straight lines commen

surable in square only which contain a rational rectangle; 
therefore LN is a first apotome of a medial straight line. 

And it is the "side" of the area AB. 
Therefore the "side" of the area AB is a first apotome 

of a medial straight line. 

There is an evident flaw in the text in the place (Heiberg, p. 282, 
1 1 . 1 7 — 2 0 : translation p . 196 above) where it is said that "since then A I, FK 
are medial and are equal to the squares on LP, PN, the squares on LP, PN 
are also medial; therefore LP , PN are also medial straight lines commensurable 
in square only." It is not till the last lines of the proposition (Heiberg, p. 284, 
11. 17, 18) that it is proved that LP, PN are incommensurable in length. What 
should have been proved in the former passage is that the squares on LP, PN 
are commensurable, so that LP, PN are commensurable in square (not 
commensurable in square only). I have supplied the step in the note below : 
"Also x2 ^y2, since u « v." Theon seems to have observed the omission and 
to have put "and commensurable with one another" after " m e d i a l " in the 
passage quoted, though even this does not show why the squares on LP, PN 
are commensurable. One MS. (V) also has " only" (i*6vov) erased after 
"commensurable in square." 

This proposition amounts to finding and classifying 

The method is that of the last proposition. Euclid solves, first, the 
equations 

[x. 74] 

Q . E . D . 



Then, using the values of u, v so found, he puts 
x1 = pu 
y = pv 

and (x-y) is the square root required. 

is proved in the same way as is the corresponding fact in x. 91. 
From (1) u:\kp = \kp:v, 

so that pu :\kp2 = \k<? : pv. 
But x' :xy = xy :y\ 

whence, by (2) , xy = \kpi (3). 
Therefore • (x -yf = x2 + / ' - 2xy 

= p(u + v) — kf? 

Next, we have to prove that (x —y) is a first apotome of a medial straight 
line. 

From (1) it follows, by x. 17, that 
u f> v U)> 

therefore u, v are both « (u + v). 
But [(1)] (« + v) is rational and ^ p; 

therefore u, v are both rational and p (5). 
Therefore pu, pv, or x2, y\ are both medial areas, and x, y are medial 

straight lines (6). 
Also x1 <~~ y1, since u « v [(4)] (7) . 
Now xy, or | £ p a , is a rational area; 

therefore *y 
and x j . 

Hence [(6) , (7) , (3)] x, y are medial straight lines commensurable in square 
only and containing a rational rectangle; 
therefore (x —y) is a first apotome of a medial straight line. 

Algebraical solution of the equations gives 

1 1 + x j. 

and x 
/ y t / l + A N * / k / l - \ \ 2 

As explained in the note on x. 55, this is the lesser positive root of the 
equation 

id, he puts 

} (*)> 



PROPOSITIONS 92, 93 199 

PROPOSITION 93. 

If an area be contained by a rational straight line and a 
third apotome, the "side" of the area is a second apotome of a 
medial straight line. 

For let the area AB be contained by the rational straight 
line AC and the third apotome AD; 
I say that the "side" of the area AB is a second apotome of 
a medial straight line. 

For let DG be the annex to AD ; 
therefore AG, GD are rational straight lines commensurable 
in square only, 
and neither of the straight lines AG, GD is commensurable 
in length with the rational straight line AC set out, 
while the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line commen
surable with AG. [x . Deff. ill. 3] 
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Since then the square on AG is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into commensurable parts. [x. 17] 

Let then DG be bisected at E, 
let there be applied to AG a parallelogram equal to the 
square on EG and deficient by a square figure, 
and let it be the rectangle AF, FG. 



Let EH, FI, GK be drawn through the points E, F, G 
parallel to AC. 

Therefore AF, FG are commensurable ; 
therefore AI is also commensurable with FK. [vi. i, x. n ] 

And, since AF, FG are commensurable in length, 
therefore AG is also commensurable in length with each of 
the straight lines AF, FG. [x. 15] 

But AG is rational and incommensurable in length 
with AC; 
so that AF, FG are so also. [x . 13] 

Therefore each of the rectangles AI, FK is medial, [x. 21] 

Again, since DE is commensurable in length with EG, 
therefore DG is also commensurable in length with each of 
the straight lines DE, EG. fx. 15] 

But GD is rational and incommensurable in length 
with AC; 
therefore each of the straight lines DE, EG is also rational 
and incommensurable in length with AC; fx. 13] 
therefore each of the rectangles DH, EK is medial. fx. 21] 

And, since A G, GD are commensurable in square only; 
therefore AG is incommensurable in length with GD. 

But AG is commensurable in length with AF, and DG 
with EG; 
therefore AF is incommensurable in length with EG. fx- 13] 

But, as AF is to EG, so is AI to EK; fvi. 1] 

therefore AI is incommensurable with EK. fx. 11] 

Now let the square LMbe constructed equal to A I, 
and let there be subtracted NO equal to FK and being about 
the same angle with LM; 
therefore LM, NO are about the same diameter. [vi. 26] 

Let PR be their diameter, and let the figure be drawn. 
Now, since the rectangle AF, FG is equal to the square 

on EG, 
therefore, as AF is to EG, so is EG to FG. [vi. 17] 



P R O P O S I T I O N 93 201 

But, as AF is to EG, so is AI to EK, 
and, as EG is to EG, so is EK to FK; [vi. i ] 

therefore also, as AI is to EK, so is EK to /TA'; [v. u] 
therefore EK is a mean proportional between A I, FK. 

But MN is also a mean proportional between the squares 
LM, NO, 
and AI is equal to Z M , and to 7V<9 ; 
therefore EK is also equal to MN. 

But J / iV is equal to LO, and EK equal to Z?/f; 
therefore the whole DK is also equal to the gnomon UVW 
and iVO. 

But is also equal to LM, NO; 
therefore the remainder AB is equal to 5Z 1 , that is, to the 
square on LN; 
therefore LN is the "side" of the area AB. 

I say that LN is a second apotome of a medial straight 
line. 

For,since AI,FKwere proved medial, and are equal to the 
squares on LP, PN, 
therefore each of the squares on LP, PN is also medial; 
therefore each of the straight lines LP, PN is medial. 

And, since AI is commensurable with FK, [vi. i , x. n ] 
therefore the square on LP is also commensurable with the 
square on PN. 

Again, since AI was proved incommensurable with EK, 
therefore LM is also incommensurable with MN, 
that is, the square on LP with the rectangle LP, PN; 
so that LP is also incommensurable in length with PN; 

[vi . I , x. 1 1 ] 
therefore LP, PN are medial straight lines commensurable in 
square only. 

I say next that they also contain a medial rectangle. 
For, since EK was proved medial, and is equal to the 

rectangle LP, PN, 
therefore the rectangle LP, PN is also medial, 
so that LP, PN are medial straight lines commensurable in 
square only which contain a medial rectangle. 



Therefore LN is a second apotome of a medial straight 
line; [x. 75] 

and it is the "side" of the area AB. 

Therefore the "side" of the area AB is a second apotome 
of a medial straight line. 

Q. E. D. 

Here we are to find and classify the irrational straight line 

Jp(Jk.p-Jk.pjT-\*). 
Following the same method, we put 

u + v=Jk.p I 
K » = i V ( » -V) J { ' ' 

Next, u, v being found, let 

#'*»'-\ ( 2 ) . 

then (x-y) is the square root required and is a second apotome of a medial 
straight line. 

That (x —y) is the square root required and that x", y" are medial areas, so 
that x, y are medial straight lines, is proved exactly as in the last proposition. 

The rectangle xy, being equal to J Jk .f? Jl - X*, is also medial. 
Now, from (1), by x . 17, u <•> v, 

whence u + v o u. 
But (u + v), or Jk. p, v J Jk . p JT^- X?; 

therefore u ̂  J Jk. p Ji—X', 
and consequently pu ̂  \ Jk.p1 Ji-X", 
or x1 <_. xy, 
whence x ^ y. 

And, since u « v, pu <"> pv, 
or x1* « y1 

Thus x, y are medial straight lines commensurable in square only. 
And xy is a medial area. 
Therefore (x—y) is a second apotome of a medial straight line. 
Its actual form is found by solving equations (1), (2); 

thus u = I (Jk. p + \ Jk. p), 
v = l(Jk.p-\Jk.p), 

and * -y = P *Jf- (1 + *> - * (1 - X). 

As explained in the note on x. 56, this is the lesser positive root of the 
equation 

xl - 2 . p 2 * 2 + X3kpl — o. 
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P R O P O S I T I O N 94. 

If an area be contained by a rational straight line and a 
fourth apotome, the "side*" of the area is minor. 

For let the area AB be contained by the rational straight 
line AC and the fourth apotome AD ; 
I say that the "side" of the area AB is minor. 

For let DG be the annex to AD ; 
therefore AG, GD are rational straight lines commensurable 
in square only, 
AG is commensurable in length with the rational straight line 
A C set out, 
and the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line incommen
surable in length with AG, [x. Deff. in. 4] 

A 0 E F G 
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Since then the square on AG is greater than the square 
on GD by the square on a straight line incommensurable 
in length with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into incommensurable parts. [x. 18] 

Let then DG be bisected at E, 
let there be applied t© A G a parallelogram equal to the square 
on EG and deficient by a square figure, 
and let it be the rectangle AF, EG; 
therefore AF is incommensurable in length with FG. 



Let EH, EI, GK be drawn through E, F, G parallel to 
AC, BD. 

Since then AG is rational and commensurable in length 
with AC, 
therefore the whole AK is rational. [x. 19] 

Again, since DG is incommensurable in length with AC, 
and both are rational, 
therefore DK is medial. [x. 21] 

Again, since AEis incommensurable in length with EG, 
therefore AI is also incommensurable with EK. [vt 1, x. n] 

Now let the square LM be constructed equal to AI, 
and let there be subtracted NO equal to FK and about the 
same angle, the angle LPM. 

Therefore the squares LM, NO are about the same 
diameter. [vi. 26] 

Let PR be their diameter, and let the figure be drawn. 

Since then the rectangle AF, EG is equal to the square 
on EG, 
therefore, proportionally, as AF is to EG, so is EG to EG. 

[vi. 17] 
But, as AF is to EG, so is AI to EK, 

and, as EG is to EG, so is EK to FK; [vi. 1] 

therefore EK is a mean proportional between A I, FK. [v. » ] 
But MN is also a mean proportional between the squares 

LM, NO, 
and AI is equal to LM, and FK to NO; 
therefore EK is also equal to MN. 

But DH is equal to EK, and Z 0 is equal to MN; 
therefore the whole DK is equal to the gnomon UVW 
and JVC. 

Since, then, the whole AK is equal to the squares 
LM, NO, 
and, in these, DK is equal to the gnomon UVW and the 
square NO, 
therefore the remainder AB is equal to ST, that is, to the 
square on LN; 
therefore LN is the "side" of the area AB. 



I say that LN is the irrational straight line called minor. 
For, since AK is rational and is equal to the squares on 

LP, PN, 
therefore the sum of the squares on LP, PN is rational. 

Again, since DK is medial, 

and DK is equal to twice the rectangle LP, PN, 

therefore twice the rectangle LP, PN is medial. 

And, since AI was proved incommensurable with FK, 

therefore the square on LP is also incommensurable with the 
square on PN. 

Therefore LP, PN are straight lines incommensurable in 
square which make the sum of the squares on them rational, 
but twice the rectangle contained by them medial. 

Therefore LN is the irrational straight line called minor; 
[x. 76] 

and it is the "side" of the area AB. 
Therefore the "side" of the area AB is minor. 

Q . E. D. 
We have here to find a"nd classify the straight line 

As usual, we find u, v from the equations 
u + v = kp \ 

, ky I ( i ) , 
* 1 + A J 

and then, giving u, v their values, we put 

\ (2). 
y = pv ) w 

Then (x -y) is the required square root. 
This is proved in the same way as before, and, as before, it is proved that 

V I -l-A 
Now, from (1) , by x. 18, u ^ v; 

therefore pu ^> pv, 
or x* ysy>, 
so that x, y are incommensurable in square. 

And x1 +y, or p (« + v), is a rational area (kp1). 
V 

But 2xy = 1 , which is a medial area. 

Hence [x. 76] (x -y) is the irrational straight line called minor. 



Algebraical solution gives 

whence x-y = p s j \ (. + J _ p ^ ( , _ N / ^ _ j . 

A s explained in the note on x. 57, this is the lesser positive root of the 
equation 

X* - 2kp2 . X2 + r k2p* - O. 
r i + A r 

P R O P O S I T I O N 95. 

If an area be contained by a rational straight line and a 
fifth apotome, the " side " of the area is a straight line which 
produces with a rational area a medial whole. 

For let the area AB be contained by the rational straight 
line AC and the fifth apotome AD ; 
I say that the " side " of the area AB is a straight line which 
produces with a rational area a medial whole. 

For let DG be the annex to AD ; 
therefore A G, GD are rational straight lines commensurable 
in square only, 

c Q H 1 K 
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the annex GD is commensurable in length with the rational 
straight line AC set out, 
and the square on the whole AG is greater than the square 



on the annex DG by the square on a straight line incommen
surable with A G. [x. Deff. m. 5] 

Therefore, if there be applied to AG a parallelogram 
equal to the fourth part of the square on DG and deficient 
by a square figure, it will divide it into incommensurable 

Let then DG be bisected at the point E, 
let there be applied to AG a parallelogram equal to the 
square on EG and deficient by a square figure, and let it be 
the rectangle AF, EG ; 
therefore AF is incommensurable in length with EG. 

Now, since AG is incommensurable in length with CA, 
and both are rational, 
therefore AK is medial. [x. 21] 

Again, since DG is rational and commensurable in length 
with A C, 

Now let the square LM be constructed equal to AI, and 
let the square NO equal to FK and about the same angle, the 
angle LPM, be subtracted ; 
therefore the squares LM, NO are about the same diameter. 

Let PR be their diameter, and let the figure be drawn. 
Similarly then we can prove that LN is the "side" of the 

area AB. 

I say that LN is the straight line which produces with a 
rational area a medial whole. 

For, since AK was proved medial and is equal to the 
squares on LP, PN, 
therefore the sum of the squares on LP, PN is medial. 

Again, since DK is rational and is equal to twice the 
rectangle LP, PN, 
the latter is itself also rational. 

And, since AI is incommensurable with FK, 
therefore the square on LP is also incommensurable with the 
square on PN; 
therefore LP, PN are straight lines incommensurable in 

parts. [x. 18] 

DK is rational. [x. 19] 

[vi. 26] 



} to 

p y/*(Ji+K+ V X ) - p */*(Ji+X-JX), 

which is, as explained in the note to x. 58, the lesser positive root of the 
equation 

x* - 2k? Vr+x . + X/ ty = o. 

square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. 

Therefore the remainder LN is the irrational straight line 
called that which produces with a rational area a medial 
whole; [x. 77] 

and it is the " side " of the area AB. 

Therefore the "side" of the area AB is a straight line 
which produces with a rational area a medial whole. 

Q. E . D . 

Here the problem is to find and classify 

Jp(kp J1 + X - kp). 
As usual, we put 

U + V = kpJl+\\ . v 

and, u, v being found, we take 
x2 = pu 
f = pv 

Then (x-y) so found is our required square root. 
This fact is proved as before, and, as before, we see that 

xy = \ V -
Now from (1) , by x. »8, u ~ v, 

whence pu ^ pv, 
or x? ^ y, 
and x, y are incommensurable in square. 

Next (x1 +y')=p(u + v) = kp1 Ji + K, which is a medial area. 
And 2xy = kp1, which is a rational area. 
Hence (x-y) is the "side" of a medial, minus a rational, area. [x. 77] 
Algebraical solution gives 

* = ^(VTTx-Vx), 
and therefore 
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If an area be contained by a rational straight line and a 
sixth apotome, the "side " of the area is a straight line which 
produces with a medial area a medial whole. 

For let the area AB be contained by the rational straight 
line AC and the sixth apotome AD ; 
I say that the "side" of the area AB is a straight line which 
produces with a medial area a medial whole. 

F Q 

u / 
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For let DG be the annex to AD; 
therefore AG, GD are rational straight lines commensurable 
in square only, 
neither of them is commensurable in length with the rational 
straight line A C set out, 
and the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line incommen
surable in length with A G. [x. Deff. ni. 6] 

Since then the square on A G is greater than the square 
on GD by the square on a straight line incommensurable in 
length with A G, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into incommensurable parts. [x. 18; 

Let then DG be bisected at E, 
let there be applied to AG a parallelogram equal to the square 
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on EG and deficient by a square figure, and let it be the 
rectangle AF, EG; 
therefore AF is incommensurable in length with EG. 

But, as AF is to EG, so is AI to FK; [vi .1] 

therefore AI is incommensurable with FK. [x. u] 
And, since AG, AC are rational straight lines commensur

able in square only, 
AK is medial. [x. 21] 

Again, since AC, DG are rational straight lines and 
incommensurable in length, 
DK is also medial. [x. 21] 

Now, since AG, GD are commensurable in square only, 
therefore A G is incommensurable in length with GD. 

But, as A G is to GD, so is AK to KD ; [vi. 1] 

therefore AK is incommensurable with KD. [x. n] 

Now let the square LM be constructed equal to AI, 
and let NO equal to FK, and about the same angle, be 
subtracted ; 
therefore the squares LM, NO are about the same diameter. 

[vi. 26] 
Let PR be their diameter, and let the figure be drawn. 
Then in manner similar to the above we can prove that 

LN is the " side " of the area AB. 

I say that LN is a straight line which produces with a 
medial area a medial whole. 

For, since AK was proved medial and is equal to the 
squares on LP, PN, 
therefore the sum of the squares on LP, PN is medial. 

Again, since DK was proved medial and is equal to twice 
the rectangle LP, PN, 
twice the rectangle LP, PN is also medial. 

And, since AK was proved incommensurable with DK, 
the squares on LP, PN are also incommensurable with twice 
the rectangle LP, PN. 

And, since AI is incommensurable with FK, 
therefore the square on LP is also incommensurable with the 
square on PN; 



therefore LP, PN are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle contained by them medial, and further the 
squares on them incommensurable with twice the rectangle 
contained by them. 

Therefore LN is the irrational straight line called that 
which produces with a medial area a medial whole; [x. 78] 

and it is the " side " of the area AB. 
Therefore the "side" of the area is a straight line which 

produces with a medial area a medial whole. 
Q. E. D . 

We have to find and classify 
Jp(Jk.p-J% p). 

Put, as usual, 
u + v=Jk.p) 

iw = i V J ( l >' 

and, u, v being thus found, let 

* ~ " ) (2). 

Then, as before, (x-y) is the square root required. 
For, from (1), by x . 18, u ̂  v, 

whence pu ̂  pv, 
or x3 v y, 
and x, y are incommensurable in square. 

Next, x* +y = p (u +• v) = Jk. p\ which is a medial area. 
Also 2xy = JK. p2, which is again a medial area. 
Lastly, Jk. p, JK. p are by hypothesis so that 

Jk. p JK. p, 
whence Jk. p' w JK. p* 
or (x* +yr) u 2xy. 

Thus (x-y) is the "side" of a medial, minus a medial, area [x. 78]. 
Algebraical solution gives 

u = ^(JA-+Jk^K), 

v^(Jk-JJ^K), 

whence x-y = p-J?(Jk + Jk-K) -pJ%(Jk- Jk-K). 
This, as explained in the note on x. 59, is the lesser positive root of the 

equation 
x*-2jk.p'x* + (k-X)pt = o. 



For let BG be the annex to AB ; 
therefore AG, GB are rational straight lines commensurable 
in square only. [x. 73] 

T o CD let there be applied CH equal to the square on 
AG, and KL equal to the square on BG. 

Therefore the whole CL is equal to the squares on A G, GB, 
and, in these, CE is equal to the square on AB; 
therefore the remainder EL is equal to twice the rectangle 
AG, GB. [11. 7] 

Let EM be bisected at the point N, 
and let NO be drawn through N parallel to CD; 
therefore each of the rectangles EO, LN is equal to the 
rectangle AG, GB. 

Now, since the squares on AG, GB are rational, 
and DM is equal to the squares on AG, GB,. 
therefore DM is rational. 

And it has been applied to the rational straight line CD, 
producing CM as breadth ; 
therefore CM is rational and commensurable in length with 
CD. [X. 2<k] 

Again, since twice the rectangle AG, GB is medial, and 
EL is equal to twice the rectangle A G, GB, 
therefore EL is medial. 

P R O P O S I T I O N 97. 

The square on an apotome applied to a rational straight 
line -produces as breadth a first apotome. 

Let AB be an apotome, and CD rational, 
and to CD let there be applied CE equal to the square on 
AB and producing CE as breadth ; 
I say that CE is a first apotome. 

A B 0 

C F N K M 



And it is applied to the rational straight line CD, producing 
FM as breadth; 
therefore FM is rational and incommensurable in length with 
CD. [x. 22] 

And, since the squares on AG, GB are rational, 
while twice the rectangle AG, GB is medial, 
therefore the squares on A G, GB are incommensurable with 
twice the rectangle A G, GB. 

And CL is equal to the squares on A G, GB, 
and FL to twice the rectangle A G, GB; 
therefore DM is incommensurable with FL. 

But, as DM is to FL, so is CM to FM; [vi. 1] 

therefore CM is incommensurable in length with FM. [x. n] 
And both are rational; 

therefore CM, MF are rational straight lines commensurable 
in square only; 
therefore CF is an apotome. [x. 73] 

I say next that it is also a first apotome. 
For, since the rectangle AG, GB is a mean proportional 

between the squares on AG, GB, 
and CH is equal to the square on AG, 
KL equal to the square on BG, 
and NL equal to the rectangle AG, GB, 
therefore NL is also a mean proportional between CH, KL ; 
therefore, as CH is to NL, so is NL to KL. 

therefore the rectangle CK, KM is equal to the square on 
NM [vi. 17] , that is, to the fourth part of the square on FM. 

And, since the square ox\ AG is commensurable with the 
square on GB, 
CH is also commensurable with KL. 

But, as CH is to KL, so is CK to KM; [vi. 1] 

But, as CH is to NL, so is CK to NM, 
and, as NL is to KL, so is NM to KM; [vi- 1] 

therefore CK is commensurable with KM. 
Since then CM, MF are two unequal straight lines, 

[x. I I ] 



ax = p a 

<ry = V \ («)• 
a . 2Z = 2 Jk . p 3 ) 

Thus (x+y)-2zJp-Jk-p)', 
a 

and we have to prove that (x+y) — 2Z is a first apotome. 

(o) Now p' + kp', or a(x +y), is rational; 
therefore (x +y) is rational and * a (2). 

And 2 Jk. p', or a. 2z, is medial: 
therefore 2% is rational and <-> a (3). 

But, a (x +y) being rational, and a . 22 medial, 
a(x +y) v a . 2Z, 

whence (X+J>) w 2z. 
Therefore, since (x +y), 2Z are both rational [(2), (3)], 

(x +y), 2z are rational and (4). 
Hence (x +y) - 2z is an apotome. 

(/3) Since Jk. p' is a mean proportional between p", kp', 
az is a mean proportional between ax, ay [by (1)]. 

That is, ax : az = az : ay, 
or x : z = z : y, 
and xy = z', or {(2z)> (S). 

and to CM there has been applied the rectangle CK, KM 
equal to the fourth part of the square on FM and deficient by 
a square figure, 
while CK is commensurable with KM, 
therefore the square on CM is greater than the square on MF 
by the square on a straight line commensurable in length 
with CM. [x. 17] 

And CM is commensurable in length with the rational 
straight line CD set out; 
therefore CF is a first apotome. [x. Deff. HI. I ] 

Therefore etc. 
Q. E . D . 

Here begins the hexad of propositions solving the problems which are the 
converse of those in the hexad just concluded. Props. 97 to 102 correspond 
of course to Props. 60 to 65 relating to the binomials etc. 

We have in x. 97 to prove that, (p — Jk. p) being an apotome, 
(P~jk.p? 

f 
is a first apotome, and we have to find it geometrically. 

Euclid's procedure may be represented thus. 
Take x, y, z such that 



P R O P O S I T I O N 98. 

The square on a first apotome of a medial straight line 
applied to a rational straight line produces as breadth a second 
apotome. 

Let AB be a first apotome of a medial straight line and 
CD a rational straight line, 
and to CD let there be applied CE equal to the square on 
AB, producing C F a s breadth ; 
I say that CE is a second apotome. 

For let BG be the annex to AB;. 
therefore AG, GB are medial straight lines commensurable in 
square only which contain a rational rectangle. [x. 74] 

A_ B G 

c F N K M 

D I O H L 

T o CD let there be applied CH equal to the square on 
AG, producing CK as breadth, and KL equal to the square 
on GB, producing KM as breadth ; 
therefore the whole CL is equal to the squares on A G, GB ; 
therefore CL is also medial. [x. 15 and 23, Por.] 

And it is applied to the rational straight line CD, pro
ducing CM as breadth; 
therefore CM is rational and incommensurable in length with 
CD. [x. 22] 

And, since p1 o kp\ ax «? ay, 
or x f y 

Hence [(5), (6)], by x. 17, 
•J(x +y)' - (2z) a « (x +y). 

And [(4)] (JC +_y), 20 are rational and 
while [(a)] ~ 
therefore (JC + - 22 is a / > t f apotome. 

The actual value of (x +y) - 2Z is of course 

.. . .(6). 



Now, since CL is equal to the squares on AG, GB, 
and, in these, the square on AB is equal to CE, 
therefore the remainder, twice the rectangle A G, GB, is equal 

But twice the rectangle A G, GB is rational; 
therefore EL is rational. 

And it is applied to the rational straight line EE, producing 
FM as breadth ; 
therefore FM is also rational and commensurable in length 
with CD. [x. 20] 

Now, since the sum of the squares on AG, GB, that is, 
CL, is medial, while twice the rectangle AG, GB, that is, FL, 
is rational, 
therefore CL is incommensurable with FL. 

But, as CL is to FL, so is CM to FM; [vi. 1] 

therefore CM is incommensurable in length with FM. [x. n] 
And both are rational; 

therefore CM, MF are rational straight lines commensurable 
in square only; 
therefore CE is an apotome. [x. 73] 

I say next that it is also a second apotome. 
For let FM be bisected at N, 

and let NO be drawn through N parallel to CD; 
therefore each of the rectangles FO, NL is equal to the 
rectangle A G, GB. 

Now, since the rectangle AG, GB is a mean proportional 
between the squares on AG, GB, 
and the square on AG is equal to CH, 
the rectangle A G, GB to NL, 
and the square on BG to KL, 
therefore NL is also a mean proportional between CH, KL; 
therefore, as CH is to NL, so is NL to KL. 

therefore the rectangle CK, KM is equal to the square on 
NM [vi. 17] , that is, to the fourth part of the square on FM. 

to FL. [»• 7] 

But, as CH is to NL, so is CK to NM, 
and, as NL is to KL, so is NM to MK; 
therefore, as CK is to NM, so is NM to KM; 

K 1] 
[v. » ] 



Since then CM, MF are two unequal straight lines, and 
the rectangle CK, KM equal to the fourth part of the square 
on MF and deficient by a square figure has been applied to 
the greater, CM, and divides it into commensurable parts, 
therefore the square on CM is greater than the square on MF 
by the square on a straight line commensurable in length with 
CM. ' [x. 17] 

And the annex FM is commensurable in length with the 
rational straight line CD set out; 
therefore CF is a second apotome. [x. Deff. m. 2] 

Therefore etc. 
Q. E. D . 

In this case we have to find and classify 

(***» ~ $PT 
a 

Take x, y, z such that 
ax — k^p 

ay = k*p1 \ . . . . . (1 ) . 
a . 22 = 2kp* 

(a) Now are medial areas ; 
therefore a (x +y) is medial, 
whence (x+y) is rational and ̂  a (2). 

But 2kp*, and therefore a. 22, is rational, 
whence 22 is rational and a (3). 

And, a (x+y) being medial, and a. 22 rational, 
a (x +y) ^ a . 22, 

or (x +y) ^ 22. 
Hence (x+y), 22 are rational straight lines commensurable in square only, 

and therefore (x+y)-2s is an apotome. 

(/3) We prove, as before, that 
*r-H»T (4)-

Also #y " V̂> o r a x * VJi 
so that x <sy (5). 

[This step is omitted in P, and Heiberg accordingly brackets it. The 
result is, however, assumed.] 

Therefore [(4), (5)], by x. 17, 

•J(x+yf-(2zf^ (x+y). 
And 22 « <r. 

Therefore (x +y) - 22 is a second apotome. 

Obviously (x +y) - 22 = — {Jk (1 + k) - 2k}. 



c N K M 

0 E O H L 

For let BG be the annex to AB; 
therefore AG, GB are medial straight lines commensurable 
in square only which contain a medial rectangle. [x. 75] 

Let CH equal to the square on AG be applied to CD, 
producing CK as breadth, 
and let KL equal to the square on BG be applied to KH, 
producing KM as breadth ; 
therefore the whole CL is equal to the squares on AG, GB; 
therefore CL is also medial. [x. 15 and 23, Por.] 

And it is applied to the rational straight line CD, producing 
CM as breadth ; 
therefore CM is rational and incommensurable in length with 
CD. [x. 22] 

Now, since the whole CL is equal to the squares on AG, 
GB, and, in these, CE is equal to the square on AB, 
therefore the remainder LF is equal to twice the rectangle 
AG, GB. [11.7] 

Let then FM be bisected at the point A 7 , 
and let NO be drawn parallel to CD; 
therefore each of the rectangles FO, NL is equal to the rect
angle AG, GB. 

P R O P O S I T I O N 99. 

The square on a second apotome of a medial straight line 
applied to a rational straight line produces as breadth a third 
apotome. 

Let AB be a second apotome of a medial straight line, 
and CD rational, 
and to CD let there be applied CE equal to the square on 
AB, producing CE as breadth ; 
I say that CE is a third apotome. 

A B G 
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But the rectangle AG, GB is medial; 
therefore FL is also medial. 

And it is applied to the rational straight line EF, producing 
FM as breadth ; 
therefore FM is also rational and incommensurable in length 
with CD. [x. 22] 

And, since AG, GB are commensurable in square only, 
therefore A G is incommensurable in length with GB; 
therefore the square on A G is also incommensurable with the 
rectangle AG, GB. [vi. 1, x. n] 

But the squares on AG, GB are commensurable with the 
square on AG, 
and twice the rectangle AG, GB with the rectangle AG, GB; 
therefore the squares on AG, GB are incommensurable with 
twice the rectangle AG, GB. [x. 13] 

But CL is equal to the squares on A G, GB, 
and FL is equal to twice the rectangle A G, GB; 
therefore CL is also incommensurable with FL. 

But, as CL is to FL, so is CM to FM; [vi. 1] 

therefore CM is incommensurable in length with FM. [x. 11 ] 
And both are rational; 

therefore CM, MF are rational straight lines commensurable 
in square only; 
therefore CF is an apotome. |x. 73] 

I say next that it is also a third apotome. 
For, since the square on AG is commensurable with the 

square on GB, 
therefore CH is also commensurable with KL, 
so that CK is also commensurable with KM. [vi. 1, x. n] 

And, since the rectangle AG, GB is a mean proportional 
between the squares on A G, GB, 

and CH is equal to the square on AG, 
KL equal to the square on GB, 
and NL equal to the rectangle A G, GB, 
therefore NL is also a mean proportional between CH, KL ; 

therefore, as CH is to NL, so is NL to KL. 



But, as CH is to NL, so is CK to NM, 
and, as NL is to KL, so is NM to KM; [vi. i ] 

therefore, as CK is to MN, so is MN to j O / ; [v . i i ] 
therefore the rectangle CK, KM is equal to [the square on 
MN, that is, to] the fourth part of the square on FM. 

Since then CM, MF are two unequal straight lines, and 
a parallelogram equal to the fourth part of the square on FM 
and deficient by a square figure has been applied to CM, and 
divides it into commensurable parts, 
therefore the square on CM is greater than the square on 
MF by the square on a straight line commensurable with 
CM. [x. 17] 

And neither of the straight lines CM, MF is commensur
able in length with the rational straight line CD set out; 
therefore CF is a third apotome. [x. Deff. in. 3] 

Therefore etc. 
Q. E. D. 

We have to find and classify 

Take x, y, 2 such that 
trx= Jk. p2 

a y = Tk-" 

<r . 2Z = 2 JK . p* ; 

(a) Then <r(x +y) is a medial area, 
whence (x +y) is rational and w a (1). 

Also <y . 2z is medial, 
whence 22 is rational and ^ <r (2). 

J*-P Again 

whence 

And 

while 

therefore 

or 
and 

k\ P « 

Jk.P'~ JK. p«. 

V ^ V - ^ . p ' + A p * ) , 

JK . p2 « 2 ^/X . p"; 

O- (JT + _y) O-. 22, 
(* + >") 22 



P R O P O S I T I O N 1 0 0 . 

The square on a minor straight line applied to a rational 
straight line produces as breadth a fourth apotome. 

Let AB be a minor and CD a rational straight line, and 
to the rational straight line CD let CE be applied equal to the 
square on AB and producing CE as breadth ; 
I say that CE is a fourth apotome. 

• 

A B Q 

D E O H L 

For let BG be the annex to AB; 
therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on AG, GB 
rational, but twice the rectangle AG, GB medial. [x. 76] 

To CD let there be applied CH equal to the square on 
AG and producing CK as breadth, 
and KL equal to the square on BG, producing KM as breadth; 
therefore the whole CL is equal to the squares on AG, GB. 

And the sum of the squares on A G, GB is rational; 
therefore CL is also rational. 

And it is applied to the rational straight line CD, producing 
CM as breadth; 
therefore CM is also rational and commensurable in length 
with CD. [x. 20] 

Thus [(1), (2), (3)] (x +y), 2z are rational and 
so that (x+y) - 2z is an apotome. 
(P) ax o ay, so that x <•> _y. 

And, as before, -ry = J (2s) 2. 
j 

Therefore [x. 17] + j ) 2 - (2z) 2 « (x +y). 
And neither (3: +y) nor 2Z is « a. 
Therefore (x + y) - 2Z is a Mf'riZ apotome. 
It is of course equal to 

p2 f/fc + X 



And, since the whole CL is equal to the squares on AG, 
GB, and, in these, CE is equal to the square on AB, 

therefore the remainder FL is equal to twice the rectangle 

Let then FM be bisected at the point N, 
and let NO be drawn through N parallel to either of the 
straight lines CD, ML ; 
therefore each of the rectangles FO, NL is equal to the rect
angle AG, GB. 

And, since twice the rectangle AG, GB is medial and is 
equal to FL, 
therefore FL is also medial. 

And it is applied to the rational straight line EE, producing 
FM as breadth ; 
therefore FM is rational and incommensurable in length with 

And, since the sum of the squares on AG, GB is rational, 
while twice the rectangle AG, GB is medial, 
the squares on AG, GB are incommensurable with twice the 
rectangle A G, GB. 

But CL is equal to the squares on AG, GB, 
and FL equal to twice the rectangle A G, GB; 
therefore CL is incommensurable with FL. 

But, as CL is to FL, so is CM to MF; [vi. i ] 

therefore CM is incommensurable in length with MF. [x. n] 
And both are rational; 

therefore CM, MF are rational straight lines commensurable 
in square only; 
therefore CF is an apotome. [x. 73] 

I say that it is also a fourth apotome. 
For, since AG, GB are incommensurable in square, 

therefore the square on A G is also incommensurable with the 
square on GB. 

And CH is equal to the square on A G, 
and KL equal to the square on GB; 
therefore CH is incommensurable with KL. 

AG, GB. 

CD. [x. 22] 



Q. E . D. 

We have to find and classify 

We will call this, for brevity, 

l(u-vf. 

Take x,y,z such that y . 
ax = » 
ay = vt V, 

a . 22 = 2a?; ) 
where it has to be remembered that a ! , v% are incommensurable, + ii= 
rational, and 21m medial. 

But, as CH is to KL, so is CK to KM; [vi. 1] 

therefore CK is incommensurable in length with KM. [x. it] 
And, since the rectangle AG, GB is a mean proportional 

between the squares on AG, GB, 
and the square on A G is equal to CH, 
the square on GB to KL, 
and the rectangle A G, GB to NL, 
therefore NL is a mean proportional between CH, KL ; 
therefore, as CH is to NL, so is NL to KL. 

But, as CH is to A 7 / . , so is CK to A W , 
and, as NL is to KL, so is A W to KM; [vi. 1] 

therefore, as CK is to ^ /A 7 , so is MN to A W ; [v. n] 
therefore the rectangle CK, KM is equal to the square on 
MN [vi. I 7], that is, to the fourth part of the square on FM. 

Since then CM, MF are two unequal straight lines, and 
the rectangle CK, KM equal to the fourth part of the square 
on MF and deficient by a square figure has been applied to 
CM and divides it into incommensurable parts, 
therefore the square on CM is greater than the square on 
MF by the square on a straight line incommensurable with 
CM. [x. 18] 

And the whole CM is commensurable in length with the 
rational straight line CD set out; 
therefore CF is a fourth apotome. [x. Deff. mi. 4] 

Therefore etc. 



It follows that a (x +y) is rational and a . 22 medial, 
so that (x +y) is rational and « a ( i ) , 
while 22 is rational and w a (2), 
and a(x +y) ^ a. 2Z, 

so that (x + y) ^ 22 (3). 
Thus [(1), (2), (3)] (x+y), 22 are rational and 

so that (x +y) — 22 is an apotome. 
Next, since a 2 ^ v1, 

ax v ay, 
or * ^ y. 

And it is proved, as usual, that 
*y=**=i (2z)2-

Therefore [x. 18] +>) 2 - (22>2 ~ (a: 
But (x+y) « ir, 

therefore a; +_y — 22 is a fourth apotome. 

Its value is of course - (1 —,--—^ . 

P R O P O S I T I O N I O I . 

The square on the straight line which produces with a 
rational area a medial whole, if applied to a rational straight 
line, produces as breadth a fifth apotome. 

Let AB be the straight line which produces with a 
rational area a medial whole, and CD a rational straight line, 
and to CD let CE be applied equal to the square on AB and 
producing CE as breadth ; 
I say that CE is a fifth apotome. 

M 

D T ~ O H 
For let BG be the annex to AB ; 

therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. [x. 77] 

T o CD let there be applied CH equal to the square on 
A G, and KL equal to the square on GB; 
therefore the whole CL is equal to the squares on AG, GB. 



But the sum of the squares on AG, GB together is 
medial; 
therefore CL is medial. 

And it is applied to the rational straight line CD, producing 
CM as breadth; 
therefore CM is rational and incommensurable with CD. [x. 22] 

And, since the whole CL is equal to the squares on AG, GB, 
and, in these, CE is equal to the square on AB, 
therefore the remainder EL is equal to twice the rectangle 
AG, GB. [11. 7] 

Let then FM be bisected at N, 
and through N let NO be drawn parallel to either of the 
straight lines CD, ML ; 
therefore each of the rectangles FO, NL is equal to the rect
angle AG, GB: 

And, since twice the rectangle AG, GB is rational and 
equal to FL, 
therefore FL is rational. 

And it is applied to the rational straight line EE, producing 
FM as breadth ; 
therefore FM is rational and commensurable in length with 
CD. [x. 20] 

Now, since CL is medial, and FL rational, 
cherefore CL is incommensurable with FL, 

But, as CL is to FL, so is CM to MF; [yi 1] 

therefore CM is incommensurable in length with MF. [x. it] 
And both are rational; 

therefore CM, MF are rational straight lines commensurable 
in square only; 
therefore CF is an apotome. [x. 73] 

I say next that it is also a fifth apotome. 
For we can prove similarly that the rectangle CK, KM 

is equal to the square on NM, that is, to the fourth part of the 
square on FM. 

And, since the square on AG is incommensurable with the 
square on GB, 



Call this - (« - j ' ) 2 , and take x, y, z such that 

<rx = u' 
<ry = vt 

a . 22 - 2UV 
In this case u1. v1 are incommensurable, (« 2 + v*) is a medial area and 2uv 

a rational area. 
Since a (x + y) is medial and c . 22 rational, 

(x +y) is rational and ~ cr, 
22 is rational and " cr, 
while (x+y) ^ 2 2 . 

It follows that (x +y), 22 are rational and «•>-, 
so that (JC +y) - *z is an apotome. 

Again, as before, xy = z 2 = \ (2Z)2, 
and, since « 2 ̂  y 8 , cr* ̂  cry, 
or x yjy. 

Hence [x. 18]• v/(* + jc)2 - (iz)' ~(x+ y). 
And 22 « cr. 

Therefore (.* +y) — 22 is a fifth apotome. 
It is of course equal to 

1 \ P'f ! 

while the square on AG is equal to CH, 
and the square on GB to KL, 
therefore CH is incommensurable with KL. 

But, as CH is to KL, so is CK to KM; [vi. i ] 
therefore CK is incommensurable in length with KM. [x. 11] 

Since then CM, MF are two unequal straight lines, 
and a parallelogram equal to the fourth part of the square 
on FM and deficient by a square figure has been applied to 
CM, and divides it into incommensurable parts, 
therefore the square on CM is greater than the square on 
MF by the square on a straight line incommensurable with 
CM. [x. 18J 

And the annex FM is commensurable with the rational 
straight line CD set out; 
therefore CF is a fifth apotome. Lx- D e f f < '"• s] 

Q. E . D . 

We have to find and classify 

I tao*&=*= W T T ^ + ' i — = J L = JJTT*-.*Y. 
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P R O P O S I T I O N 1 0 2 . 

The square on the straight line which produces with a 
medial area a medial whole, if applied to a rational straight 
line, produces as breadth a sixth apotome. 

Let AB be the straight line which produces with a medial 
area a medial whole, and CD a rational straight line, 
and to CD let CE be applied equal to the square on AB and 
producing CE as breadth; 
I say that CE is a sixth apotome. 

A B G 

• 

M 

For let BG be the annex to AB ; 
therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle AG, GB medial, and the squares on AG, 
GB incommensurable with twice the rectangle AG, GB. [x. 78] 

Now to CD let there be applied CH equal to the square 
on AG and producing CK a.s breadth, 
and KL equal to the square on BG; 
therefore the whole CL is equal to the squares on AG, GB; 
therefore CL is also medial. 

And it is applied to the rational straight line CD, produc
ing CM as breadth; 
therefore CM is rational and incommensurable in length 
with CD. [x. 22] 

Since now CL is equal to the squares on AG, GB, 
and, in these, CE is equal to the square on AB, 
therefore the remainder FL is equal to twice the rectangle 
AG, GB. [»• 7] 

And twice the rectangle A G, GB is medial; 
therefore FL is also medial. 



B O O K X [X. 102 

And it is applied to the rational straight line FE, pro
ducing FM as breadth ; 
therefore FM is rational and incommensurable in length 
with CD. [x. 22] 

And, since the squares on AG, GB are incommensurable 
with twice the rectangle A G, GB, 
and CL is equal to the squares on AG, GB, 
and FL equal to twice the rectangle A G, GB, 
therefore CL is incommensurable with FL. 

But, as CL is to FL, so is CM to MF; [Vi. 1] 

therefore CM is incommensurable in length with MF. [x. n] 
And both are rational. 
Therefore CM, MF are rational straight lines commen

surable in square only; 
therefore CE is an apotome. [x. 73] 

I say next that it is also a sixth apotome. 
For, since FL is equal to twice the rectangle AG, GB, 

let FM be bisected at N, 
and let NO be drawn through N parallel to CD; 
therefore each of the rectangles FO, NL is equal to the rect
angle AG, GB. 

And, since AG, GB are incommensurable in square, 
therefore the square on AG is incommensurable with the 
square on GB. 

But CH is equal to the square on A G, 
and KL is equal to the square on GB; 
therefore CH is incommensurable with KL. 

But, as CH is to KL, so is CK to KM; [vi. 1] 

therefore CK is incommensurable with KM. [x. 11 ] 
And, since the rectangle A G, GB is a mean proportional 

between the squares on AG, GB, 
and CH is equal to the square on A G, 
KL equal to the square on GB, 
and NL equal to the rectangle AG, GB, 
therefore NL is also a mean proportional between CH, KL ; 
therefore, as CH is to NL, so is NL to KL. 



It is of course - ( j k — \ . 
<r \ Ji+k2/ 

P R O P O S I T I O N 103. 

A straight line commensurable in length with an apotome 
is an apotome and the same in order. 

Let AB be an apotome, 
and let CD be commensurable in A • £ 
length with AB; q - F 

I say that CD is also an apotome and 
the same in order with AB. 

And for the same reason as before the square on CM is 
greater than the square on MF by the square on a straight 
line incommensurable with CM. [x. 18] 

And neither of them is commensurable with the rational 
straight line CD set out; 
therefore CF is a sixth apotome. [x. Deff. in. 6] 

Q. E . D . 

We have to find and classify 

Call this - (» - v)2, and put 

cr 
aX = U2, 

ay = v2, 
a. 2Z= 2UV. 

Here u2, v2 are incommensurable, 
(»2 + v2), 2uv are both medial areas, 
and (u2 + i?) 2uv. 

Since a-(x + y), cr . 2z are medial and incommensurable, 
(x +y) is rational and ^ <r, 
2z is rational and ^ cr, 
and (* +y) ^ 2Z. 

Hence (x +y), 2z are rational and 
so that (x +y) — 22 is an apotome. 

Again, since u2, v2, or ax, ay, are incommensurable, 
x v y. 

And, as before, xy = z2 = i (22)'. 
Therefore [x. 18] J(x+y)2 - (2z)2 ^ (x + y). 
And neither (x +y) nor 22 is » z; 

therefore (x + y) — 22 is a sixth apotome. 



For, since AB is an apotome, let BE be the annex to it; 
therefore AE, EB are rational straight lines commensurable 
in square only. [x. 73] 

Let it be contrived that the ratio of BE to DF is the same 
as the ratio of AB to CD; [vi. 12] 
therefore also, as one is to one, so are all to all; [v. 12] 
therefore also, as the whole AE is to the whole CE, so is AB 
to CD. 

But AB is commensurable in length with CD. 
Therefore AE is also commensurable with CE, and BE 

with DF. [x. 11] 
And AE, EB are rational straight lines commensurable in 

square only; 
therefore CF, ED are also rational straight lines commensur
able in square only. [x. 13] 

Now since, as AE is to CF, so is BE to DF, 
alternately therefore, as AE is to EB, so is CF to FD. [v. 16] 

And the square on AE is greater than the square on EB 
either by the square on a straight line commensurable with 
AE or by the square on a straight line incommensurable 
with it. 

If then the square on AE is greater than the square on 
EB by the square on a straight line commensurable with AE, 
the square on CF will also be greater than the square on FD 
by the square on a straight line commensurable with CF. 

[x. 14] 

And, if AE is commensurable in length with the rational 
straight line set out, 
CF is so also, [x. 12] 
if BE, then DF also, [id.] 
and, if neither of the straight lines AE, EB, then neither of 
the straight lines CF, FD. [x. 13] 

But, if the square on AE is greater than the square on EB 
by the square on a straight line incommensurable with AE, 
the square on CF will also be greater than the square on FD 
by the square on a straight line incommensurable with CF. 

[x. 14] 



P R O P O S I T I O N 104. 

A straight line commensurable with an apotome of a 
medial straight line is an apotome of a medial straight line 
and the same in order. 

Let AB be an apotome of a medial straight line, 
and let CD be commensurable in 
length with AB; A B E 

I say that CD is also an apotome of a c p F 
medial straight line and the same in 
order with AB. 

For, since AB is an apotome of a medial straight line, let 
EB be the annex to it. 

Therefore AE, EB are medial straight lines commensur
able in square only. [x. 74, 75] 

Let it be contrived that, as AB is to CD, so is BE to DF; 
[vi. 12] 

therefore AE is also commensurable with CF, and BE 
with DF. [v. 12, x. 1 1 ] 

But AE, EB are medial straight lines commensurable in 
square only; 
therefore CF, FD are also medial straight lines [x. 23] com
mensurable in square only ; [x. 13] 
therefore CD is an apotome of a medial straight line. [x. 74, 75] 

And, if AE is commensurable in length with the rational 
straight line set out, 
CE is so also, 
if BE, then DF also, [x. 12] 
and, if neither of the straight lines AE, EB, then neither of 
the straight lines CF, FD. fx. 13] 

Therefore CD is an apotome and the same in order 
with AB. 

Q. E . D. 

This and the following propositions to 107 inclusive (like the correspond
ing theorems x. 66 to 70) are easy and require no elucidation. They are 
equivalent to saying that, if in any of the preceding irrational straight lines 
m p is substituted for p, the resulting irrational is of the same kind and order 

as that from which it is altered. 



I say next that it is also the same in order with AB. 
Since, as AE is to EB, so is CF to FD, 

therefore also, as the square on AE is to the rectangle AE, 
EB, so is the square on CF to the rectangle CF, FD. 

But the square on AE is commensurable with the square 
on CF; 
therefore the rectangle AE, EB is also commensurable with 
the rectangle CF, FD. [v. 16, x. u] 

Therefore, if the rectangle AE, EB is rational, the rect
angle CF, FD will also be rational, [x. Def. 4~ 
and if the rectangle AE, EB is medial, the rectangle CF, FD 
is also medial. [x. 23, Por.] 

Therefore CD is an apotome of a medial straight line and 
the same in order with AB. [x. 74, 75] 

Q. E. D. 

P R O P O S I T I O N 105. 

A straight line commensurable with a minor straight line 
is minor. 

Let AB be a minor straight line, and CD commensurable 
with AB; 
I say that CD is also minor. B E 

Let the same construction be made ' 
as before ; 9 S f 
then, since AE, EB are incommensur
able in square, [x. 76] 
therefore CF, FD are also incommensurable in square, [x. 13] 

Now since, as AE is to EB, so is CF to FD, [v. 12, v. 16] 
therefore also, as the square on AE is to the square on EB, 
so is the square on CF to the square on FD. [vi. 22] 

Therefore, componendo, as the squares on AE, EB are to 
the square on EB, so are the squares on CF, FD to the 
square on FD. [v. 18] 

But the square on BE is commensurable with the square 
on DF; 
therefore the sum of the squares on AE, EB is also commen
surable with the sum of the squares on CF, FD. [v. 16, x. n] 

But the sum of the squares on AE, EB is rational; [x. 76] 
therefore the sum of the squares on CF, FD is also rational. 

[x. Def. 4] 



Again, since, as the square ox\AE is to the rectangle AE, 
EB, so is the square on CF to the rectangle CF, FD, 
while the square on AE is commensurable with the square 
on CF, 
therefore the rectangle AE, EB is also commensurable with 
the rectangle CF, FD. 

But the rectangle AE, EB is medial; [x. 76] 
therefore the rectangle CF, FD is also medial; [x. 23, Por.] 
therefore CF, FD are straight lines incommensurable in square 
which make the sum of the squares on them rational, but the 
rectangle contained by them medial. 

Therefore CD is minor. [x. 76] 
Q. E . D . 

P R O P O S I T I O N 106. 

A straight line commensurable with that which produces 
with a rational area a medial whole is a straight line which 
produces with a rational area a medial whole. 

Let AB be a straight line which produces with a rational 
area a medial whole, 
and CD commensurable with AB ; ^ i _ _ E 
I say that CD is also a straight line _ D F 
which produces with a rational area a '—*~ — 
medial whole. 

For let BE be the annex to AB ; 
therefore AE, EB are straight lines incommensurable in 
square which make the sum of the squares on AE, EB 
medial, but the rectangle contained by them rational. [x. 77] 

Let the same construction be made. 
Then we can prove, in manner similar to the foregoing, 

that CF, FD are in the same ratio as AE, EB, 
the sum of the squares on AE, EB is commensurable with 
the sum of the squares on CF, FD, 
and the rectangle AE, EB with the rectangle CF, FD; 
so that CF, FD are also straight lines incommensurable in 
square which make the sum of the squares on CF, FD medial, 
but the rectangle contained by them rational. 



Therefore CD is a straight line which produces with a 
rational area a medial whole. [x. 77] 

Q. E. D. 

P R O P O S I T I O N 107. 

A straight line commensurable with that which produces 
with a medial area a medial whole is itself also a straight line 
which produces with a medial area a medial whole. 

Let AB be a straight line which produces with a medial 
area a medial whole, 

and let CD be commensurable with AB; 
A B E 

I say that CD is also a straight line ' 
which produces with a medial area a 1 

medial whole. 
For let BE be the annex to AB, 

and let the same construction be made; 

therefore AE, EB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. [x. 78] 

Now, as was proved, AE, EB are commensurable with 
CF, FD, 

the sum of the squares on AE, EB with the sum of the 
squares on CF, FD, 

and the rectangle AE, EB with the rectangle CF, FD; 

therefore CF, FD are also straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. 

Therefore CD is a straight line which produces with a 
medial area a medial whole. [x. 78] 



P R O P O S I T I O N 108. 

If from a rational area a medial area be subtracted, the 
"side" of the remaining area becomes one of two irrational 
straight lines, either an apotome or a minor straight line. 

For from the rational area BC let the medial area BD be 
subtracted; 
I say that the " side " of the 
remainder EC becomes one 
of two irrational straight lines, 
either an apotome or a minor 
straight line. 

For let a rational straight 
line EG be set out, 
to EG let there be applied the 
rectangular parallelogram GH 
equal to BC, 
and let GK equal to DB be subtracted : 
therefore the remainder EC is equal to LH. 

Since then BC is rational, and BD medial, 
while BC is equal to GH, and BD to GK, 
therefore GH is rational, and GK medial. 

And they are applied to the rational straight line EG; 
therefore EH is rational and commensurable in length with 
EG, [x. 20] 

while EK is rational and incommensurable in length with EG; 
[x. 22] 

therefore EH is incommensurable in length with EK. [x. 13] 
Therefore EH, EK are rational straight lines commen

surable in square only ; 
therefore KH is an apotome [x. 73], and KF the annex to it. 

Now the square on HE is greater than the square on EK 
by the square on a straight line either commensurable with 
HE or not commensurable. 

First, let the square on it be greater by the square on a 
straight line commensurable with it. 

Now the whole HE is commensurable in length with the 
rational straight line EG set out; 
therefore KH is a first apotome. [x. Deff. m. 1] 



But the " side " of the rectangle contained by a rational 
straight line and a first apotome is an apotome. [x. 91] 

Therefore the " side " of LH, that is, oiEC, is an apotome. 
But, if the square on HF is greater than the square on 

FK by the square on a straight line incommensurable 
with HF, 
while the whole FH is commensurable in length with the 
rational straight line FG set out, 
KH is a fourth apotome. [x. Deft", in. 4] 

But the "side" of the rectangle contained by a rational 
straight line and a fourth apotome is minor. [x. 94] 

Q. E. D . 

A rational area being of the form kp2, and a medial area of the form 
J\. p2, the problem is to classify 

sJkP

2-Jk.P

2 

according to the different possible relations between k, \. 
Suppose that <r» = kp2, 

<TV=JK. p\ 
Since <ru is rational and av medial, 

» is rational and * cr, 
while v is rational and w <r. 

Therefore u ^ v; 
thus u, v are rational and 
whence (» - v) is an apotome. 

T h e possibilities are now as follows. 
(1) v« r — 
(2) Ju'-V2 u. 

In both cases u «•> a, 
so that (u — v) is either (1) a first apotome, 

or (2) a fourth apotome. 
In case (1) -J<r(u — v) is an apotome [x. 91] , 

but in case (2) J<r(u- v) is a minor irrational straight line [x. 94]. 

PROPOSITION 109. 

If from a medial area a rational area be subtracted, there 
arise two other irrational straight lines, either a first apotome 
of a medial straight line or a straight line which produces with 
a rational area a medial whole. 

For from the medial area BC let the rational area BD be 
subtracted. 



I say that the "side" of the remainder EC becomes one 
of two irrational straight lines, either a first apotome of a 
medial straight line or a straight line which produces with a 
rational area a medial whole. 

K H 

For let a rational straight line EG be set out, 
and let the areas be similarly applied. 

It follows then that EH is rational and incommensurable 
in length with EG, 
while KF is rational and commensurable in length with EG; 
therefore EH, EK are rational straight lines commensurable 
in square only ; [x. 13] 
therefore KH is an apotome, and EK the annex to it. [x. 73] 

Now the square on HE is greater than the square on EK 
either by the square on a straight line commensurable with 
HE or by the square on a straight line incommensurable 
with it. 

If then the square on HE is greater than the square on 
EK by the square on a straight line commensurable with HE, 
while the annex EK is commensurable in length with the 
rational straight line EG set out, 
KH is a second apotome. [x. Deff. m. 2] 

But EG is rational; 
so that the " side " of LH, that is, of EC, is a first apotome of 
a medial straight line. [x. 92] 

But, if the square on HE is greater than the square on 
EK by the square on a straight line incommensurable with HE, 
while the annex EK is commensurable in length with the 
rational straight line EG set out, 
KH is a fifth apotome ; [x. Deff. m. 5] 
so that the "side" of EC is a straight line which produces 
with a rational area a medial whole. [x. 95] 



In this case we have to classify 
Jjk.p*-\p>. 

Suppose that cru = Jk. p1, 
(TV = Ap2. 

Thus, <ru being medial and <rv rational, 
u is rational and « cr, 
while v is rational and r> cr. 

Thus, as before, u, v are rational and 
so that (« - v) is an apotome. 

Now either 
(1) Ju2-v> * », 

or (2) Ju% -i? o «, 
while in both cases p is commensurable with cr. 

Therefore (u - v) is either (1) a second apotome, 
or (2) a fifth apotome, 

and hence in case (1) Ja(u-v) is the first apotome of a medial straight line, 
[ x- 9*] 

and in case (2) J&(u - v) is the " side " of a medial, minus a rational, area. 
[«• 95] 

P R O P O S I T I O N I 10. 

If from a medial area there be subtracted a medial area 
incommensurable with the whole, the two remaining irrational 
straight lines arise, either a second apotome of a medial straight 
line or a straight line which produces with a medial area a 
medial whole. 

For, as in the foregoing figures, let there be subtracted 
from the medial area BC the medial area BD incommensur
able with the whole; 

F K H 

• 

A 0 C 

G L 

I say that the " side " of EC is one of two irrational straight 
lines, either a second apotome of a medial straight line or a 
straight line which produces with a medial area a medial whole. 



For, since each of the rectangles BC, BD is medial, 
and BC is incommensurable with BD, 
it follows that each of the straight lines FH, FK will be 
rational and incommensurable in length with FG. [x. 22] 

And, since BC is incommensurable with BD, 
that is, GH with GK, 
HF is also incommensurable with FK; [vi. 1, x. u] 

therefore FH, FK are rational straight lines commensurable 
in square only; 

therefore KH is an apotome. |x- 73] 

If then the square on FH is greater than the square on 
FK by the square on a straight line commensurable with FH, 
while neither of the straight lines FH, FK is commensurable 
in length with the rational straight line FG set out, 

KH is a third apotome. [x. Deff. m. 3] 

But KL is rational, 
and the rectangle contained by a rational straight line and a 
third apotome is irrational, 

and the " side" of it is irrational, and is called a second 
apotome of a medial straight line ; [x. 93] 

so that the " side " of LH, that is, of EC, is a second apotome 
of a medial straight line. 

But, if the square on FH is greater than the square on 
FK hy the square on a straight line incommensurable with FH, 

while neither of the straight lines HF, FK is commensurable 
in length with FG, 
KH is a sixth apotome. [x. Deff. HI. 6] 

But the " side " of the rectangle contained by a rational 
straight line and a sixth apotome is a straight line which 
produces with a medial area a medial whole. [x. 96] 

Therefore the " side " of LH, that is, of EC, is a straight 
line which produces with a medial area a medial whole. 

Q . E . D. 

We have to classify J Jk. p2 - JK . p2, 
where Jk. p2 is incommensurable with J\. p2. 

Put <ru=Jk. p2, 
C T 7 / = J \ . p \ 
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Then » is rational and ̂  cr, 
v is rational and ^ cr, 
and u ^ v. 

Therefore u, v are rational and 
so that (u — v) is an apotome. 

Now either 
(1) o / » 2 - V <•> », 

or (2) iju'-v'^u, 

while in both cases both z< and v are ̂  cr. 
In case (1) («-7>) is a third apotome, 

and in case (2) (» - w) is a «x/7/ apotome, 
sc that Vcr (u-v) is either (1 ) a second apotome of a medial straight line [x. 93], 
or (2) a "side" of the difference between two medial areas fx. 96]. 

P R O P O S I T I O N H I . 

The apotome is not the same with the binomial straight line. 

Let AB be an apotome ; 
I say that AB is not the same with the 
binomial straight line. 

For, if possible, let it be so; 
let a rational straight line DC be set out, 
and tc CD let there be applied the 
rectangle CE equal to the square on 
AB and producing DE as breadth. 

Then, since AB is an apotome, 
DE is a first apotome. [x. 97] 

Let EE be the annex to it; 
therefore DE, EE are rational straight 
lines commensurable in square only; 
the square on DF is greater than the square on EE by the 
square on a straight line commensurable with DF, 
and DF is commensurable in length with the rational straight 
line DC set out. [x. Deff. HI. I ] 

Again, since AB is binomial, 
therefore DE is a first binomial straight line. fx. 60] 

Let it be divided into its terms at G, 
and let DG be the greater term ; * 
therefore DG, GE are rational straight lines commensurable 
in square only, 
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the square on DG is greater than the square on GE by the 
square on a straight line commensurable with DG, and the 
greater term DG is commensurable in length with the rational 
straight line DC set out. » [x. Deff. 11. 1] 

Therefore DF is also commensurable in length with DG; 
[x. 12] 

therefore the remainder GF is also commensurable in length 
with DF. [x. 15] 

But DF is incommensurable in length with EE; 
therefore FG is also incommensurable in length with EE. [x. 13] 

Therefore GF, EE are rational straight lines commensur
able in square only; 
therefore EG is an apotome. [x. 73] 

But it is also rational: 
which is impossible. 

Therefore the apotome is not the same with the binomial 
straight line. 

Q. E . D. 

This proposition proves the equivalent of the fact that 
Jx + Jy cannot be equal to Jx - Jy, and 
x + Jy cannot be equal to x' - Jy'. 

We should prove these results by squaring the respective expressions; and 
Euclid's procedure corresponds to this exactly. 

He has to prove that 
p + Jk. p cannot be equal to p' — J \ . p. 

For, if possible, let this be so. 

Take the straight lines W * - P ) 2 , ^ - ^ - j 

these must be equal, and therefore 
P

;(l+k+2ji)=P^(l+\-2jZ) ( I ) . 

Now — (1 + &), — (1 + X) are rational and « ; 
cr cr 

therefore ( £ (1 + X) - * (1 + *)] X<£ ( i I X) 

v9—.2j\. 
cr 

And, since both sides are rational, it follows that 
(pi a1 1 p' a 

| — (1 +X) - ~{t + k)\ - . 2 J\ is an apotome. 



But, by ( i ) , this expression is equal to — . 2 Jk, which is rational. 

Hence an apotome, which is irrational, is also rational: 
which is impossible. 

This proposition is the connecting link which enables Euclid to prove that 
all the compound irrationals with positive signs above discussed are different 
from all the corresponding compound irrationals with negative signs, while the 
two sets are all different from one another and from the medial straight line. 
T h e recapitulation following makes this clear. 

The apotome and the irrational straight lines following it 
are neither the same with the medial straight line nor with one 
another. 

For the square on a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable in length with that to which it 
is applied, [x. 22] 
while the square on an apotome, if applied to a rational 
straight line, produces as breadth a first apotome, [x. 97] 
the square on a first apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a 
second apotome, [x. 98] 
the square on a second apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a third 
apotome, [x. 99] 
the square on a minor straight line, if applied to a rational 
straight line, produces as breadth a fourth apotome, [x. roo] 
the square on the straight line which produces with a rational 
area a medial whole, if applied to a rational straight line, 
produces as breadth a fifth apotome, [x. 101] 
and the square on the straight line which produces with a 
medial area a medial whole, if applied to a rational straight 
line, produces as breadth a sixth apotome. [x. 102] 

Since then the said breadths differ from the first and from 
one another, from the first because it is rational, and from one 
another since they are not the same in order, 
it is clear that the irrational straight lines themselves also 
differ from one another. 

And, since the apotome has been proved not to be the 
same as the binomial straight line, . [x. m ] 
but, if applied to a rational straight line, the straight lines 



I say that EF is an apotome the terms of which are commen
surable with CD, DB, and in the same ratio, and further EF 
will have the same order as BC. 

following the apotome produce, as breadths, each according 
to its own order, apotomes, and those following the binomial 
straight line themselves also, according to their order, produce 
the binomials as breadths, 
therefore those following the apotome are different, and those 
following the binomial straight line are different, so that there 
are, in order, thirteen irrational straight lines in all, 

Medial, 
Binomial, 
First bimedial, 
Second bimedial, 
Major, 
"Side" of a rational plus a medial area, 
" Side " of the sum of two medial areas, 
Apotome, 
First apotome of a medial straight line, 
Second apotome of a medial straight line, 
Minor, 
Producing with a rational area a medial whole, 
Producing with a medial area a medial whole. 

P R O P O S I T I O N 112. 

The square on a rational straight line applied to the 
binomial straight line produces as breadth an apotome the 
terms of which are commensurable with the terms of the bi
nomial and moreover in the same ratio; and further the 
apotome so arising will have the same order as the binomial 
straight line. 

Let A be a rational straight line, 
let BC be a binomial, and let DC be its greater term ; 
let the rectangle BC, EF be equal to the square on A ; 

1 
A-

B e c 



For again let the rectangle BD, G be equal to the square 
on A. 

Since then the rectangle BC, EF is equal to the rectangle 
BD, G, 
therefore, as CB is to BD, so is G to EF. [vi. r6] 

But CB is greater than BD ; 
therefore G is also greater than EF. [v. 16, v. 14] 

Let EH be equal to G; 
therefore, as CB is to BD, so is HE to EF; 
therefore, separando, as CD is to BD, so is HF to [v. 17] 

Let it be contrived that, as HF is to EE, so is FK 
to KE; 
therefore also the whole HK is to the whole KF as FK 
is to KE; 
for, as one of the antecedents is to one of the consequents, so 
are all the antecedents to all the consequents. [v. 12] 

But, as FK is to KE, so is CD to DB; [v. n] 
therefore also, as HK is to KF, so is CD to DB. [id.] 

But the square on CD is commensurable with the square 
on DB; [x. 36] 

therefore the square on HK is also commensurable with the 
square on KF. [vi. 22, x. n ] 

And, as the square on HK is to the square on KF, so is 
HK to KE, since the three straight lines HK, KF, KE are 
proportional. [v. Def. 9] 

Therefore HK is commensurable in length with KE, 
so that HE is also commensurable in length with EK. [x. 15] 

Now, since the square on A is equal to the rectangle 
EH, BD, 
while the square on A is rational, 
therefore the rectangle EH, BD is also rational. 

And it is applied to the rational straight line BD; 
therefore EH is rational and commensurable in length 
with BD; [x. 20] 
so that EK, being commensurable with it, is also rational and 
commensurable in length with BD. 



Since, then, as CD is to DB, so is FK to KE, 

while CD, DB are straight lines commensurable in square 
only, 
therefore FK, KE are also commensurable in square only. 

[X. I I ] 

But KE is rational; 

therefore FK is also rational. 

Therefore FK, KE are rational straight lines commen
surable in square only; 

therefore EF is an apotome. [x. 73] 

Now the square on CD is greater than the square on DB 
either by the square on a straight line commensurable with 
CD or by the square on a straight line incommensurable 
with it. 

If then the square on CD is greater than the square on 
DB by the square on a straight line commensurable with CD, 
the square on FK is also greater than the square on KE by 
the square on a straight line commensurable with FK. [x. 14] 

And, if CD is commensurable in length with the rational 
straight line set out, 
so also is FK; [x. i t , 12] 

if BD is so commensurable, 
so also is KE; [x. 12] 
but, if neither of the straight lines CD, DB is so commensur
able, 
neither of the straight lines FK, KE is so. 

But, if the square on CD is greater than the square on 
DB by the square on a straight line incommensurable 
with CD, 

the square on FK is also greater than the square on KE by 
the square on a straight line incommensurable with FK. [x. 14] 

And, if CD is commensurable with the rational straight 
line set out, 
so also is FK; 
if BD is so commensurable, 
so also is KE ; 
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but, if neither of the straight lines CD, DB is so commensur
able, 
neither of the straight lines FK, KE is so ; 
so that EE is an apotome, the terms of which FK, KE are 
commensurable with the terms CD, DB of the binomial 
straight line and in the same ratio, and it has the same order 
as BC. 

Q. E . D. 

Heiberg considers that this proposition and the succeeding ones are inter
polated, though the interpolation must have taken place before Theon's time. 
His argument is that x . 1 1 2 — 1 1 5 are nowhere used, but that x. i n rounds 
off the complete discussion of the 13 irrationals (as indicated in the recapitu
lation), thereby giving what was necessary for use in connexion with the 
investigation of the five regular solids. For besides X. 73 (used in x in . 6, 11) 
x. 94 and 97 are used in XIII. 1 1 , 6 respectively; and Euclid could not have 
stopped at x. 97 without leaving the discussion of irrationals imperfect, for 
x . 98—102 are closely connected with x. 97,and x. 1 0 3 — m add, as it were, 
the coping-stone to the whole doctrine. On the other hand, x. 1 1 2 — 1 1 5 are 
not connected with the rest of the treatise on the 13 irrationals and are not 
used in the stereometric books. They are rather the germ of a new study and 
a more abstruse investigation of irrationals in themselves. Prop. 115 in 
particular extends the number of the different kinds of irrationals. As 
however x. 1 1 2 — 1 1 5 are old and serviceable theorems, Heiberg thinks that, 
though Euclid did not give them, they may have been taken from Apollonius. 

I will only point out what seems to me open to doubt in the above, namely 
that x. 1 1 2 — 1 1 4 (excluding 115) are not connected with the rest of the 
exposition of the 13 irrationals. It seems tc me that they are so connected, 
x. m has shown us that a binomial straight line cannot also be an apotome. 
But x. 1 1 2 — 1 1 4 show us how either of them can be used to rationalise the other, 
thus giving what is surely an important relation between them. 

x. 112 is the equivalent of rationalising the denominators of the fractions 
C* <* 

JA+JB' a+JB' 
by multiplying numerator and denominator by J A — JB and a - JB 
respectively. 

Euclid proves that ^ 7 7 — = Ap - Jk. Kp (k < 1), and his method enables 
p + Jk.p 

us to see that K = <r7(p2 - kp'). 
The proof is a remarkable instance of the dexterity of the Greeks in using 

geometry as the equivalent of our algebra. Like so many proofs in Archimedes 
and Apollonius, it leaves us completely in the dark as to how it was evolved. 
That the Greeks must have had some analytical method which suggested the 
steps of such proofs seems certain; but what it was must remain apparently 
an insoluble mystery. 

I will reproduce by means of algebraical symbols the exact course of 
Euclid's proof. 

He has to prove that ^ — is an apotome related in a certain way to 



the binomial straight line p + Jk .p. If a be the straight line required, 
(a + w) - w is shown to be an apotome of the kind described, where w is 
determined in the following manner. 

We have (p + Jk. p) a = o-s = Jk. p. x, say, 
whence x>u. (1). 

Let x = u + v. 
Then (p+ Jk.p) : Jk.p = (u + v) : a, 

and hence p : Jk. p-v : u (2). 
• Let w be taken such that 

v : a = (a + u>) : w (3). 
Thus v : u = (a + v + w) : (u + w) (4), 

and therefore p : Jk.p-(u + v + w) : (a + w). 
From the last proportion, 

(a + v + zc) s o (a + wf, 
and, from the two preceding, (a + w) is a mean proportional between 
(a + v + w), w, so that 

(a + v + ivf : (a + w)' = (a + v + w) : w. 
Therefore (a + v + ze/) * w, 

whence (a + f) ^ w. 
Now Jk. p (u + v) = o3, which is rational; 

therefore (a + v) is rational and n Jk . p; 
hence w is also rational and « ^ . p (S)-

Next, by (2), (3), since p, Jk.p are 
(a + to) zc, 

and 7 f is rational; 
therefore (a + w) is rational, 
and (a + «»), are rational and n» . 

Hence (a + w) - w is an apotome. 

Now either (I) Jp1 - V t) p, 

or (II) Jp' — kfPup. 

In case (I) \ / (a + wf - w* * (« + zf), [(2), (3) and x . 14] 

and in case (II) J(u + wf - its' ^ (u + w). [id.] 
Then, since [(5)] w ^ Jk.p, 

by x. 11 and (2), (3), (a + zf) * p (6). 
[This step is omitted in Euclid, but the result is assumed.] 
If therefore p « o-, (a + zf) « <r; 

\{ Jk.p~<r, w n <r; [(5)] 
and, if neither p nor Jk . p is n <r, neither (a + zc) nor zc will be « o-. 

Thus the order of the apotome (a + zc) - w is the same as that of the 
binomial straight line p + Jk. p ; while [(2), (3)] the terms are proportional 
and [(5), (6)] commensurable respectively. 



We find (« + w), w algebraically thus. 

By (:) , u -

and, by (2), (3), 

p+ Jk.p' 

U + 7V _ p 

W Jk.p' 

U. Jk.p 

whence 10 = — 
p-Jk.p 

_ a 1 . Jk.p 
p'-kp> • 

^. 1 a3. p 
Thus u + w=w.—n = ~j— . 

Jk p' - kp1 

Therefore (u + w)-111 = 0* . — -„--, : J- . 
P1 - ^ 2 

P R O P O S I T I O N 113. 

The square on a rational straight line, if applied to an 
apotome, produces as< breadth the binomial straight line the 
terms of which are commensurable with the terms of the 
apotome and in the same ratio; and further the binomial 
so arising has the same order as the apotome. 

Let A be a. rational straight line and BD an apotome, 
and let the rectangle BD, KH be equal to 
the square on A, so that the square on the 
rational straight line A when applied to the 
apotome BD produces KH as breadth ; 
I say that KH is a binomial straight line the 
terms of which are commensurable with the 
terms of BD and in the same ratio; and 
further KH has the same order as BD. 

For let DC be the annex to BD ; 
therefore BC, CD are rational straight lines commensurable 
in square only. [x. 73] 

Let the rectangle BC, G be also equal to the square on A. 
But the square on A is rational; 

therefore the rectangle BC, G is also rational. 
And it has been applied to the rational straight line BC; 

therefore G is rational and commensurable in length with BC. 
[x. 20] 



Since now the rectangle BC, G is equal to the rectangle 
BD, KH, 
therefore, proportionally, as CB is to BD, so is KH to G. 

[vi. 16] 
But BC is greater than BD ; 

therefore KH is also greater than G. [v. 16, v. 14] 
Let KE be made equal to G; 

therefore KE is commensurable in length with BC. 
And since, as CB is to BD, so is HK to KE, 

therefore, convertendo, as BC is to CD, so is KH to HE. 
[v. 19, Por.] 

Let it be contrived that, as KH is to HE, so is HF 
to EE; 
therefore also the remainder KF is to FH as KH is to HE, 
that is, as i ?C is to CD. [v. 19] 

But BC, CD are commensurable in square only ; 
therefore KF, FH are also commensurable in square only. 

[x. 1 1 ] 
And since, as KH is to HE, so is KF to FH, 

while, as A T / is to HE, so is HF to J f̂f, 
therefore also, as KF is to / ' T / , so is HF to ŝ fi", [v. n] 
so that also, as the first is to the third, so is the square on the 
first to the square on the second ; [v. Def. 9] 
therefore also, as KF is to EE, so is the square on KF to the 
square on FH. 

But the square on KF is commensurable with the square 
on FH, 
for KF, FH are commensurable in square ; 
therefore KF is also commensurable in length with EE, [x. n ] 
so that KF is also commensurable in length with KE. [x. 15] 

But KE is rational and commensurable in length with BC; 
therefore KF is also rational and commensurable in length 
with BC. [x. 12] 

And, since, as BC is to CD, so is KF to FH, 
alternately, as BC is to KF, so is DC to FH. [v. 16] 

But BC is commensurable with KF; 
therefore FH is also commensurable in length with CD. [x. n] 



But BC, CD are rational straight lines commensurable in 
square only ; 
therefore KF, FH are also rational straight lines [x. Def. 3] 
commensurable in square only ; 

If now the square on BC is greater than the square on CD 
by the square on a straight line commensurable with BC, 
the square on KF will also be greater than the square on FH 
by the square on a straight line commensurable with KF. [x 14] 

And, if BC is commensurable in length with the rational 
straight line set out, 
so also is KF; 
if CD is commensurable in length with the rational straight 
line set out, 
so also is FH, 
but, if neither of the straight lines BC, CD, 
then neither of the straight lines KF, FH. 

But, if the square on BC is greater than the square on CD 
by the square on a straight line incommensurable with BC, 
the square on KF is also greater than the square on FH by 
the square on a straight line incommensurable with KF. [x. 14] 

And, if BC is commensurable with the rational straight 
line set out, 
so also is KF; 
if CD is so commensurable, 
so also is FH; 
but, if neither of the straight lines BC, CD, 
then neither of the straight lines KF, FH. 

Therefore KH is a binomial straight line, ..he terms of 
which KF, FH are commensurable with the terms BC, CD of 
the apotome and in the same ratio, 
and further KH has the same order as BD. 

This proposition, which is companion to the preceding, gives us the equiva
lent of the rationalisation of the denominator of 

therefore KH is binomial. [x. 36] 

Q. E . D. 

'J A - JB or a~ JB' 



Euclid (or the writer) proves that 

~ 7 T = Xp + X Jk . p, (k<i) 
p- Jk.p 

and his method enables us to see that X = <r7(p2 - kp2). 

Let 7t = u; 
p-Jk.p 

and it is proved that a is the binomial straight line (a - w) + w, where w is 
determined as shown below. 

a (p ^ Jk . p) = a2 = px, say, 
whence p : (p - Jk. p) = u : x (1) , 
so that x < a. 

Let then x = a — v. 
Since (a - 7;) p = o-2, a rational area, 

(»-t») is rational and ^ p (2). 
And [(1)] p:{fi-Jk.p) = u:(u-v), 

so that, convertendo, p : Jk .p = u:v. 
Suppose that u • v = w :(v- w), 

so that [v. 19] (tt-w):w = u:v = w:(v- w). 
Thus, w being a mean proportional between (a - w), (v - w), 

(u-w)2: w2 = (u - w): (v - w). 
But (u-wf :w2 = u2 -.v2 

= p W (3), 
so that (a - w)% n w2. 

Therefore (a - w) <"> (0 - a») 
« { ( a - ze» ) - (w-zc )} 
« (a - #). 

Therefore [(2)] (u-w) is rational and ^ p (4). 
And, since p : Jk. p = (u-w) :w, 

w is rational and » ^/A. p (5). 
Hence [(4), (5)] (u-w), w are rational and 

so that (a — w) + w is a binomial straight line. 

Now either (I) Jp2- kp2 ts p, 

or (II) Jp' - kp2 w p. 

In case (I) J(u - w)2 — w2 « (a — n/), 

and in case (II) J(u-w)2 -w2 ~ ( a - w ) . [(3) and x . 14] 
And, if p « a, (a - w) « cr; [(4)] 

if Jk.p ~<r, w ~ 0-; [5] 
while, if neither p nor ^ / i . p is «•» cr, neither (a - n») nor w is « cr. 

Hence (a - w) + w is a binomial straight line of the same order as the 
apotome p— Jk.p, its terms are proportional to those of the ^ootome [(3)], 
and commensurable with them respectively [(4), (5)]. 



p- Jk. P 
W p 
• ~ Jk. P 

u. Jk. P 
' P + JA. P 
_<r*.Jk • P 

From the latter 

Thus u-w=w.^j-= 
Jk p2 - V 

Therefore (u - w) + w = o-2. —tr^-, f • v ' p* — kp2 

P R O P O S I T I O N 114. 

If an area be contained by an apotome and the binomial 
straight line the terms of which are commensurable with the 
terms of the apotome and in the same ratio, the " side " of the 
area is rational. 

For let an area, the rectangle AB, CD, be contained by 
the apotome AB and the binomial 
straight line CD, 

A B F 

and let CE be the greater term of 1 

the latter; c E P 
let the terms CE, ED of the o 
binomial straight line be commen- H 

surable with the terms AF, FB of 
the apotome and in the same ratio; 1 ^ 
and let the "side" of the rectangle 
AB, CD be G ; 
I say that G is rational. 

For let a rational straight line H be set out, 
and to CD let there be applied a rectangle equal to the square 
on H and producing KL as breadth. 

Therefore KL is an apotome. 
Let its terms be KM, ML commensurable with the terms 

CE, ED of the binomial straight line and in the same ratio. 
[X. 112] 

T o find (u - w), w algebraically we have 
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But CE, ED are also commensurable with AF, FB and in 
the same ratio; 
therefore, as AF is to FB, so is KM to ML. 

Therefore, alternately, as AF is to KM, so is BE to LM; 
therefore also the remainder AB is to the remainder KL as 
AF is to KM. [v. 19] 

But AF\s commensurable with KM; [x. 12] 
therefore AB is also commensurable with KL. [x. n] 

And, as AB is to KL, so is the rectangle CD, AB to the 
rectangle CD, KL ; [vi. 1] 
therefore the rectangle CD, AB is also commensurable with 
the rectangle CD, KL. [x. "] 

But the rectangle CD, KL is equal to the square on H; 
therefore the rectangle CD, AB is commensurable with the 
square on H. 

But the square on G is equal to the rectangle CD, AB; 

therefore the square on G is commensurable with the square 
onH. 

But the square on H is rational; 

therefore the square on G is also rational; 

therefore G is rational. 

And it is the "side" of the rectangle CD, AB. 
Therefore etc. 

P O R I S M . And it is made manifest to us by this also that 
it is possible for a rational area to be contained by irrational 
straight lines. 

Q. E. D . 

This theorem is equivalent to the proof of the fact that 
J(JA - JB){\ JA + X JB) - JX(A-B), 

and J\a~ JBJ~(Xa + X JB) = Jx(a'~B). 
The result of the theorem x. 112 is used for the purpose thus. 
We have to prove that 

J(p-JA.p)(\p + kJk.P) 
is rational 

By x . 112 we have, if cr is a rational straight line, 



P R O P O S I T I O N 115. 

From a medial straight line there arise irrational straight 
lines infinite in number, and none of them is the same as any 
of the preceding. 

Let A be a medial straight line ; 
I say that from A there arise 
irrational straight lines infinite in A 

number, and none of them is the 
same as any of the preceding. 

Let a rational straight line B 0 

be set out, D 

and let the square on C be equal 
to the rectangle B, A ; 
therefore C is irrational; [x. Def. 4] 
for that which is contained by an irrational and a rational 
straight line is irrational. [deduction from x. 20] 

And it is not the same with any of the preceding; 
for the square on none of the preceding, if applied to a rational 
straight line produces as breadth a medial straight line. 

Again, let the square on D be equal to the rectangle B, C; 
therefore the square on D is irrational. [deduction from x. 20] 

Therefore D is irrational; [x. Def. 4] 
and it is not the same with any of the preceding, for the 
square on none of the preceding, if applied to a rational 
straight line, produces C as breadth. 

Similarly, if this arrangement proceeds ad infinitum, it 
is manifest that from the medial straight line there arise 
irrational straight lines infinite in number, and none is the 
same with any of the preceding. 

Q. E. D. 

Now p:\'p = Jk.p :\' Jk.p = (p-Jk.p) : (X'p -K' Jk. p), 
so that (p- Jk .p)~ (X'p - X' Jk . p). 

Multiplying each by (Xp + X Jk. p), we have 
( p - Jk. P) (Xp + X Jk. P) r. (Xp + X V * . p) ( X ' p - X V * . p) 

by (1). 
That is, (p- Jk.p) (Xp + \ Jk.p) is a rational area, 

and therefore J(p- Jk. p) (Xp + \ Jk. p) is rational. 



Heiberg is clearly right in holding that this proposition, at all events, is 
alien to the general scope of Book x , and is therefore probably an interpola
tion, made however before Theon's time. It is of the same character as a 
scholium at the end of the Book, which is (along with the interpolated proposi
tion proving, in two ways, the incommensurability of the diagonal of a square 
with its side) relegated by August as well as Heiberg to an Appendix. 

The proposition amounts to this. 

The straight line k^p being medial, if a be a rational straight line, v k^pa 
is a new irrational straight line. So is the mean proportional between this 
and another rational straight line a-', and so on indefinitely. 

A N C I E N T E X T E N S I O N S O F T H E T H E O R Y O F B O O K X . 

From the hints given by the author of the commentary found in Arabic 
by Woepcke (cf. pp. 3—4 above) it would seem probable that Apollonius' 
extensions of the theory of irrationals took two directions : (1) generalising 
the medial straight line of Euclid, and (2) forming compound irrationals by the 
addition and subtraction of more than two terms of the sort composing the 
binomials, apotomes, eta T h e commentator writes (Woepcke's article, pp. 694 

" It is also necessary that we should know that, not only when we join 
together two straight lines rational and commensurable in square do we obtain 
the binomial straight line, but three or four lines produce in an analogous 
manner the same thing. In the first case, we obtain the trinomial straight 
line, since the whole line is irrational; and in the second case we obtain the 
quadri normal, and so 'on ad infinitum. The proof of the (irrationality of the) 
line composed of three lines rational and commensurable in square is exactly 
the same as the proof relating to the combination of two lines. 

" But we must start afresh and remark that not only can we take one sole 
medial line between two lines commensurable in square, but we can take three 
or four of them and so on ad infinitum, since we can take, between any two 
given straight lines, as many lines as we wish in continued proportion. 

" Likewise* in the lines formed by addition not only can we construct the 
binomial straight line, but we can also construct the trinomial, as well as the 
first and second trimedial; and, further, the line composed of three straight 
lines incommensurable in square and such that the one of them gives with 
each of the two others a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial, so that there results a major (irrational) 
composed of three lines. 

" A n d , in an analogous manner, we obtain the straight line which is the 
' s ide ' of a rational plus a medial area, composed of three straight lines, and, 
likewise, that which is the ' s ide ' of (the sum of) two medials." 

The generalisation of the medial is apparently after the following manner. 
Let x, y be two straight lines rational and commensurable in square only and 
suppose that m means are interposed, so that 

sqq.) : 

x : xl — Xi : x3 — x3: xs — ... — xm~, : xm — xm :y. 

We easily derive herefrom 
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and hence xf = xr.xr~'1, 

so that (xr. xr~1ym*1 = (y. xm)r, 
and therefore xr

m 

or xr = (xm-,+1.f)m+\ 
which is the generalised medial. 

We now pass to the trinomial etc., with the commentator's further remarks 
about them. 

( i ) The trinomial. " Suppose three rational straight lines commensurable in 
square only. T h e line composed of two of these lines, that is, the binomial 
straight line, is irrational, and, in consequence, the area contained by this line 
and the remaining line is irrational, and, likewise, the double of the area 
contained by these two lines will be irrational. Thus the square on the 
whole line composed of three lines is irrational and consequently the line is 
irrational, and it is called a trinomial straight line." 

It is easy to see that this "proof" is not conclusive as stated. Nor does 
Woepcke seem to show how the proposition can be proved on Euclidean 
lines. But I think it would be somewhat as follows. 

Suppose x, y, z to be rational and <•«•. 
Then x2, y2, z2 are rational, and zyz, 2zx, 2xy are all medial. 
First, (2yz + 2zx + 2xy) cannot be rational. 
For suppose this sum equal to a rational area, say a2. 
Since 2yz + 2zx + 2xy = a2, 

2zx + 2xy = a" - 2yz, 
or the sum of two medial areas incommensurable with one another is equal to 
the difference between a rational area and a medial area. 

But the " s i d e " of the sum of the two medial areas must [x. 72] be one of 
two irrationals with a positive sign; and the " side " of the difference between a 
rational area and a medial area must [x. 108] be one of two irrationals with a 
negative sign. 

And the first " s i d e " cannot be the same as the second [x. i n and ex
planation following]. 

Therefore 2zx + 2xy # cr2 - 2yz, 
and 2yz + 2zx + 2xy is consequently irrational. 

Therefore (x2 +y + z2) ^ (2yz + 2zx + ixy), 
whence (* + y + z)2 K> (x2 +y2 + z2), 
so that (x +y + z)2, and therefore also (x +y + z), is irrational. 

T h e commentator goes on : 

" And, if we have four lines commensurable in square, as we have said, the 
procedure will be exactly the same; and we shall treat the succeeding lines in 
an analogous manner." 

Without speculating further as to how the extension was made to the 
quadrinomial etc., we may suppose with Woepcke that Apollonius probably 
investigated the multinomial 

P+JK.P+JX..P+JII.P + ... 
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(2) The first trimedial straight line. 

The commentator here says: " Suppose we nave three medial lines com
mensurable in square [only], one of which contains with each of the two others 
a rational rectangle; then the straight line composed of the two lines is 
irrational and is called the first bimedial; the remaining line is medial, and 
the area contained by these two lines is irrational. Consequently the square 
on the whole line is irrational." 

T o begin with, the conditions here given are incompatible. If x, y, 2 be 
medial straight lines such that xy, xz are both rational, 

y : z = xy : xz = m : n, 

and y, 2 are commensurable in length and not in square only. 
Hence it seems that we must, with Woepcke, understand " three medial 

straight lines such that one is commensurable with each of the other two in 
square only and makes with it a rational rectangle." 

If x, y, z be the three medial straight lines, 

(X2 + V2 + Z2) r> X2 

so that (x2 + y2 + z 2) is medial. 
Also we have 2xy, 2xz both rational and 2/2 medial. 
Now (x2+y2 + 22) + 2yz + 2xy + 2xz cannot be rational, for, if it were, the 

sum of two medial areas, (x* +f + 22), 2/2, would be rational: which is im
possible. [Cf. x . 72.] 

Hence (x+y + z) is irrational. 

(3) The second trimedial straight line. 

Suppose x, y, 2 to be medial straight lines commensurable in square only 
and containing with each other medial rectangles. 

Then (x2 +y2 + z 2) « x2, and is medial. 

Also 2_yz, 2zx, 2xy are all medial areas. 

T o prove the irrationality in this case I presume that the metnod would 
be like that of x. 38 about the second bimedial. 

Suppose cf to be a rational straight line and let 

Here, since, e.g., xz : xy = v : w, 
or z : y = v. w, 
and similarly x : z = w : u, 
u, v, w are commensurable in square only. 

Also, since (x2 + y2 + z a) *» x2 

w xy, 
t is incommensurable with w. 

(x2+y2 + 22) = <rt 
2yz = au 
2ZX = <rv 
2xy = aw 
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Similarly t is incommensurable with u, v. 
But /, u, v, w are all rational and « - o-. 
Therefore (/ + » + v + zc) is a quadrinomial and therefore irrational. 
Therefore <r (/ + « + v + w), or (x+y + z)\ is irrational, 

whence (x +y + z) is irrational. 

(4) The »a/t>r made up of three straight lines. 
T h e commentator describes this as " the line composed of three straight 

lines incommensurable in square and. such that one of them gives with each 
of the other two a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial." 

If y, z are the three straight lines, this would indicate 
(x*+y) rational, 
(x3 + z s ) rational, 

iyz medial. 
Woepcke points out (pp. 696—8, note) the difficulties connected with this 

supposition or the supposition of 
(x3+y>) rational, 
(x3 + z3) rational, 

2xy (or 2xz) medial, 
and concludes that what is meant is the supposition 

(x* +y3) rational 
xy medial -
xz medial . 

(though the text is against this). 
The assumption of (x* +y') and (x3 + z3) being concurrently rational is 

certainly further removed from Euclid, for x . 33 only enables us to find one 
pair of lines having the property, as x, y. 

But we will not pursue these speculations further. 

As regards further irrationals formed by subtraction the commentator 
writes as follows. 

" Again, it is not necessary that, in the irrational straight lines formed by 
means of subtraction, we should confine ourselves to making one subtraction 
only, so as to obtain the apotome, or the first apotome of the medial, or the 
second apotome of the medial, or the minor, or the straight line which 
produces with a rational area a medial whole, or that which produces with a 
medial area a medial whole; but we shall be able here to make two or three 
or four subtractions. 

" When we do that, we show in manner analogous to the foregoing that 
the lines which remain are irrational and that each of them is one of the lines 
formed by subtraction. That is to say that, if from a rational line we cut off 
another rational line commensurable with the whole line in square, we obtain, 
for remainder, an apotome; and, if we subtract from this line (which is) 
cut off and rational—that which Euclid calls the annex (irp«rap/io£owa)— 
another rational line which is commensurable with it in square, we obtain, as 
the remainder, an apotome; likewise, if we cut off from the rational line cut 
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off from this line (i.e. the annex of the apotome last arrived at) another line 
which is commensurable with it in square, the remainder is an apotome. The 
same thing occurs in the subtraction of the other lines." 

As Woepcke remarks, the idea is the formation of the successive apotomes 
J a - Jb, Jb — Jc, Je - Jd, etc. We should naturally have expected to see 
the writer form and discuss the following expressions 

(Ja-Jb)-Jc, 
etc. 



B O O K X I . 

D E F I N I T I O N S . 

1. A solid is that which has length, breadth, and depth. 

2. An extremity of a solid is a surface. 

3. A straight line is at right angles to a plane, 
when it makes right angles with all the straight lines which 
meet it and are in the plane. 

4. A plane is at right angles to a plane when the 
straight lines drawn, in one of the planes, at right angles to 
the common section of the planes are at right angles to the 
remaining plane. 

5. The inclination of a straight line to a plane 
is, assuming a perpendicular drawn from the extremity of 
the straight line which is elevated above the plane to the 
plane, and a straight line joined from the point thus arising 
to the extremity of the straight line which is in the plane, 
the angle contained by the straight line so drawn and the 
straight line standing up. 

6. The inclination of a plane to a plane is the acute 
angle contained by the straight lines drawn at right angles 
to the common section at the same point, one in each of the 
planes. 

7. A plane is said to be similarly inclined to a plane 
as another is to another when the said angles of the inclina
tions are equal to one another. 

8. Parallel planes are those which do not meet. 
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9. Similar solid figures are those contained by similar 
planes equal in multitude. 

10. Equal and similar solid figures are those con
tained by similar planes equal in multitude and in magnitude. 

11. A solid angle is the inclination constituted by more 
than two lines which meet one another and are not in the 
same surface, towards all the lines. 

Otherwise: A solid angle is that which is contained by 
more than two plane angles which are not in the same plane 
and are constructed to one point. 

12. A pyramid is a solid figure, contained by planes, 
which is constructed from one plane to one point. 

13. A prism is a solid figure contained by planes two 
of which, namely those which are opposite, are equal, similar 
and parallel, while the rest are parallelograms. 

14. When, the diameter of a semicircle remaining fixed, 
the semicircle is carried round and restored again to the same 
position from which it began to be moved, the figure so 
comprehended is a sphere. 

15. The axis of the sphere is the straight line which 
remains fixed and about which the semicircle is turned. 

16. The centre of the sphere is the same as that 
of the semicircle. 

17. A diameter of the sphere is any straight line 
drawn through the centre and terminated in both directions 
by the surface of the sphere. 

18. When, one side of those about the right angle in a 
right-angled triangle remaining fixed, the triangle is carried 
round and restored again to the same position from which it 
began to be moved, the figure so comprehended is a cone. 

And, if the straight line which remains fixed be equal to 
the remaining side about the right angle which is carried 
round, the cone will be right-angled; if less, obtuse-angled ; 
and if greater, acute-angled. 

19. The axis of the cone is the straight line which 
remains fixed and about which the triangle is turned. 
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20. And the base is the circle described by the straight 
line which is carried round. 

21. When, one side of those about the right angle in a 
rectangular parallelogram remaining fixed, the parallelogram 
is carried round and restored again to the same position from 
which it began to be moved, the figure so comprehended is a 
cylinder. 

22. The axis of the cylinder is the straight line which 
remains fixed and about which the parallelogram is turned. 

23. And the bases are the circles described by the two 
sides opposite to one another which are carried round. 

24. Similar cones and cylinders are those in which 
the axes and the diameters of the bases are proportional. 

25. A cube is a solid figure contained by six equal 
squares. 

26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

27. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

28. A dodecahedron is a- solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 

D E F I N I T I O N I. 

SREPTOV ccjti t o pijKos kcu 7r \aTos KCU /3d6os ixw' 

This definition was evidently traditional, as may be inferred from a number 
of passages in Plato and Aristotle. Thus Plato speaks (Sophist, 235 d) of 
making an imitation of a model (IRAPDAIIYPA) " in length and breadth and 
depth" and (Laws, 837 e) of "the art of measuring length, surface and depth" 
as one of three PAORJPARA. Depth, the third dimension, is used alone as a 
description of " body " by Aristotle, the term being regarded as connoting the 
other two dimensions; thus (Metaph. 1020 a 13, 11 ) "length is a fine, breadth a 
surface, and depth body" ; " that which is continuous in one direction is length, 
in two directions breadth, and in three depth." Similarly Plato (Rep. 528 b, d), 
when reconsidering his classification of astronomy as next to (plane) geometry: 
"although the science dealing with the additional dimension of depth is next in 
order, yet, owing to the fact that it is studied absurdly, I passed it over and 
put next to geometry astronomy, the motion of (bodies having) depth." In 
Aristotle (Topics vi . 5, 142 b 24) we find " the definition of body, that which 
has three dimensions (8tao-Tacms)"; elsewhere he speaks of it as " that which 
has all the dimensions" (De caelo 1. 1, 268 b 6 ) , "that which has dimension 
every way " ( to WAVRG Siacrrao-ii' c^ov, Metaph. 1066 b 32) etc. In the Physics 
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(iv. i, 208 b i3sqq.) he speaks of the "dimensions" as six, dividing each of 
the three into two opposites, " up and down, before and behind, right and left," 
though of course, as he explains, these terms are relative. 

Heron, as might be expected, combines the two forms of the definition. 
" A solid body is that which has length, breadth, and depth: or that which 
possesses the three dimensions." (Def. 11 . ) 

Similarly Theon of Smyrna (p. i n , 19, ed. Hiller): " that which is extended 
(SuMrraTdV) and divisible in three directions is solid, having length, breadth 
and depth." 

D E F I N I T I O N 2. 
'Urtptov hi irepac cirtrpaVcia. 
In like manner Aristotle says (Metaph. 1066 b 23) that the notion (Ao'yos) 

of body is "that which is bounded by surfaces" (rawc'Son in this case) and 
(Metaph. 1060 b 15) "surfaces (orirpaVeiai) are divisions of bodies." 

So Heron (Def. 11.): "Eve ry solid is bounded (irfpaTovTcu) by surfaces, and 
is produced when a surface is moved from a forward position in a backward 
direction." 

D E F I N I T I O N 3. 
Evfcta 7rpdt tirlir(8ov 6p6y itrrw, orav 717)65 7ra<ras Tas a7rro/i«vas avrfjs eiSci'as 

K<u o i V a s iv T(j> iirtiriSw optfas iroty yiavias. 
This definition and the next are given almost word for word by Heron 

(Def. i i S ) . 
That a straight line can be so related to a plane as described in Def. 3 is 

established in x i . 4. The fact has been made the basis of a definition of a 
plane which is attributed by Crelle to Fourier, and is as follows. " A plane is 
formed by the totality of all the straight lines which, passing through one and 
the same point of a straight line in space, stand perpendicular to it." Stated 
in this form, the definition is open to the objection that the conception of a 
right angle, involving the measurement of angles, presupposes a plane, inasmuch 
as the measurement of angles depends ultimately upon the superposition of two 
planes and their coincidence throughout when two lines in one coincide with 
two lines in the other respectively. Cf. my note on 1. Def. 7, Vol . 1. pp. 173—5. 

D E F I N I T I O N 4. 

'EiriVcoW jrpos tirtTrcSov 6p66v iariv, orav al rjj <oivj To/ij; ruiv €7mr«oW 7rpos 
opBas dyoptvat €v0ftai iv nil TMV iinire&<ov tw \otww itniriZta 7rpos opBas mtriv. 

Both this definition and Def. 6 use the common section of two planes, 
though it is not till x i . 3 that this common section is proved to be a straight 
line. The definition however, just like Def. 3, is legitimate, because the object 
is to explain the meaning of terms, not to prove anything 

The definition of perpendicular planes is made by Legendre a particular 
case of Def. 6, the limiting case, namely, where the angle representing the 
" inclination of a plane to a plane " is a right angle. 

D E F I N I T I O N 5. 

EvoVhis vpbt iirlircoov kXi&k «<mV, orav iiro toC perewpov TrepoTos ttjs 
eA6Vo5 €7rl to iiriwfSov xdSfTOS d\8^, Kal otto toC ytvopivov aypxiov hrl to iv t<j> 
CIRITRT&j) Trcpos rrji €v6tiat tvOfla iirifavx&jj, 17 mpifxapMnq yavia virb r!)s axOtioup 
rai Tijs iipMTTWrris. 
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In other words, the inclination of a straight line to a plane is the angle 
between the straight line and its projection on the plane. This angle is of 
course less than the angle between the straight line and any other straight line 
in the plane through the intersection of the straight line and plane; and the 
fact is sometimes made the subject of a proposition in modern text-books. It 
is easily proved by means of the propositions x i . 4, 1. 19 and 18. 

D E F I N I T I O N 6. 

'EiriWSou 7rpos iiriirtoov kXwtis iariv 17 ircpiexo/AcVi/ o£cia ytuvia vtrb rmv Trpos 
opda.% ry Koivfj ropy dyopiftov irpbs tuj avrw <njptit^ iv tKaripif rwv inuriotav. 

When two planes meet in a straight line, they form what is called in 
modern text-books a dihedral angle, which is denned as the opening or angular 
opening between the two planes. This dihedral angle is an " angle " altogether 
different in kind from a plane angle, as again it is different from a solid angle 
as denned by Euclid (i.e. a trihedral, tetrahedral, etc. angle). Adopting for 
the moment Apollonius' conception of an angle as the "bringing together of a 
surface or solid towards one point under a broken line or surface " (Proclus, 
p. 123, 16), we may regard a dihedral angle as the bringing together of the 
broken surface formed by two intersecting planes not to a point but to a straight 
line, namely the intersection of the planes. Legendre, in a proposition on the 
subject, applied provisionally the term corner to describe the dihedral angle 
between two planes; and this would be a better word, I think, than opening 
to use in the definition. 

T h e distinct species of " angle" which we call dihedral is, however, 
measured by a certain plane angle, namely that which Euclid describes in the 
present definition and calls the inclination of a plane to a plane, and which in 
some modern text-books is called the plane angle of the dihedral angle. 

It is necessary to show that this plane angle is a proper measure of the 
dihedral angle, and accordingly Legendre has a proposition to this effect. In 
order to prove it, it is necessary to show that, given two planes meeting in a 
straight line, 
(1) the plane angle in question is the same at all points of the straight line 
forming the common section; 
(2) if the dihedral angle between two planes increases or diminishes in a 
certain ratio, the plane angle in question will increase or diminish in the same 
ratio. 

(1) If MAN, MAP be two planes intersecting in MA, and if AN, AP 
be drawn in the planes respectively and at right angles to 
MA, the angle NAP is the inclination of the plane to the 
plane or the plane angle of the dihedral angle. 

Let MC, MB be also drawn in the respective planes 
at right angles to MA. 

Then since, in the plane MAN, MC and AN are 
drawn at right angles to the same straight line MA, 

MC, AN are parallel. 
For the same reason, MB, AP are parallel. A-*. 
Therefore [xi. 10] the angle BMC is equal to the 

angle PAN. 
And M may be any point on MA. Therefore the 

plane angle described in the definition is the same at all 
points of AM. 



(2) In the plane NAP draw the arc NDP of any circle with centre A, 
and draw the radius AD. 

Now the planes NAP, CMB, being both at right angles to the straight 
line MA, are parallel; [xi. 14] 
therefore the intersections AD, MR of these planes with the plane MAD are 
parallel, [xi. 16] 
and consequently the angles BME, PAD are equal. [xi . 10] 

I f now the plane angle NAD were equal to the plane angle DAP, the 
dihedral angle NAMD would be equal to the dihedral angle DAMP; 
for, if the angle PAD were applied to the angle DAN, AM remaining the 
same, the corresponding dihedral angles would coincide. 

Successive applications of this result show that, if the angles NAD, DAP 
each contain a certain angle a certain number of times, the dihedral angles 
NAMD, DAMP will contain the corresponding dihedral angle the same 
number of times respectively. 

Hence, where the angles NAD, DAP are commensurable, the dihedral 
angles' corresponding to them are in the same ratio. 

Legendre then extends the proof to the case where the plane angles are 
incommensurable by reference to an exactly similar extension in his proposition 
corresponding to Euclid vi. 1, for which see the note on that proposition. 

Modern text-books make the extension by an appeal to limits. 

D E F I N I T I O N 7. 

'E7ri7reSoi' irp<K iiriirt&ov bpoiw KixXlirOai \tynai k o i erfpov IRPOS irtpov, orav 
AT up-qpivai TCW kXiWcuv YBIPIAI ICRAI akktj\cu<; wtriv. 

D E F I N I T I O N 8. 

HapdWrjka C7ri'irc8a CART r a avvpirrutTa. 

Heron has the same definition of parallel planes (Def. 115)- The Greek 
word which is translated " which do not meet" is dcrv/xTrruiTa, the term which 
has been adopted for the asymptotes of a curve. 

D E F I N I T I O N 9. 

"0/IOTA CRRCPCA C ^ / i a T a CART ra vjrb bpoitav iiriiriSoiv ntpit^opiva "MTWV to 
irXrjOos. 

D E F I N I T I O N 10. 

"ICRA 8c Kal bpoia ARCPCA o-yyjpaTa. CART RA viro 6/XOIW C7RORC8<i>i' iripu-^opiva 
brwr rip TRAIYFEI Kal ™ ptyidti. 

These definitions, the second of which practically only substitutes the 
words " equal and similar " for the word " similar" in the first, have been the 
mark of much criticism. 

Simson holds that the equality of solid figures is a thing which ought to be 
proved, by the method of superposition, or otherwise, and hence that Def. 10 
is not a definition but a theorem which ought not to have been placed among 
the definitions. Secondly, he gives an example to show that the definition or 
theorem is not universally true. He takes a pyramid and then erects on the 
base, on opposite sides of it, two equal pyramids smaller than the first. T h e 
addition and subtraction of these pyramids respectively from the first give two 
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solid figures which satisfy the definition but are clearly not equal (the smaller 
having a re-entrant angle); whence it also appears that two unequal solid 
angles may be contained by the same number of equal plane angles. 

Maintaining then that Def. 10 is an interpolation by "an unskilful hand," 
Simson transfers to a place before Def. 9 the definition of a solid angle, and 
then defines similar solid figures as follows: 

Similar solid figures are such as have all their solid angles equal, each to each, 
and which are contained by the same number of similar planes. 

Legendre has an invaluable discussion of the whole subject of these 
definitions (Note XII., pp. 323—336, of the 14th edition of his Aliments de 
GiomSlrie). He remarks in the first place that, as Simson said, Def. 10 is not 
properly a definition, but a theorem which it is necessary to prove; for it is 
not evident that two solids are equal for the sole reason that they have an 
equal number of equal faces, and, if true, the fact should be proved by super
position or otherwise. The fault of Def. 10 is also common to Def. 9. For, 
if Def. 10 is not proved, one might suppose that there exist two unequal and 
dissimilar solids with equal faces; but, in that case, according to Definition 9, 
a solid having faces similar to those of the two first would be similar to both 
of them, i.e. to two solids of different form: a conclusion implying a con
tradiction or at least not according with the natural meaning of the word 
"similar." 

What then is to be said in defence of the two definitions as given by 
Euclid ? It is to be observed that the figures which Euclid actually proves 
equal or similar by reference to Deff. 9, 10 are such that their solid angles do 
not consist of more than three plane angles ; and he proves sufficiently clearly 
that, if three plane angles forming one solid angle be respectively equal to 
three plane angles forming another solid angle, the two solid angles are equal. 
If now two polyhedra have their faces equal respectively, the corresponding 
solid angles will be made up of the same number of plane angles, and the 
plane angles forming each solid angle in one polyhedron will be respectively 
equal to the plane angles forming the corresponding solid angle in the other. 
Therefore, if the plane angles in each solid angle are not more than three in 
number, the corresponding solid angles will be equal. But if the correspond
ing faces are equal, and the corresponding solid angles equal, the solids must 
be equal ; for they can be superposed, or at least they will be symmetrical 
with one another. Hence the statement of Deff. 9, 10 is true and admissible 
at all events in the case of figures with trihedral angles, which is the only case 
taken by Euclid. 

Again, the example given by Simson to prove the incorrectness of Def. 10 
introduces a solid with a re-entrant angle. But it is more than probable that 
Euclid deliberately intended to exclude such solids and to take cognizance of 
convex polyhedra only ; hence Simson's example is not conclusive against the 
definition. 

Legendre observes that Simson's own definition, though true, has the 
disadvantage that it contains a number of superfluous conditions. T o get 
over the difficulties, Legendre himself divides the definition of similar solids 
into two, the first of which defines similar triangular pyramids only, and the 
second (which defines similar polyhedra in general) is based on the first. 

Two triangular pyramids are similar when they have pairs of faces respectively 
similar, similarly placed and equally inclined to one another. 

Then, having formed a triangle with the vertices of three angles taken on 
the same face or base of a polyhedron, we may imagine the vertices of the 



different solid angles of the polyhedron situated outside of the plane of this 
base to be the vertices of as many triangular pyramids which have the triangle 
for common base, and each of these pyramids will determine the position of 
one solid angle of the polyhedron. This being so, 

Two polyhedra are similar when they have similar bases, and the vertices of 
their corresponding solid angles outside the bases are determined by triangular 
pyramids similar each to each. 

As a matter of fact, Cauchy proved that two convex solid figures are equal 
if they are contained by equal plane figures similarly arranged. Legendre 
gives a proof which, he says, is nearly the same as Cauchy's, depending on two 
lemmas which lead to the theorem that, Given a convex polyhedron in which all 
the solid angles are made up of more than three plane angles, it is impossible to 
vary the inclinations of the planes of this solid so as to produce a second polyhe
dron formed by the same planes arranged in the same manner as in the given 
polyhedron. The convex polyhedron in which all the solid angles are made up 
of more than three plane angles is obtained by cutting off from any given 
polyhedron all the triangular pyramids forming trihedral angles (if one and the 
same edge is common to two trihedral angles, only one of these angles is 
suppressed in the first operation). This is legitimate because trihedral angles 
are invariable from their nature. 

Hence it would appear that Heron's definition of equal solid figures, which 
adds " similarly situated " to Euclid's " similar " is correct, if it be understood to 
apply to convex polyhedra only: Equal solid figures are those which are 
contained by equal and similarly situated planes, equal in number and magnitude: 
where, however, the words " equal and " before " similarly situated " might be 
dispensed with. 

Heron (Def. 118) defines similar solid figures as those which are contained 
by planes similar and similarly situated. If understood of convex polyhedra, 
there would not appear to be any objection to this, in view of the truth of 
Cauchy's proposition about equal solid figures. 

D E F I N I T I O N I I . 

2i"«p€a ywvia IARIV -Q VTTO TRXEIOVWV 17 8vo YPAPPMV ANROPIVFOV aXX-QXIAV «at FIYJ 
IV RJJ avTjJ IIRI^AVTUX. OWR&v irpos 7rao-ais rats ypa/xpats kAicis. *A\A<os • VRTPTA. 
YWVIA IARLV 17 vwb TRXTIOVWV yj ctvo ya>na>v IIRNRIOBIV N€pie\OP€tnrj prj ovcruJi/ IV t<j> 
aurw IIRNRISTA. irpbs IVL (rtjpeup tTwurrapevfuv. 

Heiberg conjectures that the first of these two definitions, which is not in 
Euclid's manner, was perhaps taken by him from some earlier Elements. 

The phraseology of the second definition is exactly that of Plato when he 
is speaking of solid angles in the Timaeus (p. 55). Thus he speaks (1) of four 
equilateral triangles so put together (iwia-Tapeva) that each set of three plane 
angles makes one solid angle, (2) of eight equilateral triangles put together so 
that each set of four plane angles makes one solid angle, and (3) of six squares 
making eight solid angles, each composed of three plane right angles. 

As we know, Apollonius defined an angle as the " bringing together of a 
surface or solid to one point under a broken line or surface." Heron (Def. 22) 
even omits the word " broken " and says that A solid angle is in general (KOLVW;) 
the bringing together of a surface which has its concavity in one and the same 
direction to one point. It is clear from an allusion in Proclus (p. 123, 1—6) to 
the half of a cone cut off by a triangle through the axis, and from a scholium to 



this definition, that there was controversy as to the correctness of describing as a 
solid angle the " angle " enclosed by fewer than three surfaces (including curved 
surfaces). Thus the scholiast says that Euclid's definition of a solid angle as 
made up of three or more plane angles is deficient because it does not e.g. cover 
the case of the angle of a " fourth part of a sphere," which is contained by more 
than two surfaces, though not all plane. But he declines to admit that the 
half-cone forms a solid angle at the vertex, for in that case the vertex of the 
cone would itself be an angle, and a solid angle would then be formed both 
by two surfaces and by one surface: " which is not true." Heron on the 
other hand (Def. 22) distinctly speaks of solid angles which are not contained 
by plane rectilineal angles, " e.g. the angles of cones." The conception of the 
latter " angles " as the limit of solid angles with an infinite number of infinitely 
small constituent plane angles does not appear in the Greek geometers so far 
as I know. 

In modern text-books a polyhedral angle is usually spoken of as formed 
(or bounded) by three or more planes meeting at a point, or it is the angular 
opening between such planes at the point where they meet. 

D E F I N I T I O N 1 2 . 

Tlvpa/us fori <r)pjpui crepcc* cVt7rc'8ots TT€pit\6p€vov airb cros <Vi7rc'8ou 7rpos m 
onffieua ctwccttuis. 

This definition is by no means too clear, nor is the slightly amplified 
definition added to it by Heron (Def. 99). A pyramid is the figure brought 
together to one point, by putting together triangles, from a triangular, quadri
lateral or polygonal, that is, any rectilineal, base. 

As we might expect, there is great variety in the definitions given in 
modern text-books. Legendre says a pyramid is the solid formed when several 
triangular planes start from one point and are terminated at the different sides 
of one polygonal plane. 

Mr H. M. Taylor and Smith and Bryant call it a polyhedron all but one of 
whose faces meet in a point. 

Mehler reverses Legendre's form and gives the content of Euclid's in 
clearer language. "An xx-sidedpyramid is bounded by an n-sided polygon as base 
and n triangles which connect its sides with one and the same point outside it." 

Rausenberger points out that a pyramid is the figure cut off from a solid 
angle formed of any number of plane angles by a plane which intersects the 
solid angle. 

D E F I N I T I O N 13 . 

Ylpurpa « t t ! <r)(TJpa {rriptbv CTroreSois Tr€pL€\6ptvov, m> ovo rd direrainriov t e a 
T€ K a t o/xoid eon K a t TrapdWrjKa, ra 8c Aonra irapa\\Tj\6ypappa. 

Mr H. M. Taylor, followed by Smith and Bryant, defines a prism as a 
polyhedron all but two of the faces of which are parallel to one straight line. 

Mehler calls an «-sided prism a body contained behveen hvo parallel planes 
and enclosed by n other planes with parallel lines of intersection. 

Heron's definition of a prism is much wider (Def. 105). Prisms are those 
figures which are connected (<7wd7rroiTa) from a rectilineal base to a rectilineal 
area by rectilineal collocation (KO.T tvOvypappov o-vvdto-iv). By this Heron must 



apparently mean any convex solid formed by connecting the sides and angles 
of two polygons in different planes, and 
each having any number of sides, by 
straight lines forming triangular faces 
(where of course two adjacent triangles 
may be in one plane and so form one 
quadrilateral face) in the manner shown 
in the annexed figure, where ABCD, 
EFG represent the base and its 
opposite. 

Heron goes on to explain that, if 
the face opposite to the base reduces to 
a straight line, and a solid is formed by 
connecting the base to its extremities by 
straight lines, as in the other case, the 
resulting figure is neither a pyramid nor 
a prism. 

Further, he defines parallelogrammic (in the body of the definition parallel-
sided) prisms as being those prisms which have six faces and have their 
opposite planes parallel. 

D E F I N I T I O N 14. 

2<£<upd itrriv, orav rjpiKvicXlov fityov<rr)$ tijs Sta/itVpou iripievtyOiv rb 
TjfjUKVKkwv cis To airb iri\iv airoKaTatrraOy, 5$£v i/pfaro <j>ip«r8ai, to Trepi\r)<p8iv 
<rxvpa. 

The scholiast observes that this definition is not properly a definition ot a 
sphere but a description of the mode of generating it. But it will be seen, in 
the last propositions of Book x m . , why, Euclid put the definition in this form. 
It is because it is this particular view of a sphere which he uses to prove that 
the vertices of the regular solids which he wishes to "comprehend" in certain 
spheres do lie on the surfaces of those spheres. H e proves in fact that the 
said vertices lie on semicircles described on certain diameters of the spheres. For 
the real definition the scholiast refers to Theodosius' Sphaerica. But of course 
the proper definition was given much earlier. In Aristotle the characteristic 
of a sphere is that its extremity is equally distant from its centre (to *o-ov dirc'xtH' 

toB pAo-ov to ccrxaTov, De caelo II. 14, 297 a 24). Heron (Def. 76) uses the 
same form as that in which Euclid defines the circle: A sphere is a solid 
figure bounded by one surface, such that all the straight lines falling on it from 
one point of those which lie within the figure are equal to one another. So the 
usual definition in the text-books: A sphere is a closed surface such that all 
points of it are equidistant from a fixed point within it. 

D E F I N I T I O N 15 . 

"AFUIV 8c tjJs crcpaipas iaTiv r] pivovaa. ddtta, irepl rjv to T}PU.KVK\IOV arpccperat. 

That any diameter of a sphere may be called an axis is made clear by 
Heron (Def. 78). The diameter of the sphere is called an axis, and is any 
straight line drawn through the centre and bounded in both directions by the 
sphere, immovable, about which the sphere is moved and turned. Cf. Euclid's 
Def. 17. 
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D E F I N I T I O N 16. 

KcVrpov 8c rfji oipalpas iori TO avro, S xal tov rjpiKVKXiov. 

Heron, Def. 77. The middle (point) of the sphere is called its centre; and 
this same point is also the centre of the hemisphere. 

• 

D E F I N I T I O N 17. 

A i d u c r p o s 8c ttJs cnpatpas co-riv tvdtia TK 81a toC Ktvrpov r}yptvr) Kal 7rcpa-
rovpivr) i<p' ixdrtpa TO. piprq wrd rrys C7rtrpavctdt Trjs oipaipat. 

D E F I N I T I O N 18. 

Kfuvd? corti', otov opOoyuivtov rpiyiovov ptvovorfi /xias irXcvpas ruiv wtpi TIJV 
op6i)v yuiviav irtpitvt)(6iv TO rpiyiovov tit to avro TrdXiv diroKaTao-racJg, odtv ijpfaTO 
•piptoOai, TO Trtptk-qtp&lv o-)(ijpa. K&V piv r) pivovoa tvdtia lor) ft rg Xoiirp [rg] 
irtpl ri)v 6p0i)v rrtpuptpopitrg, dppoyuivtos fcrTai 6 Kavos, iav hi tXarri&v, apfikv-
yaivtos, lav Sc ptL^tuv, o^vyuji'tos. 

This definition, or rather description of the genesis, of a (right) cone is 
interesting on account of the second sentence distinguishing between right-
angled, obtuse-angled and acute-angled cones. This distinction is quite 
unnecessary for Euclid's purpose and is not used by him in Book x n . ; it is no 
doubt a relic of the method, still in use in Euclid's time, by which the earlier 
Greek geometers produced conic sections, namely, by cutting right cones only 
by sections always perpendicular to an edge. With this system the parabola 
was a section of a right-angled cone, the hyperbola a section of an obtuse-angled 
cone, and the ellipse a section of an acute-angled cone. The conic sections were 
so called by Archimedes, and generally until Apollonius, who was the first to 
give the complete theory of their generation by means of sections not perpen
dicular to an edge, and from cones which are in general oblique circular cones. 
Thus Apollonius begins his Conies with the more scientific definition of a cone. 
If, he says, a straight line infinite in length, and passing always through a fixed 
point, be made to move round the circumference of a circle which is not in the 
same plane with the point, so as to pass successively through every point of 
that circumference, the moving straight line will trace out the surface of a double 
cone, or two similar cones lying in opposite directions and meeting in the fixed 
point, which is the apex of each cone. The circle about which the straight line 
moves is called the base of the cone lying between the said circle and the fixed 
point, and the axis is defined as the straight line drawn from the fixed point, 
or the apex, to the centre of the circle forming the base. Apollonius goes on 
to say that the cone is a scalene or oblique cone except in the particular case 
where the axis is perpendicular to the base. In this latter case it is a right 
cone. 

Archimedes called the right cone an isosceles cone. This fact, coupled 
with the appearance in his treatise On Conoids and Spheroids (7, 8, 9) of 
sections of acute-angled cones (ellipses) as sections of conical surfaces which are 
proved to be oblique circular cones by finding their circular sections, makes it 
sufficiently clear that Archimedes, if he had defined a cone, would have 
defined it in the same way as Apollonius does. 
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D E F I N I T I O N 1 9 . 

"A£un> Si tov kuivov ccttik r) pivovaa cvdcta, ircpt rjv to rpiyavov OTpc<pcrat. 

D E F I N I T I O N 20. 

Bu<rts 8c 6 kvkXOT 6 vwb Trj<; nepKptpoptvrit (idfias ypa<popi\>o<;. 

D E F I N I T I O N 2 1 . 

KvXtpSpdt iativ, orav opBoyioviov wapaXXqXoypdppov /acvownjs pias 7rXcvpas 
to»v Trcpi ttjv opOrjv ywviav Trtpuv(\$kv to TrapaWrjkoypappov tU rb a v T O irdXty 
airoKaTaurradjj, b$€V r)p(aro tpiptodai, to irtpiXrppOiv <r\rjpa. 

D E F I N I T I O N 22. 

"AFCDI- 8i rov KvXtVSpou itrrlv rj pivovcra tvdtZa, IREPI rjv to napaXXijXoypappov 
crrpcc^CTat. 

D E F I N I T I O N 23. 

Bao-ctf 8c 01 kvkXoi oi Jird TtZv airivavTiov irtptayopfviov Svo TrXcvpuiv 
ypatpopcvoi. 

D E F I N I T I O N 24. 

"O/ioioi Kiuioi Kat KvXti'Spot f icuy, <uv ot T« dfopcs *at at hiapnpoi r w fiairuav 
dvaXoydv curty. 

D E F I N I T I O N 25. 

Kv/3o; c o r t <rxtfpa artpibv iwd T C T p a y w i ' t D i ' iffOT Trepic x o ' / i c i w . 

D E F I N I T I O N 26. 

'OKTaeSpdv c a r t ayyjpa orcpcdf vjrd oktw TptyaW'i' tcrwv Kai uroirKtvptov 
w€pu\opevov. 

D E F I N I T I O N 27. 

EtKocrdcSpdy cart axijpti crrcpcdv viro etKoat rptyatvatv Xatav kol uroirKtvputv 

D E F I N I T I O N 28. 

AwSeKa'cSpoV c'crri <r)(fjpa o-rtptov VJrd SuiScxa irtvrayuti'uiv to-cuv Kal LcroirXtvpiov 
xat laoyuiviwv TTtpit\6p€Vov. 



B O O K X I . P R O P O S I T I O N S . 

P R O P O S I T I O N I . 

A part of a straight line cannot be in the plane of reference 
and a part in a plane more elevated. 

For, if possible, let a part AB of the straight line ABC 
be in the plane of reference, and a part 
BC in a plane more elevated. c 

There will then be in the plane of 
reference some straight line continuous 
with AB in a straight line. 

Let it be BD ; 
therefore AB is a common segment of the 
two straight lines ABC, ABD : 
which is impossible, inasmuch as, if we 
describe a circle with centre B and distance 
AB, the diameters will cut off unequal circumferences of the 
circle. 

Therefore a part of a straight line cannot be in the plane 
of reference, and a part in a plane more elevated. 

Q. E . D . 

i . the p l a n e of reference, to {nroKeifievov iwiireSov, the plane laid down or assumed. 
i . m o r e e l e v a t e d , nereuportpu). 

There is no doubt that the proofs of the first three propositions are 
unsatisfactory owing to the fact that Euclid is not able to make any use of his 
definition of a plane for the purpose of these proofs, and they really depend 
upon truths which can only be assumed as axiomatic. The definition of a plane 
as that surface which lies evenly with the straight lines on itself, whatever its 
exact meaning may be, is nowhere appealed to as a criterion to show whether 
a particular surface is or is not a plane. If the meaning of it is what I conjec
ture in the note on Book I., Def. 7 (Vol. 1. p. 171) , if, namely, it only tries to 
express without an appeal to sight what Plato meant by the " middle covering 
the extremities " (i.e. apparently, in the case of a plane, the fact that a plane 
looked at edgewise takes the form of a straight line), then it is perhaps 
possible to connect the definition with a method of generating a plane which 
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has commended itself to many writers as giving a better definition. Thus, if 
we conceive a straight line in space and a point outside it placed so that, in 
Plato's words, the line " covers " the point as we look at them, the line will 
also " c o v e r " every straight line which passes through the given point and 
some one point on the given straight line. Hence, if a straight line passing 
always through a fixed point moves in such a way as to pass successively 
through every point of a given straight line which does not contain the given 
point, the moving straight line describes a surface which satisfies the Euclidean 
definition of a plane as I have interpreted it. But if we adopt the definition 
of a plane as the surface described by a straight line which, passing through a 
given point, turns about it in such a way as always to intersect a given straight 
line not passing through the given point, this definition, though it would help us 
to prove EucL-xi. 2, does not give us the fundamental properties of a plane; 
some postulate is necessary in addition. The same is true even if we take a 
definition which gives more than is required to determine a plane, the defini
tion known as Simson's, though it is at least as early as the time of Theon of 
Smyrna, who says (p. 112, 5) that a plane is a surface such that, if a straight line 
meet it in two points, the straight line lies wholly in it (oKrj ai™ «<£ap/i.o£cTai). 
This is also called the axiom of the plane. (For some attempts to prove this on 
the basis of other definitions of a plane see my note on the definition of a. plane 
surface, 1. Def. 7.) If this definition or axiom be assumed, Prop. 1 becomes 
evident, for, as Legendre says, " In accordance with the definition of the plane, 
when a straight line has two points common with a plane, it lies wholly in the 
plane." 

Euclid practically assumes the axiom when he says in this proposition 
"there will be in the plane of reference some straight line continuous with 
AB." Clavius tries, unsuccessfully, to deduce this from Euclid's own 
definition of a plane; and he seems to admit his 
failure, because he proceeds to try another tack, Q 
Draw, he says, in the plane DE, the straight line 
CG at right angles to A C, and, again in the plane 
DE, CF at right angles to CG [1. 1 1 ] . Then AC, 
CF make right angles with CG in the same plane; 
therefore (1. 14) ACF is a straight line. But this 
does not really help, because Euclid assumes tacitly, 
in Book 1. as well as Book XI., that a straight line joining two points in a 
plane lies wholly in that plane. 

A curious point in Euclid's proof is the reason given why two straight lines 
cannot have a common segment. The argument is precisely that of the 
"proof" of the same thing given by Proclus on 1. 1 (see note on Book 1. 
Post. 2, Vol. 1. p. 197) and is of course inconclusive. The fact that two 
straight lines cannot have a common segment must be taken to be involved 
in the definition of, and the postulates relating to, the straight l ine; and the 
"proof" given here can hardly, I should say, be Euclid's, though the interpo
lation, if it be such, must have been made very early. 

The proof assumes too that a circle can be described so as to cut BA, BC 
and BD, or, in other words, it assumes that AD, BC are in one plane;-that 
is, Prop. 1 as we have it really assumes the result of Prop. 2. There is there
fore ground for Simson's alteration of the proof (after the point where BD has 
been taken in the given plane in a straight line with AB) to the following: 

" Let any plane pass through the straight line AD and be turned about it 
until it pass through the point C. 



And, because the points B, C are in this plane, the straight line BC is 
in it. [Simson's def.] 

Therefore there are two straight lines ABC, ABD in the same plane that 
have a common segment AB : 
which is impossible." 

Simson, of course, justifies the last inference by reference to his Corollary 
to i. I I , which, however, as we have seen, is not a valid proof of the assump
tion, which is really implied in i. Post. 2. 

An alternative reading, perhaps due to Theon, says, after the words 
"which is impossible" in the Greek text, "for a straight line does not meet a 
straight line in more points than o n e ; otherwise the straight lines will 
coincide." Simson (who however does not seem to have had the second 
clause beginning " otherwise " in the text which he used) attacks this alterna
tive reading in a rather confused note chiefly directed against a criticism by 
Thomas Simpson, without (as it seems to me) sufficient reason. It contains 
surely a legitimate argument. T h e supposed straight lines ABC, ABD meet 
in more than two points, namely in alt the points between A and B. But two 
straight lines cannot have two points common without coinciding altogether; 
therefore ABC must coincide with ABD. 

• 

P R O P O S I T I O N 2. 

If two straight lines cut one another, they are in one plane, 
and every triangle is in one plane. 

For let the two straight lines AB, CD cut one another at 
the point E ; 

I say that AB, CD are in one plane, 
and every triangle is in one plane. 

For let points F, G be taken at 
random on EC, EB, 
let CB, FG be joined, 
and let FH, GK be drawn across ; 
I say first that the triangle ECB is 
in one plane. 

For, if part of the-triangle ECB, 
either FHC or GBK, is in the plane of reference, and the rest 
in another, 

a part also of one of the straight lines EC, EB will be in the 
plane of reference, and a part in another. 

But, if the part FCBG of the triangle ECB be in the 
plane of reference, and the rest in another, 
a part also of both the straight lines EC, EB will be in the 
plane of reference and a part in another : 
which was proved absurd. [xi. 1] 
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Therefore the triangle ECB is in one plane. 
But, in whatever plane the triangle ECB is, in that plane 

also is each of the straight lines EC, EB, 

and, in whatever plane each of the straight lines EC, EB is, 
in that plane are AB, CD also. [xi . 1] 

Therefore the straight lines AB, CD are in one plane, 

and every triangle is in one plane. 

It must be admitted that the "proof" of this proposition is not of any 
value. For one thing, Euclid only takes certain triangles and a certain 
quadrilateral respectively forming part of the original triangle, and argues 
about these. But, for anything we are supposed to know, there may be some 
part of '.he triangle bounded (let us say) by some curve which is not in the 
same plane with the triangle. 

We may agree with Simson that it would be preferable to enunciate the 
proposition as follows. 

Two straight lines which intersect are in one plane, and three straight lines 
which intersect two and two are in one plane. 

Adopting Smith and Bryant's figure in preference to Simson's, we suppose 
three straight lines PQ, RS, XYto intersect 
two and two in A, B, C. R p 

Then Simson's proof (adopted by Legen- \ / 
dre also) proceeds thus. ) ( 

Let any plane pass through the straight / \ 
line PQ, and let this plane be turned about / \ 
PQ (produced indefinitely) as axis until it / \ 
passes through the point C. x / \ y 

Then, since the points A, C are in this , / B c T 
plane, the straight line AC (and therefore / \ 
the straight line RS produced indefinitely) *• a 
lies wholly in the plane. [Simson's def.] 

For the same reason, since the points B, C are in the plane, the straight 
line X Y lies wholly in the plane. 

Hence all three straight lines PQ, RS, XY (and of course any pair of 
them) lie in one plane. 

But it has still to be proved that there is only one plane passing through 
the three straight lines. 

This may be done, as in Mr Taylor's Euclid, thus. 
Suppose, if possible, that there are two different planes through A, B, C. 
The straight lines BC, CA, AB then lie wholly in each of the two planes. 
Now any straight line in one of the two planes must intersect at least two 

of the straight lines (produced if necessary); 

let it intersect two of them in K, L. 
Then, since K, L are also in the second plane,- the line KL lies wholly in 

that plane. 
Hence every straight line in either of the planes lies wholly in the other 

a lso; and therefore the planes are coincident throughout their whole surface. 

Q. E. D . 



It follows from the above that 

A plane is determined (i.e. uniquely detertnined) by any of the following data: 
(1) by three straight lines meeting one another two and two, 
(2) by three points not in a straight line, 
(3) by two straight lines meeting one another, 
(4) by a straight line and a point without it. 

P R O P O S I T I O N 3. 

If two planes cut one another, their common section is a 
straight line. 

For let the two planes AB, BC cut one another, 
and let the line DB be their common 
section; / 
I say that the line DB is a straight line. . % , 

For, if not, from D to B let the straight /A | E J 
line DEB be joined in the plane AB, and ( \ y 
in the plane BC the straight line DEB. *7J A 

Then the two straight lines DEB, DEB / 
will have the same extremities, and will c 
clearly enclose an area: 
which is absurd. 

Therefore DEB, DEB are not straight lines. 
Similarly we can prove that neither will there be any 

other straight line joined from D to B except DB the common 
section of the planes AB, BC. 

Therefore etc. 
Q. E. D . 

I think Simson is right in objecting to the words after " which is absurd," 
to the effect that DEB, DEB are not straight lines, and that neither can there 
be any other straight line joined from D to B except DB, as being unneces
sary. It is right to conclude at once from the absurdity that BD cannot but 
be a straight line. 

Legendre makes his proof depend on Prop. 2. " For, if, among the points 
common to the two planes, three should be found which are not in a straight 
line, the two planes in question, each passing through three points, would only 
amount to one and the same plane." [This of course assumes that three 
points determine one and only one plane, which, strictly speaking, involves 
more than Prop. 2 itself, as shown in the last note.] 

A favourite proposition in modern text-books is the following. The proof 
seems to be due to von Staudt (Killing, Grundlagen der Geometrie, Vol . n. 
P- 43)-
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If two planes meet in a point, they meet in a straight line. 
Let ABC, ADE be two given planes meeting 

at A. 
Take any points B, C lying on the plane ABC, 

and not on the plane ADE but on the same side 
of it. 

Join AB, A C, and produce BA to F. 
Join CF. 
Then, since B, F are on opposite sides of the 

plane ADE, 
C, Fare also on opposite sides of it. 

Therefore CF must meet the plane ADE in 
some point, say G. 

Then, since A, G are both in each of the planes ABC, ADE, the straight 
line A G is in both planes. [Simson's def.] 

This is also the place to insert the proposition that, If three planes intersect 
two and two, their lines of intersection either meet in a point or are parallel two 
and two. 

Let there be three planes intersecting in the straight lines AB, CD, EF. 

Now AB, EF are in a plane; therefore they either meet in a point or are 
parallel. 
(1) Let them meet in 0. 

Then 0, being a point in AB, lies in the plane AD, and, being also a 
point in EF, lies also in the plane ED. 

Therefore O, being common to the planes AD, DE, must lie on CD, the 
line of their intersection; 
i.e. CD, if produced, passes through O. 
(2) Let AB, EFnot meet, but let them be parallel. 

Then CD cannot meet AB; for, if it did, it must necessarily meet EF, 
by the first case. 

Therefore CD, AB, being in one plane, are parallel. 
Similarly CD, EFaxe parallel. 

P R O P O S I T I O N 4. 

If a straight line be set up at right angles to two straight 
lines which cut one another, at their common point of section, 
it will also be at right angles to the plane through them. 



For let a straight line EF be set up at right angles to the 
two straight lines AB, CD, which 
cut one another at the point E, 1 

cut off equal to one another, 
and let any straight line GEH be drawn across through E, 
at random ; 
let AD, CB be joined, 
and further let FA, FG, FD, EC, FN, FB be joined from 
the point F taken at random <on EF>. 

Now, since the two straight lines AE, ED are equal to 
the two straight lines CE, EB, and contain equal angles, [1. 15] 
therefore the base AD is equal to the base CB, 
and the triangle A ED will be equal to the triangle CEB; [1.4] 
so that the angle DAE is also equal to the angle EBC. 

But the angle AEG is also equal to the angle BEH; [1 .15] 
therefore AGE, BEH are two triangles which have two 
angles equal to two angles respectively, and one side equal 
to one side, namely that adjacent to the equal angles, that 
is to say, AE to EB; 
therefore they will also have the remaining sides equal to the 
remaining sides. [>• 26] 

Therefore GE is equal to EH, and AG to BH. 
And, since AE is equal to EB, 

while EE is common and at right angles, 
therefore the base FA is equal to the base FB. [1. 4] 

For the same reason 
EC is also equal to FD. 

And, since AD is equal to CB, 
and FA is also equal to FB, 
the two sides FA, AD are equal to the two sides FB, BC 
respectively ; 
and the base FD was proved equal to the base EC; 
therefore the angle FAD is also equal to the angle FBC. [1.8] 

from E; 
I say that EF is also at right 
angles to the plane through AB, 

For let AE, EB, CE, ED be 
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And since, again, A G was proved equal to BH, 
and further FA also equal to FB, 
the two sides FA, AG are equal to the two sides FB BH. 

And the angle FAG was proved equal to the angle FBH; 
therefore the base FG is equal to the base FH. [1. 4] 

Now since, again, GB was proved equal to BH, 
and EF is common, 
the two sides GE, EF are equal to the two sides HE, EF; 
and the base FG is equal to the base FH; 
therefore the angle GEE is equal to the angle HEF. [1. 8 ] 

Therefore each of the angles GEE, HEF is right. 
Therefore EE is at right angles to GH drawn at random 

through E. 

Similarly we can prove that EE will also make right 
angles with all the straight lines which meet it and are in the 
plane of reference. 

But a straight line is at right angles to a plane when it 
makes right angles with all the straight lines which meet it 
and are in that same plane; fxi . Def. 3] 
therefore EE is at right angles to the plane of reference. 

But the plane of reference is the plane through the straight 
lines AB, CD. 

Therefore EE is at right angles to the plane through 
AB, CD. 

Therefore etc. 
Q. E . D . 

The steps to be successively proved in order to establish this proposition 
by Euclid's method are 
(1) triangles AED, BEC equal in all respects, [by 1. 4] 
(2) triangles AEG, BEH equal in all respects, [by 1. 26] 
so that AG is equal to BH, and GE to EH, 
(3) triangles AEF, BEE equal in all respects, [1. 4] 
so that AE\s equal to BE, 
(4) likewise triangles CEE, DEE, 
so that CE is equal to DE, 
(5) triangles FAD, FBC equal in all respects, [1. 8] 
so that the angles FAG, FBH axe. equal, 
(6) triangles FAG, FBH equal in all respects, [by (2), (3), (5) and I. 4] 
so that FG is equal to FH, 
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(7) triangles FEG, FEH equal in all respects, [by (2), (6) and I. 8] 
so that the angles EEG, FEH axe equal, 
and therefore EE is at right angles to GH. 

In consequence of the length of the above proof others have been 
suggested, and the proof which now finds most general acceptance is that of 
Cauchy, which is as follows. 

Let AB be perpendicular to two straight lines BC, BD in the plane MN 
at their point of intersection B. 

In the plane MNfaaw BE, any straight line 
through B. 

Join CD, and let CD meet BE in E. 
Produce AB to F so that BF is equal to AB. 
Join AC, AE, AD, CF, EF, DF. 
Since BC is perpendicular to AF at its 

middle point B, 
AC is equal to CF. 

Similarly AD is equal to DF. 
Since in the triangles A CD, FCD the two 

sides AC, CD are respectively equal to the two 
sides EC, CD, and the third sides AD, FD are 
also equal, 

the angles A CD, FCD are equal. [1. 8] 
The triangles ACE, FCE thus have two sides and the included angle 

equal, whence 
EA is equal to EF. [1. 4] 

The triangles ABE, FBE have now all their sides equal respectively; 
therefore the angles ABE, FBE are equal, [1. 8] 

and AB is perpendicular to BE. 
And BE is in any straight line through B in the plane MN. 

Legendre's proof is not so easy, but it is interesting. We are first required 
to draw through any point £ within the angle 
CBD a straight line CD bisected at E. 

T o do this we draw EK parallel to DB 
meeting BC in K, and then mark off KC equal 
to BK. 

CE is then joined and produced to D; and 
CD is the straight line required. 

Now, joining AC, AE, AD in the figure 
above, we have, since CD is bisected at E, 
(1) in the triangle A CD, 

AC + AD1 = 2AE1 + 2 ED2, 
and also (2) in the triangle BCD, 

BC' + BD2 = 2BE2 + 2ED2. 
Subtracting, and remembering that the triangles ABC, ABD are right-

angled, so that 
AC2-BC2 = AB2, 

and AD" - BD2 = AB2, 
we have 2AB2 = 2AE2 - 2BE2, 
or AE2 = AB2 + BE2, 
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whence [1. 48] the angle ABE is a right angle, and AB is perpendicular 
to BE. 

It follows of course from this proposition that the perpendicular AB is the 
shortest distance from A to the plane MN. 

And it can readily be proved that, 
If from a point without a plane oblique straight lines be drawn to the plane, 

(1) those meeting the plane at equal distances from the foot of the perpendicular 
are equal, and 
(2) of two straight lines meeting the plane at unequal distances from the foot of 
the perpendicular, the more remote is the greater. 

Lastly, it is easily seen that 
From a point outside a plane only one perpendicular can be drawn to that 

plane. 
For, if possible, let there be two perpendiculars. Then a plane can be 

drawn through them, and this will cut the original plane in a straight line. 
This straight line and the two perpendiculars will form a plane triangle 

which has two right angles: which is impossible. 

P R O P O S I T I O N 5. 

If a straight line be set up at right angles to three straight 
lines which meet one another, at their common point of section, 
the three straight lines are in one plane. 

For let a straight line AB be set up at right angles to the 
three straight lines BC, BD, BE, at 
their point of meeting at B; 
I say that BC, BD, BE are in one plane. 

For suppose they are not, but, if 
possible, let BD, BE be in the plane of 
reference and BC in one more elevated ; 
let the plane through AB, BC be 
produced; 

it will thus make, as common section in the plane of reference, 
a straight line. [xi . 3] 

Let it make BE. 
Therefore the three straight lines AB, BC, BE are in one 

plane, namely that drawn through AB, BC. 

Now, since AB is at right angles to each of the straight 
lines BD, BE, 
therefore AB is also at right angles to the plane through 
BD, BE. [xi. 4] 

A 

/ t 
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But the plane through BD, BE is the plane of reference ; 
therefore AB is at right angles to the plane of reference. 

Thus AB will also make right angles with all the straight 
lines which meet it and are in the plane of reference. 

[xi . Def. 3] 
But BE which is in the plane of reference meets it; 

therefore the angle ABE"is right. 

But, by hypothesis, the angle ABC is also right; 
therefore the angle ABE is equal to the angle ABC. 

And they are in one plane : 
which is impossible. 

Therefore the straight line BC is not in a more elevated 
plane ; 
therefore the three straight lines BC, BD, BE are in one 
plane. 

Therefore, if a straight line be set up at right angles to 
three straight lines, at their point of meeting, the three straight 
lines are in one plane. Q . E. D. 

It follows that, / / a right angle be turned about one of the straight lines 
containing it the other will describe a plane. 

At any point in a straight line it is possible to draw only one plane which 
is at right angles to the straight line. 

One such plane can be found by taking any two planes through the given 
straight line, drawing perpendiculars to the straight 
line in the respective planes, e.g. BO, CO in the A 
planes A OB, AOC, each perpendicular to AO, 
and then drawing a plane (BOC) through the 
perpendiculars. 

If there were another plane through O per- /^^O 
pendicular to A O, it must meet the plane through 
AO and some perpendicular to it as OC in a 
straight line OC different from OC. 

Then, by x i . 4, AOC is a right angle, and in 
the same plane with the right angle AOC: which is impossible. 

Next, one plane and only one can be drawn through a point outside a straight 
line at right angles to that line. 

Let P be the given point, AB the given straight 
line. 

In the plane through P and AB, draw PO per
pendicular to AB, and through O draw another straight 
line OQ at right angles to AB. 

Then the plane through OP, OQ is perpendicular 
to AB. 

If there were another plane through P perpendicular 
to AB, either 



x i . s, 6] P R O P O S I T I O N S 5, 6 283 

(1) it would intersect AB at O but not pass through OQ, or 
(2) it would intersect AB at a point different from O. 

In either case, an absurdity would result. 

P R O P O S I T I O N 6 . 

If two straight lines be at right angles to the same plane, 
the straight lines will be parallel. 

For let the two straight lines AB, CD be at right angles 
to the plane of reference ; 
I say that AB is parallel to CD. 

For let them meet the plane of 
reference at the points B, D, 
let the straight line BD be joined, 
let DE be drawn, in the plane of 
reference, at right angles to BD, 
let DE be made equal to AB, 
and let BE, AE, AD be joined. 

Now, since A Bis at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. [xi . Def. 3] 

But each of the straight lines BD, BE is in the plane of 
reference and meets A B ; 
therefore each of the angles ABD, ABE is right. 

For the same reason 
each of the angles CDB, CDE is also right. 

And, since AB is equal to DE, 
and BD is common, 
the two sides AB, BD are equal to the two sides ED, DB; 
and they include right angles ; 
therefore the base AD is equal to the base BE. [«i 4] 

And, since AB is equal to DE, 
while AD is also equal to BE, 
the two sides AB, BE are equal to the two sides ED, DA ; 
and AE is their common base ; 
therefore the angle ABE is equal to the angle EDA. [1. 8] 
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But the angle ABE is right; 
therefore the angle EDA is also right; 
therefore ED is at right angles to DA. 

But it is also at right angles to each of the straight lines 
BD, DC; 
therefore ED is set up at right angles to the three straight 
lines BD, DA, DC at their point of meeting ; 
therefore the three straight lines BD, DA, DC are in one 
plane. [xi. 5] 

But, in whatever plane DB, DA are, in that plane is AB 
also, 
for every triangle is in one plane ; [xi . 2] 
therefore the straight lines AB, BD, DC are in one plane. 

And each of the angles A BD, BDC is right; 
therefore AB is parallel to CD. [1. 28] 

Therefore etc. Q. E . D. 

If anyone wishes to convince himself of the real necessity for some 
general agreement as to the order in which propositions in elementary 
geometry should be taken, let him contemplate the hopeless result of too 
much independence on the part of editors in the matter of this proposition 
and its converse, XI. 8. 

Legendre adopts a different, and elegant, method of proof; but he applies 
it to xi . 8, which he gives first, and then deduces XI. 6 from it by reductio ad 
absurdum. Dr Mehler uses Legendre's method of proof but applies it to 
xi. 6, and then gives XI. 8 as a deduction from it. Lardner follows Legendre. 
Holgate, the editor of a recent American book, gives Euclid's proof of XL 6 
and deduces XI. 8 by reductio ad absurdum. His countrymen, Schultze and 
Sevenoak, give XI. 8 first, but put it after, and deduce it from, Eucl. XI. 1 0 ; 
they then give XI. 6, practically as a deduction from XI. 8 by reductio ad 
absurdum, after a proposition corresponding to Eucl. xi . 11 and 12, and a 
corollary to the effect that through a given point one and only one perpen
dicular can be drawn to a given plane. 

We will now give the proof of XI. 6 by Legendre's method (adopted by 
Smith and Bryant as well as by Mehler). 

Let AB, CD be both perpendicular to the 
same plane MN. 

Join BD. 
Now, since BD meets AB, CD, both of 

which are perpendicular to the plane MN in 
which BD is, 
the angles ABD, CDB are right angles. 

AB, CD will therefore be parallel provided 
that they are in the same plane. 

Through D draw EDF, in the plane MN, 
at right angles to BD, and make ED equal to DF. 
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Join BE, BE, AE, AD, AE. 
Then the triangles BDE, BDF are equal in all respects (by i. 4), so that 

BE is equal to BE. 
It follows, since the angles ABE, ABE axe right, that the triangles ABE, 

ABE axe equal in all respects, and 
AE is equal to AE. 

[Mehler now argues elegantly thus. If CE, CE be also joined, it is clear 
that 

CE is equal to CF. 
Hence each of the four points A, B, C, D is equidistant from the two 

points E, F. 
Therefore the points A, B, C, D are in one plane, so that AB, CD are 

parallel. 
If, however, we do not use the locus of points equidistant from two fixed 

points, we proceed as follows.] 
The triangles AED, AFD have their sides equal respectively; 

hence [1. 8] the angles ADE, ADFaxe equal, 
so that ED is at right angles to AD. 

Thus ED is at right angles to BD, AD, CD; 
therefore CD is in the plane through AD, BD. [xi. 5] 

But AB is in that same plane; [x i . 2] 
therefore AB, CD are in the same plane. 

And the angles ABD, CDB are r ight; 
therefore AB, CD are parallel. 

P R O P O S I T I O N 7. 

If two straight lines be parallel and points be taken at 
random on each of them, the straight line joining the points is 
in the same plane with the parallel straight lines. 

Let AB, CD be two parallel straight lines, 
and let points E, F be taken at random 
on them respectively ; E 

I say that the straight line joining the A 

points E, F is in the same plane with 
the parallel straight lines. 

For suppose it is not, but, if possible, c 
let it be in a more elevated plane as 
EGF, 

and let a plane be drawn through EGF; 

it will then make, as section in the plane of reference, a 
straight line. [xi. 3] 



Let it make it, as EF; 
therefore the two straight lines EGF, EF will enclose an 
area : 
which is impossible. 

Therefore the straight line joined from E to F is not in a 
plane more elevated ; 
therefore the straight line joined from E to F is in the plane 
through the parallel straight lines AB, CD. 

Therefore etc. 
n » n w . I 1.. D. 

It is true that this proposition, in the form in which Euclid enunciates it, 
is hardly necessary if the plane is defined as a surface such that, if any two 
points be taken in it, the straight line joining them lies wholly in the surface. 
But Euclid did not give this definition; and, moreover, Prop. 2 would be 
usefully supplemented by a proposition which should prove that two parallel 
straight lines determine a plane (i.e. one plane and one only) which also 
contains all the straight lines which join a point on one of the parallels to a point 
on the other. That there cannot be two planes through a pair of parallels 
would be proved in the same way as we prove that two or three intersecting 
straight lines cannot be in two different planes, inasmuch as each transversal 
lying in one of the two supposed planes through the parallels would lie wholly 
in the other also, so that the two supposed planes must coincide throughout 
(cf. note on Prop. 2 above). 

But, whatever be' the value of the proposition as it is, Simson seems to 
have spoilt it completely. He leaves out the construction of a plane through 
EGF, which, as Euclid says, must cut the plane containing the parallels in 
a straight l ine; and, instead, he says, " I n the plane ABCD in which the 
parallels are draw the straight line EHF from E to F." Now, although we 
can easily draw a straight line from E to F, to claim that we can draw it in 
the plane in which the parallels are is surely to assume the very result which is 
to be proved. All that we could properly say is that the straight line joining 
E to F is in some plane which contains the parallels; we do not know that 
there is no more than one such plane, or that the parallels determine a plane 
uniquely, without some such argument as that which Euclid gives. 

Nor can I subscribe to the remarks in Simson's note on the proposition. 
He says (1) " T h i s proposition has been put into this book by some unskilful 
editor, as is evident from this, that straight lines which are drawn from one 
point to another in a plane are, in the preceding books, supposed to be in that 
plane; and if they were not, some demonstrations in which one straight line 
is supposed to meet another would not be conclusive. For instance, in 
Prop. 30, Book 1, the straight line GK would not meet EF, if GK were not in 
the plane in which are the parallels AB, CD, and in which, by hypothesis, the 
straight line EF is." But the subject-matter of Book 1. and Book xi . is quite 
different; in Book 1. everything is in one plane, and when Euclid, in defining 
parallels, says they are straight lines in the same plane etc., he only does so 
because he must, in order to exclude non-intersecting straight lines which are 
not parallel. Thus in 1. 30 there is nothing wrong in assuming that there may 
be three parallels in one plane, and that the straight line GHK cuts all three. 
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But in Book xi . it becomes a question whether there can be more than one 
plane through parallel straight lines. 

Simson goes on to say (2) " Besides, this 7th Proposition is demonstrated 
by the preceding 3rd; in which the very same thing which is proposed to be 
demonstrated in the 7th is twice assumed, viz., that the straight line drawn 
from one point to another in a plane is in that plane." But there is nothing 
in Prop. 3 about a plane in which two parallel straight lines are; therefore 
there is no assumption of the result of Prop. 7. What is assumed is that, 
given two points in a plane, they can be joined by a straight line in the plane : 
a legitimate assumption. 

Lastly, says Simson, " A n d the same thing is assumed in the preceding 
6th Prop, in which the straight line which joins the points B, D that are in 
the plane to which AB and CD are at right angles is supposed to be in that 
plane." Here again there is no question of a plane in which Into parallels are; 
so that the criticism here, as with reference to Prop. 3, appears to rest on a 
misapprehension. 

P R O P O S I T I O N 8 . 

If two straight lines be parallel, and one of them be at 
right angles to any plane, the remaining one will also be at 
right angles to the same plane. 

Let AB, CD be two parallel straight lines, 
and let one of them, AB, be at right 
angles to the plane of reference ; 
I say that the remaining one, CD, will 
also be at right angles to the same 
plane. 

For let AB, CD meet the plane of 
reference at the points B, D, 
and let BD be joined ; 
therefore AB, CD, BD are in one plane. [xi. 7] 

Let DE be drawn, in the plane of reference, at right angles 
to BD, 

let DE be made equal to AB, 

and let BE, AE, AD be joined. 

Now, since AB is at right angles to the plane of reference, 
therefore AB is also at right angles to all the straight lines 
which meet it and are in the plane of reference ; [ x i . Def. 3] 
therefore each of the angles ABD, ABE is right. 

And, since the straight line BD has fallen on the parallels 
AB, CD, 
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therefore the angles ABD, CDB are equal to two right 
angles. [i. 29] 

But the. angle ABD is right; 
therefore the angle CDB is also right; 
therefore CD is at right angles to BD. 

And, since AB is equal to DE, 
and BD is common, 
the two sides AB, BD are equal to the two sides ED, DB; 
and the angle ABD is equal to the angle EDB, 
for each is right; 
therefore the base AD is equal to the base BE. 

And, since AB is equal to DE, 
and BE to AD, 
the two sides AB, BE are equal to the two sides ED, DA 
respectively, 
and AE is their common base ; 
therefore the angle ABE is equal to the angle EDA. 

But the angle ABE is right; 
therefore the angle EDA is also right; 
therefore ED is at right angles to AD. 

But it is also at right angles to DB ; 
therefore ED is also at right angles to the plane through 
BD, DA. [xi. 4] 

Therefore ED will also make right angles with all the 
straight lines which meet it and are in the plane through 
BD, DA. 

But DC is in the plane through BD, DA, inasmuch as 
AB, BD are in the plane through BD, DA, [xi. 2] 
and DC is also in the plane in which AB, BD are. 

Therefore ED is at right angles to DC, 
so that CD is also at right angles to DE. 

But CD is also at right angles to BD. 
Therefore CD is set up at right angles to the two straight 

lines DE, DB which cut one another, from the point of section 
at D; 
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so that CD is also at right angles to the plane through 
DE, DB. [xi. 4] 

But the plane through DE, DB is the plane of reference; 

therefore CD is at right angles to the plane of reference. 

Therefore etc. 
Q. E. D . 

Simson objects to the words which explain why DC is in the plane through 
BD, DA, viz. "inasmuch as AB, BD are in the plane through BD, DA, and 
DC is also in the plane in which AB, BD are," as being too roundabout. 
He concludes that they are corrupt or interpolated, and that we ought only to 
have the words " because all three are in the plane in which are the parallels 
AB, CD" (by Prop. 7 preceding). But I think Euclid's words can be 
defended. Prop. 7 says nothing of a plane determined by two transversals as 
BD, DA are. Hence it is natural to say that DC is in the same plane in 
which AB, BD are [Prop. 7], and AB, BD are in the same plane as BD, 
DA [Prop. 2], so that DC is in the plane through BD, DA. 

Legendre s alternative proof is split by him into two propositions. 
(1) Let A B be a perpendicular to the plane M N and E F a line situated in that 
plane ; if from B, the foot of the perpendicular, B D be drawn perpendicular to 
EF, and A D be joined, I say that A D will be perpendicular to EF . 
(2) If A B is perpendicular to the plane M N , every straight line C D parallel to 
A B will be perpendicular to the same plane. 

T o prove both propositions together we suppose CD given, join BD, 
and draw EF perpendicular to BD in the 
plane MN. 
(1) As before, we make DE equal to DF and 
join BE, BF, AE, AF. 

Then, since the angles BDE, BDF are 
right, and DE, DF equal, 

BE is equal to BF. [1. 4] 
And, since AB is perpendicular to the 

plane, 
the angles ABE, ABE axe. both right. 

Therefore, in the triangles ABE, ABE, 
AE is equal to AF. [1. 4] 

Lastly, in the triangles ADE, ADF, since AE is equal to AF, and DE 
to DF, while AD is common, 

the angle ADE is equal to the angle ADF, [1. 8] 
so that AD is perpendicular to EF. 
(2) ED being thus perpendicular to DA, and also (by construction) 
perpendicular to DB, 

ED is perpendicular to the plane ADB. [xi . 4] 
But CD, being parallel to AB, is in the plane ABD; 

therefore ED is perpendicular to CD. [xi. Def. 3] 
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Also, since AB, CD are parallel, 
and ABD is a right angle, 
CDB is also a right angle. 

Thus CD is perpendicular to both DE and DB, and therefore to the 
plane MN through DE, DB. 

P R O P O S I T I O N 9. 

Straight lines which are parallel to the same straight line 
and are not in the same plane with it are also parallel to one 
another. 

For let each of the straight lines AB, CD be parallel to 
EF, not being in the same plane 
with it; B H A 
I say that AB is parallel to CD. 

For let a point G be taken at F E 

random on EF, 
and from it let there be drawn 
GH, in the plane through EF, 
AB, at right angles to EF, and GK in the plane through 
EE, CD again at right angles to EF. 

Now, since EF is at right angles to each of the straight 
lines GH, GK, 
therefore EF is also at right angles to the plane through 
GH, GK. [xi . 4] 

And EF is parallel to AB; 
therefore AB is also at right angles to the plane through 
HG, GK. [xi . 8] 

For the same reason 
CD is also at right angles to the plane through HG, GK; 
therefore each of the straight lines AB, CD is at right angles 
to the plane through HG,. GK. 

But, if two straight lines be at right angles to the same 
plane, the straight lines are parallel; [xi. 6] 
therefore AB is parallel to CD. 
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P R O P O S I T I O N 10. 

If two straight lines meeting one another be parallel to 
two straight lines meeting one another not in the same plane, 
they will contain equal angles. 

For let the two straight lines AB, BC meeting one 
another be parallel to the two straight lines DE, EF meeting 
one another, not in the same plane ; 
I say that the angle ABC is equal to the angle DEF. 

For let BA, BC, ED, EF be cut off equal to one another, 
and let AD, CF, BE, AC, DF be joined. 

Now, since BA is equal and parallel to ED, 
therefore AD is also equal and parallel to BE. [1. 33] 

For the same reason 
CF is also equal and parallel to BE. 

Therefore each of the straight lines AD, CF is equal and 
parallel to BE. 

But straight lines which are parallel to the same straight 
line and are not in the same plane with it are parallel to one 
another; [»• 9] 
therefore AD is parallel and equal to CF. 

And AC, DF')6\x\ them ; 
therefore AC is also equal and,parallel to DF. [1. 33] 

Now, since the two sides AB, BC are equal to the two 
sides DE, EF, 
and the base AC is equal to the base DF, 
therefore the angle ABC is equal to the angle DEF. [1. 8] 

Therefore etc. 
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The result of this proposition does not appear to be quoted in Euclid until 
x u . 3 ; but Euclid no doubt inserted it here advisedly, because it has the 
effect of incidentally proving that the "inclination of two planes to one 
another," as denned in XI. Def. 6, is one and the same angle at whatever 
point of the common section the plane angle measuring it is drawn. 

P R O P O S I T I O N I I . 

From a given elevated point to draw a straight line perpen
dicular to a given plane. 

Let A be the given elevated point, and the plane of 
reference the given plane; 
thus it is required to draw from the 
point A a straight line perpendicular to 
the plane of reference. 

Let any straight line BC be drawn, 
at random, in the plane of reference, 
and let AD be drawn from the p o i n t s 
perpendicular to BC. [i. 12] 

If then AD is also perpendicular to 
the plane of reference, that which was 
enjoined will have been done. 

But, if not, let DE be drawn from the point D at right 
angles to BC and in the plane of reference, [1. 1 1 ] 
let AF be drawn from A perpendicular to DE, [1. 12] 
and let GH be drawn through the point F parallel to BC. 

['• 3 1 ] 

Now, since BC is at right angles to each of the straight 
lines DA, DE, 
therefore BC is also at right angles to the plane through 
ED, DA. [xi . 4 ] 

And GH is parallel to it; 
but, if two straight lines be parallel, and one of them be at 
right angles to any plane, the remaining one will also be at 
right angles to the same plane ; [xi. 8] 
therefore GH is also at right angles to the plane through 
ED, DA. 
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Therefore GH is also at right angles to all the straight 
lines which meet it and are in the plane through ED, DA. 

[xi . Def. 3] 
But AF meets it and is in the plane through ED, DA ; 

therefore GH is at right angles to FA, 

so that FA is also at right angles to GH. 
But AFis also at right angles to DE; 

therefore AF is at right angles to each of the straight lines 
GH, DE. 

But, if a straight line be set up at right angles to two 
straight lines which cut one another, at the point of section, 
it will also be at right angles to the plane through them ; [xi. 4] 
therefore FA is at right angles to the plane through ED, GH. 

But the plane through ED, GH is the plane of reference ; 

therefore AFis at right angles to the plane of reference. 

Therefore from the given elevated point A the straight 
line AF has been drawn perpendicular to the plane of 
reference. 

Q. E. F. 

The text-books differ in the form which they give to this proposition rather 
than in substance. They commonly assume the construction of a plane 
through the point A at right angles to any straight line BC in the given plane 
(the construction being effected in the manner shown at the end of the note 
on x i . 5 above). The advantage of this method is that it enables a 
perpendicular to be drawn from a point in the plane also, by the same 
construction. (Where the letters for the two figures differ, those referring to 
the second figure are put in brackets.) 
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We can include the construction of the plane through A perpendicular to 

BC, and make the whole into one proposition, thus. 
BC being any straight line in the given plane MN, draw AD perpendicu

lar to BC. 
In any plane passing through BC but not through A draw DE at right 

angles to BC. 
Through DA, DE draw a plane; this will intersect the given plane MN 

in a straight line, as FD (AD). 
In the plane AG draw AHperpendicular to FG (AD). 
Then AH is the perpendicular required. 



In the plane MN, through H in the first figure and A in the second, draw 
KL parallel to BC. 

Now, since BC is perpendicular to both DA and DE, BC is perpendicular 
to the plane AG. [xi. 4] 

Therefore KL, being parallel to BC, is also perpendicular to the plane 
AG [xi . .8], and therefore to AH which meets it and is in that plane. 

Therefore AH is perpendicular to both FD (AD) and KL at their point 
of intersection. 

Therefore AH is perpendicular to the plane MN. 

Thus we have solved the problem in XL 12 as well as that in XI. 11 ; and 
this direct method of drawing a perpendicular to a plane from a point in it is 
obviously preferable to Euclid's method by which the construction of a 
perpendicular to a plane from a point without it is assumed, and a line is 
merely drawn from a point in the plane parallel to the perpendicular obtained 
in xi . 1 1 . 

P R O P O S I T I O N I 2. 

plane To set up a straight line at right angles to a given 
from a given point in it. 

Let the plane of reference be the given plane, 

and A the point in it; 

thus it is required to set up from the point 
A a straight line at right angles to the 
plane of reference. 

Let any elevated point B be conceived, 

from B let BC be drawn perpendicular to 
the plane of reference, [xi . n] 

and through the point A let AD be drawn 
parallel to BC. [1. 31] 

Then, since AD, CB are two parallel straight lines, 
while one of them, BC, is at right angles to the plane of 
reference, 

therefore the remaining one, AD, is also at right angles to 
the plane of reference. [xi. 8] 

Therefore AD has been set up at right angles to the given 
plane from the point A in i t 
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P R O P O S I T I O N 13. 

From the same point two straight lines cannot be set up at 
right angles to the same plane on the same side. 

For, if possible, from the same point A let the two straight 
lines AB, AC be set up at right 
angles to the plane of reference and on 
the same side, 

and let a plane be drawn through BA, 
AC; 

it will then make, as section through A 
in the plane of reference, a straight line. 

[xi- 3] 

Let it make DAE; 
therefore the stfaight lines AB, AC, DAE are in one plane. 

And, since CA is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. [xi. Def. 3] 

But DAE meets it and is in the plane of reference ; 

therefore the angle CAE is right. 

t or the same reason 

the angle BAE is also right; 

therefore the angle CAE is equal to the angle BAE. 

And they are in one plane : 

which is impossible. 

Therefore etc. 
Q. E . D . 

Simson added words to this as follows: 
" Also, from a point above a plane there can be but one perpendicular to 

that plane; for, if there could be two, they would be parallel to one another 
[xi . 6], which is absurd." 

Euclid does not give this result, but we have already had it in the note 
above to xi . 4 (adfin.). 
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Planes to which the same straight line is at right angles 
will be parallel. 

For let any straight line AB be at right angles to each of 
the planes CD, EF; 

I say that the planes are 
parallel. / 

For, if not, they will meet r 

when produced. r 
Let them meet; j _ 

they will then make, as 
common section, a straight line. [xi. 3] 

Let them make GH; 

let a point K be taken at random on GH, 

and let AK, BK be joined. 

Now, since AB is at right angles to the plane EF, 

therefore AB is also at right angles to BK which is a straight 
line in the plane EF produced ; [xi. Def. 3] 

therefore the angle ABK is right. 

For the same reason 

the angle BAK'xs also right. 

Thus, in the triangle ABK, the two angles ABK, BAK 
are equal to two right angles : 

which is impossible. [1. 17] 

Therefore the planes CD, EF will not meet when 
produced ; 

therefore the planes CD, EF are parallel. [xi Def. 8] 

Therefore planes to which the same straight line is at right 
angles are parallel. 

Q . E . D. 
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P R O P O S I T I O N 15. 

If two straight lines meeting one another be parallel to two 
straight lines meeting one another, not being in the same plane, 
the planes through them are parallel. 

For let the two straight lines AB, BC meeting one another 
be parallel to the two straight lines 
DE, EF meeting one another, not 
being in the same plane ; 
I say that the planes produced 
through AB, BC and DE, EFwW 
not meet one another. 

For let BG be drawn from the 
point B perpendicular to the plane 
through DE, EF[xi. n], and let it 
meet the plane at the point G; 
through G let GH be drawn 
parallel to ED, and GK parallel to EF. [1. 31] 

Now, since BG is at right angles to the plane through 
DE, EF, 
therefore it will also make right angles with all the straight 
lines which meet it and are in the plane through DE, EF. 

[xi. Def. 3] 
But each of the straight lines GH, GK meets it and is in 

the plane through DE, EF; 
therefore each of the angles BGH, BGK is right. 

And, since BA is parallel to GH, [xi . 9] 
therefore the angles GBA, BGH are equal to two right angles. 

[1. 29] 
But the angle BGH is right; 

therefore the angle GBA is also right; 
therefore GB is at right angles to BA. 

For the same reason 
GB is also at right angles to BC. 

Since then the straight line GB is set up at right angles 
to the two straight lines BA, BC which cut one another, 
therefore GB is also at right angles to the plane through 
BA, BC. [x i . 4 ] 
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But planes to which the same straight line is at right 
angles are parallel; [xi. 14] 

therefore the plane through AB, BC is parallel to the plane 
through DE, EE. 

Therefore, if two straight lines meeting one another be 
parallel to two straight lines meeting one another, not in the 
same plane, the planes through them are parallel. 

Q. E . D . 

This result is arrived at in the American text-books already quoted by 
starting from the relation between a plane and a straight line parallel to it. 
The series of propositions is worth giving. A straight line and a plane being 
parallel if they do not meet however far they may be produced, we have the 
following propositions. 

1. Any plane containing one, and only one, of two parallel straight lines is 
parallel to the other. 

For suppose AS, CD to be parallel and CD to lie in the plane MN. 
Then AB, CD determine a plane intersecting MN in the straight line CD 
Thus, if AB meets MN, it must meet 

it at some point in CD. 
But this is impossible, since AB is 

parallel to CD. 
Therefore AB will not meet the plane 

MN, and is therefore parallel to it. 
[This proposition and the proof are in 

Legendre.] 
The following theorems follow as corollaries. 

2. Through a given straight line a plane can be drawn parallel to any other 
given straight line; and, if the lines are not parallel, only one such plane can be 
drawn. 

We have simply to draw through any point on the first line a straight line 
parallel to the second line and then pass a plane through these two intersecting 
lines. This plane is then, by the above proposition, parallel to the second 
given straight line. 

3. Through a given point a plane can be drawn parallel to any two straight 
lines in space; and, if the latter are not parallel, only one such plane can be 
drawn. 

Here we draw through the point straight lines parallel respectively to the 
given straight lines and then draw a plane through the lines so drawn. 

Next we have the partial converse of the first proposition above. 
4. If a straight line is parallel to a plane, it is also parallel to the inter

section of any plane through it with the given plane. 
Let AB be parallel to the plane MN, and let 

any plane through AB intersect MN'm CD. 
Now AB and CD cannot meet, because, if 

they did, AB would meet the plane MN. 
And AB, CD are in one plane. 
Therefore AB, CD are parallel. 
From this follows as a corollary: 
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5. If each of two intersecting straight lines is parallel to a given plane, 
the plane containing them is parallel to the given 
plane. 

Let AB, AC be parallel to the plane 
MN. 

Then, if the plane ABC were to meet the 
plane MN, the intersection would be parallel 
both to AB and to AC: which is impossible. 

Lastly, we have Euclid's proposition. 

6. If two straight lines forming an angle are respectively parallel to livo 
other straight lines forming an angle, the plane of 
the first angle is parallel to the plane of the second. 

Let ABC, DEF be the angles formed by 
straight lines parallel to one another respectively. 

Then, since AB is parallel to DE, 
the plane of DEF is parallel to AB [(1) above]. 

Similarly the plane of DEF is parallel to 
BC. 

Hence the plane of DEF is parallel to the 
plane of ABC [(5)]. 

Legendre arrives at the result by yet another method. He first proves 
Eucl. x i . 16 to the effect that, if two parallel planes are cut by a third, the lines 
of intersection are parallel, and then deduces from this that, if two parallel 
straight lines are terminated by two parallel planes, the straight lines are equal 
in length. 

(The latter inference is obvious because the plane through the parallels 
cuts the parallel planes in parallel lines; which 
therefore, with the given parallel lines, form a 
parallelogram.) 

Legendre is now in a position to prove 
Euclid's proposition Xi. 15. 

If ABC, DEF be the angles, make AB 
equal to DE, and BC equal to EF, and join 
CA, FD, BE, CF, AD. 

Then, as in Eucl. x i . 10, the triangles 
ABC, DEF axe equal in all respects; 

and AD, BE, CFaxe all equal. 
It is now proved that the planes are 

parallel by reductio ad absurdum from the 
last preceding result. For, if the plane ABC 
is not parallel to the plane DEF, let the plane drawn through B parallel to the 
plane DEF meet CF, AD in H, G respectively. 

Then, by the last result BE, HF, GD will all be equal. 
But BE, CF, AD are all equal .-

which is impossible. 
Therefore etc. 
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For, if not, EF, GH will, when produced, meet either in 
the direction of F, H or of E, G. 

Let them be produced, as in the direction of F, H, and 
let them, first, meet at K. 

Now, since EFK is in the plane AB, 
therefore all the points on EFK are also in the plane AB. 

[XI. !] 

But K is one of the points on the straight line EFK; 
therefore K is in the plane AB. 

For the same reason 
K is also irt the plane CD ; 
therefore the planes AB, CD will meet when produced. 

But they do not meet, because they are, by hypothesis, 
parallel; 
therefore the straight lines EF, GH will not meet when 
produced in the direction of F, H. 

Similarly we can prove that neither will the straight lines 
EF, GH meet when produced in the direction of E, G. 

But straight lines which do not meet in either direction 
are parallel. [i. Def. 23] 

Therefore EF is parallel to GH. 
Therefore etc. Q. E . D. 

P R O P O S I T I O N 16. 

If two parallel planes be cut by any plane, their common 
sections are parallel. 

For let the two parallel planes AB, CD be cut by the 
plane EFGH, 
and let EF, GH be their common sections ; 
I say that EF is parallel to GH. 



Simson points out that, in here quoting 1. Oef. 23, Euclid should have 
said " But straight lines in one plane which do not meet in either direction are 
parallel." 

From this proposition is deduced the converse of x i . 14. 
If a straight line is perpendicular to one of two parallel planes, it is 

perpendicular to the other also. 
For suppose that MN, PQ are two parallel planes, and that AB is perpen

dicular to MN. 
Through AB draw any plane, and let it intersect 

the planes MN, PQ in A C, BD respectively. 
Therefore AC, BD are parallel. [xi . 16] 
But A C is perpendicular to AB; 

therefore AB is also perpendicular to BD. 
That is, AB is perpendicular to any line in PQ 

passing through B; 
therefore AB is perpendicular to PQ. 

It follows as a corollary that 
Through a given point one plane, and only one, can be draicn parallel to a 

given plane. 
In the above figure let A be the given point and PQ the given plane. 
Draw AB perpendicular to PQ. 
Through A draw a plane MN at right angles to AB (see note on x i . 5 

above). 
Then MN is parallel to PQ. [xi . 14] 
If there could pass through A a second plane parallel to PQ, AB would 

also be perpendicular to it. 
That is, AB would be perpendicular to two different planes through A : 

which is impossible (see the same note). 
Also it is readily proved that, 
If two planes are parallel to a third plane, they are parallel to one another. 

PROPOSITION 1 7 . 

If two straight lines be cut by parallel planes, they will be 
cut in the same ratios. 

For let the two straight 
lines AB, CD be cut by the 
parallel planes GH, KL, MN 
at the points A, E, B and C, 
F,D; 
I say that, as the straight line 
AE is to EB, so is C^to ED. 

For let AC, BD, AD be 
joined, 
let AD meet the plane KL 
at the point O, 
and let EO, OF be joined. 



Now, since the two parallel planes KL, MN are cut by 
the plane EBDO, 
their common sections EO, BD are parallel. [xi. 16] 

For the same reason, since the two parallel planes GH, 
KL are cut by the plane A OFC, 
their common sections AC, OF are parallel. [id.} 

And, since the straight line EO has been drawn parallel to 
BD, one of the sides of the triangle ABD, 
therefore, proportionally, as AE is to EB, so is AO to OD. 

[vi. 2] 

Again, since the straight line OF has been drawn parallel 
to AC, one of the sides of the triangle ADC, 
proportionally, as AO is to OD, so is CF to FD. [id.] 

But it was also proved that, as AO is to OD, so is AE 
to EB; 
therefore also, as AE is to EB, so is CF to FD. [v. 11] 

Therefore etc. 
Q. E. D. 

PROPOSITION 18 . 

If a straight line be at right angles to any plane, all the 
planes through it will also be at right angles to the same plane. 

For let any straight line AB be at right angles to the 
plane of reference; 
I say that all the planes through 
AB are also at right angles to the 
plane of reference. 

For let the plane DE be drawn 
through AB, 
let CE be the common section of 
the plane DE and the plane of 
reference, 
let a point F'be taken at random on CE, 
and from F let EG be drawn in the plane DE at right 
angles to CE. [1. n ] 

Now, since AB is at right angles to the plane of reference, 



AB is also at right angles to all the straight lines which meet 
it and are in the plane of reference; [xi . Def. 3] 
so that it is also at right angles to CE; 
therefore the angle ABE is right. 

But the angle GFB is also right ; 
therefore AB is parallel to EG. [1. 28] 

But AB is at right angles to the plane of reference; 
therefore EG is also at right angles to the plane of reference. 

[x i -8 ] 
Now a plane is at right angles to a plane, when the 

straight lines drawn, in one of the planes, at right angles to 
the common section of the planes are at right angles to the 
remaining plane. [xi . Def. 4] 

And EG, drawn in one of the planes DE at right angles 
to CE, the common section of the planes, was proved to be 
at right angles to the plane of reference ; 
therefore the plane DE is at right angles to the plane of 
reference. 

Similarly also it can be proved that all the planes through 
AB are at right angles to the plane of reference. 

Therefore etc. 
Q. E. D. 

Starting as Euclid does from the definition of perpendicular planes as 
planes such that all straight lines drawn in one of the planes at right angles to 
the common section are at right angles to the other plane, it is necessary for 
him to show that, if F be any point in CE, and FG be drawn in the plane 
DE at right angles to CE, FG will be perpendicular to the plane to which 
A Bis perpendicular. 

It is perhaps more scientific to make the definition, as Legendre makes it, 
a particular case of the definition of the inclination of planes. Perpendicular 
planes would thus be planes such that the angle which (when it is acute) 
Euclid calls the inclination of a plane to a plane is a right angle. When to this 
is added the fact incidentally proved in XI. 10 that the " inclination of a plane to 
a plane " is the same at whatever point in their common section it is drawn, it 
is sufficient to prove the perpendicularity of two planes if one straight line 
drawn, in one of them, perpendicular to their common section is perpendicular 
to the other. 

If this point of view is taken, Props. 18, 19 are much simplified (cf. 
Legendre, H . M. Taylor, Smith and Bryant, Rausenberger, Schultze and 
Sevenoak, Holgate). The alternative proof is as follows. 

Let AB be perpendicular to the plane MN, and CE any plane through 
AB, meeting the plane MN in the straight line CD. 

In the plane MN draw BFaX right angles to CD. 



Then ABF is the angle which Euclid calls (in the case where it is acute) 
the " inclination of the plane to the plane." 
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But, since AB is perpendicular to the plane MN, it is perpendicular to 
BFin it. 

Therefore the angle ABF is a right angle ; 
whence the plane CE is perpendicular to the plane MN 

PROPOSITION 1 9 . 

If two planes which cut one another be at right angles to 
any plane, their common section will also be at right angles to 
the same plane. 

For let the two planes AB, BC be at right angles to the 
plane of reference, 
and let BD be their common section ; 
I say that BD is at right angles to the 
plane of reference. 

For suppose it is not, and from the 
point D let DE be drawn in the plane 
AB at right angles to the straight line 
AD, and DE in the plane BC at right 
angles to CD. 

Now, since the plane AB is at right 
angles to the plane of reference, 
and DE has been drawn in the plane AB at right angles to 
AD, their common section, 
therefore DE is at right angles to the plane of reference. 

[xi . Def. 4] 



Similarly we can prove that 
DF is also at right angles to the plane of reference. 

Therefore from the same point D two straight lines have 
been set up at right angles to the plane of reference on the 
same side : 
which is impossible. [xi. 13] 

Therefore no straight line except the common section DB 
of the planes AB, BC can be set up from the point D at right 
angles to the plane of reference. 

Therefore etc. 
Q. K. D. 

Legendre, followed by other writers already quoted, uses a preliminary 
proposition equivalent to Euolid's definition of planes at right angles to one 
another. 

If two planes are perpendicular to one another, a straight line drawn in one 
of them perpendicular to their common section will be perpendicular to the other. 

Let the perpendicular planes CE, MN (figure of last note) intersect in 
CD, and let AB be drawn in CE perpendicular to CD. 

In the plane MN draw BE at right angles to CD. 
Then, since the planes are perpendicular, the angle ABE (their inclination) 

is a right angle. 
Therefore AB is perpendicular to both CD and BE, and therefore to the 

plane MN. 
We are now in a position to prove xi . 19, viz. If two planes be perpendicular 

to a third, their intersection is also perpen
dicular to that third plane. 

Let each of the two planes AC, AD 
intersecting in AB be perpendicular to the 
plane MN. 

Let A C, AD intersect MN in BC, BD 
respectively. 

In the plane MN draw BE at right 
angles to BC and BE at right angles to 
BD. 

Now, since the planes AC, MN axe at 
right angles, and BE is drawn in the latter perpendicular to BC, BE is 
perpendicular to the plane AC. 

Hence AB is perpendicular to BE. [xi . 4] 
Similarly AB is perpendicular to BE. 
Therefore AB is perpendicular to the plane through BE, BE, i.e. to the 

plane MN. 

An useful problem is that of drawing a common perpendicular to two 
straight lines not in one plane, and in connexion with this the following 
proposition may be given. 



M 

Given a plane and a straight line not perpendicular to it, one plane, and only 
one, can be drawn through the straight line perpen
dicular to the plane. 

Let AB be the given straight line, MN the 
given plane. 

From any point C in AB draw CD perpen
dicular to the plane MN. 

Through AB and CD draw a plane AE. 
Then the plane AE is perpendicular to the 

plane MN. [xi. 18] 
If any other plane could be drawn through 

AB perpendicular to MN, the intersection AB of 
the two planes perpendicular to MN would itself 
be perpendicular to MN: 
which contradicts the hypothesis. 

To draw a common perpendicular to two straight lines not in the same plane. 
Let AB, CD be the given straight lines. 
Through CD draw the plane MN parallel to AB (Prop. 2 in note 

to x i . 15). 
Through AB draw the plane AF perpendicular to the plane MN(see the 

last preceding proposition). 

A H K B 

[xi. 19] 

M 

Let the planes AF, MN intersect in EE, and let EF meet CD in G. 
Frorr. G, in the plane AF, draw GHzX. right angles to EF, meeting AB in H. 
GH is then the required perpendicular. 
For AB is parallel to EF (Prop. 4 in note to x i . 1 5 ) ; therefore GH, 

being perpendicular to EF, is also perpendicular to AB. 
But, the plane AF being perpendicular to the plane MN, and GH being 

perpendicular to EF, their intersection, 
GH is perpendicular to the plane MN, and therefore to CD. 
Therefore GH is perpendicular to both AB and CD. 

Only one common perpendicular can be drawn to two straight lines not in 
one plane. 

For, if possible, let KL also be perpendicular to both AB and CD. 
Let the plane through KL, AB meet the plane MN'in LQ. 
Then AB is parallel to LQ (Prop. 4 in note to x i . 15), so that KL, being 

perpendicular to AB, is also perpendicular to LQ. 
Therefore KL is perpendicular to both CL and LQ, and consequently to 

the plane MN. 
But, if KP be drawn in the plane AF perpendicular to EF, KP is also 

perpendicular to the plane MN. 



Thus there are two perpendiculars from the point K to the plane MN: 
which is impossible. 

Rausenberger's construction for the same problem is more elegant. Draw, 
he says, through each straight line a plane parallel 
to the other. Then draw through each straight line 
a plane perpendicular to the plane through the 
other. The two planes last drawn will intersect 
in a straight line, and this straight line is the 
common perpendicular required. 

CDF, 

The form of the construction best suited for 
examination purposes, because the most self-
contained, is doubtless that given by Smith and 
Bryant. 

Let AB, CD be the two given straight lines. 
Through any point E in CD draw EF parallel to AB. 
From any point G in AB draw GH perpendicular to the plane 

meeting the plane in H. 
Through H in the plane CDF draw 

HK parallel to EE or AB, to cut CD 
in K. 

Then, since AB, HK are parallel, 
AGHK is a plane. 

Complete the parallelogram GHKL. 
Now, since LK, GH are parallel, and 

GH is perpendicular to the plane CDF, 
LK is perpendicular to the plane 

CDF. 
Therefore LK is perpendicular to CD and KH, and therefore to AB which 

is parallel to KH. 

PROPOSITION 20. 

If a solid angle be contained by three plane angles, any two, 
taken together in any manner, are greater than the remaining 
one. 

For let the solid angle at A be contained by the three 
plane angles BAC, CAD, DAB; 
I say that any two of the angles 
BAC, CAD, DAB, taken to
gether in any manner, are greater 
than the remaining one. 

If now the angles BAC, CAD, 
DAB are equal to one another, 
it is manifest that any two are greater than the remaining one. 

But, if not, let BA C be greater, 
and on the straight line AB, and at the point A on it, let the 



angle BAE be constructed, in the plane through BA, AC, 
equal to the angle DAB ; 
let AE be made equal to AD, 
and let BEC, drawn across through the point E, cut the 
straight lines AB, AC at the points B, C; 
let DB, DC be joined. 

Now, since DA is equal to AE, 
and AB is common, 
two sides are equal to two sides ; 
and the angle DAB is equal to the angle BAE; 
therefore the base DB is equal to the base BE. [i. 4] 

And, since the two sides BD, DC are greater than BC, 
[1. 20] 

and of these DB was proved equal to BE, 
therefore the remainder DC is greater than the remainder EC. 

Now, since DA is equal to AE, 
and AC is common, 
and the base DC is greater than the base EC, 
therefore the angle DA C is greater than the angle EA C. 

L>- *5] 

But the angle DAB was also proved equal to the angle 
BAE; 
therefore the angles DAB, DAC are greater than the angle 
BAC. 

Similarly we can prove that the remaining angles also, 
taken together two and two, are greater than the remaining 
one. 

Therefore etc. 
Q. E. D. 

After excluding the obvious case in which all three angles are equal, 
Euclid goes on to say " If not, let the angle BA C be greater," without adding 
greater than what. Heiberg is clearly right in saying that he means greater 
than BAD, i.e. greater than one of the adjacent angles. This is proved by 
the words at the end "Similarly we can prove," etc. Euclid thus excludes 
as obvious the case where one of the three angles is not greater than either of 
the other two, but proves the remaining cases. This is scientific, but he might 
further have excluded as obvious the case in which one angle is greater than 
one of the others but equal to or less than the remaining one. 
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Simson remarks that the angle BA C may happen to be equal to one of 
the other two and writes accordingly " If they [all three angles] are not [equalj, 
let BAC be that angle which is not less than either of the other two, and is 
greater than one of them DAB." He then proves, in the same way as Euclid 
does, that the angles DAB, DA C are greater than the angle BA C, adding 
finally : " But BA C is not less than either of the angles DAB, DA C; there
fore BA C, with either of them, is greater than the other." 

It would be better, as indicated by Legendre and Rausenberger, to begin 
by saying that, " If one of the three angles is either equal to or less than either 
of the other two, it is evident that the sum of those two is greater than the 
first. It is therefore only necessary to prove, for the case in which one angle is 
greater than each of the others, that the sum of the two latter is greater than 
the former. 

Accordingly let BA C be greater than each of the other angles." We then 
proceed as in Euclid. 

PROPOSITION 2 1 . 

Any solid angle is contained by plane angles less than four 
right angles. 

Let the angle at A be a solid angle contained by the plane 
angles BAC, CAD, DAB; 
I say that the angles BAC, CAD, 
DAB are less than four right angles. 

For let points B, C, D be taken 
at random on the straight lines AB, 
AC, AD respectively, 
and let BC, CD, DB be joined. 

Now, since the solid angle at B is contained by the three 
plane angles CBA, ABD, CBD, 
any two are greater than the remaining one ; [xi. 20] 
therefore the angles CBA, ABD are greater than the angle 
CBD. 

For the same reason 
the angles BCA, ACD are also greater than the angle BCD, 
and the angles CD A, ADB are greater than the angle CDB ; 
therefore the six angles CBA, ABD, BCA, ACD, CD A, 
ADB are greater than the three angles CBD, BCD, CDB. 

But the three angles CBD, BDC, BCD are equal to two 
right angles ; [1. 3 2 ] 
therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than two right angles. 
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And, since the three angles of each of the triangles ABC, 
A CD, ADB are equal to two right angles, 
therefore the nine angles of the three triangles, the angles 
CBA, ACB, BAC, ACD, CDA, CAD, ADB, DBA, BAD 
are equal to six right angles ; 
and of them the six angles ABC, BCA, ACD, CDA, ADB, 
DBA are greater than two right angles ; 
therefore the remaining three angles BAC, CAD, DAB 
containing the solid angle are less than four right angles. 

Therefore etc. 
Q. E. D. 

It will be observed that, although Euclid enunciates this proposition for 
any solid angle, he only proves it for the particular case of a trihedral angle. 
This is in accordance with his manner of proving one case and leaving the 
others to the reader. The omission of the convex polyhedral angle here 
corresponds to the omission, after I. 32, of the proposition about the interior 
angles of a convex polygon given by Proclus and in most books. The proof 
of the present proposition for any convex polyhedral angle can of course be 
arranged so as not to assume the proposition that the interior angles of a 
convex polygon together with four right angles are equal to twice as many 
right angles as the figure has sides. 

Let there be any convex polyhedral angle with V as vertex, and let it be 
cut by any plane meeting its faces in, say, the 
polygon ABCDE. 

Take O any point within the polygon, and 
in its plane, and join OA, OB, OC, OD, OE. 

Then all the angles of the triangles with 
vertex O are equal to twice as many right angles 
as the polygon has s ides ; [1. 32] 
therefore the interior angles of the polygon to
gether with all the angles round O are equal to 
twice as many right angles as the polygon has 
sides. C 

Also the sum of the angles of the triangles 
VAB, VBC, etc., with vertex F a r e equal to twice as many right angles as the 

polygon has s ides; 
and all the said angles are equal to the sum of (1) the plane angles at V 
forming the polyhedral angle and (2) the base angles of the triangles with 
vertex V. 

This latter sum is therefore equal to the sum of (3) all the angles 
round O and (4) all the interior angles of the polygon. 

Now, by Euclid's proposition, of the three angles forming the solid angle at 
A, the angles VAE, VAB are together greater than the angle EAB. 

Similarly, at B, the angles VBA, VBC axe together greater than the angle 
ABC. 

And so on. 
Therefore, by addition, the base angles of the triangles with vertex V 
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(2) above] are together greater than the sum of the angles of the polygon 
(4) above]. 

Hence, by way of compensation, the sum of the plane angles at V[(i) 
above] is less than the sum of the angles round O [(3) above]. 

But the latter sum is equal to four right angles; therefore the plane angles 
forming the polyhedral angle are together less than four right angles. 

The proposition is only true of convex polyhedral angles, i.e. those in 
which the plane of any face cannot, if produced, ever cut the solid angle. 

There are certain propositions relating to equal (and symmetrical) trihe
dral angles which are necessary to the consideration of the polyaedra dealt 
with by Euclid, all of which (as before remarked) have trihedral angles only. 

1. Two trihedral angles are equal if two face angles and the included 
dihedral angle of the one are respectively equal to two face angles and the included 
dihedral angle of the other, the equal parts being arranged in the same order. 

2. Two trihedral angles are equal if tivo dihedral angles and the included 
face angle of the one are respectively equal to two dihedral angles and the included 
face angle of the other, all equal parts being arranged in the same order. 

These propositions are proved immediately by superposition. 

3. Two trihedral angles are equal if the three face angles of the one are 
respectively equal to the three face angles of the other, and all are arranged in the 
same order. 

Let V—ABC and V—A'B'C be two trihedral angles such that the angle 
A VB is equal to the angle A' V'B', the angle BVC to the angle B' V'C, and 
the angle CVA to the angle C'V'A'. 

We first prove that corresponding pairs of face angles include equal dihedral 
angles. 

E.g., the dihedral angle formed by the plane angles CVA, AVB is equal 
to that formed by the plane angles C'V'A , A'V'B'. 

Take points A, B, C on VA, VB, VC and points A', B', C on V'A', 
V'B', V'C, such that VA, VB, VC. V'A', V'B', V'C are all equal. 

Join BC, CA, AB, ffC, C'A', A'B'. 
Take any point D on A V, and measure A'D' along A' V equal to AD. 
From D draw DE in the plane A VB, and DE in the plane CVA, 

perpendicular to A V. Then DE, DE will meet AB, A C respectively, the 
angles VAB, VAC, the base angles of two isosceles triangles, bein s: i?ss than 
right angles. 

Join EE. 
Draw the triangle DEE in the same way. 
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Now, by means of the hypothesis and construction, it appears that the 
triangles VA B, V'A'B' are equal in all respects. 

So are the triangles VAC, V'A'C, and the triangles VBC, V'B'C. 
Thus BC, CA, AB are respectively equal to B'C, C'A', A'B, and the 

triangles ABC, A'B'C are equal in all respects. 

Now, in the triangles ADE, A'DE', 
the angles ADE, DAE are equal to the angles A'D'E', DA'E' respectively, 
and AD is equal to A'D'. 

Therefore the triangles ADE, A'D'E1 are equal in all respects. 
Similarly the triangles ADE, A'DE are equal in all respects. 

Thus, in the triangles A EE, A'E'F", 
EA, AEsxt respectively equal to E'A', A'E', 
and the angle EAF is equal to the angle E'A'E1 (from above) ; 
therefore the triangles AEE, A'EF" are equal in all respects. 

Lastly, in the triangles DEF, DEF, the three sides are respectively 
equal to the three sides; 
therefore the triangles are equal in all respects. 

Therefore the angles EDF, E'D'F' are equal. 

But these angles are the measures of the dihedral angles formed by the 
planes CVA, AVB and by the planes C'V'A', A'V'B' respectively. 

Therefore these dihedral angles are equal. 

Similarly for the other two dihedral angles. 
Hence the trihedral angles coincide if one is applied to the other; 

that is, they are equal. 

T o understand what is implied by "taken in the same order" we may 
suppose ourselves to be placed at the vertices, and to take the faces in clock
wise direction, or the reverse, for both angles. 

If the face angles and dihedral angles are taken in reverse directions, i.e. 
in clockwise direction in one and in counterclockwise direction in the other, 
then, if the other conditions in the above three propositions are fulfilled, the 
trihedral angles are not equal but symmetrical. 

If the faces of a trihedral angle be produced beyond the vertex, they form 
another trihedral angle. It is easily seen that these vertical trihedral angles 
are symmetrical. 

PROPOSITION 22. 

If there be three plane angles of which two, taken together 
in any manner, are greater than the remaining one, and they 
are contained by equal straight lines, it is possible to construct 
a triangle out of the straight lines joining the extremities of 
the equal straight lines. 

Let there be three plane angles ABC, DEF, GHK, of 



which two, taken together in any manner, are greater than 
the remaining one, namely 

the angles ABC, DEF greater than the angle GHK, 
the angles DEF, GHK greater than the angle ABC, 

and, further, the angles GHK, ABC greater than the angle 
DEF; 
let the straight lines AB, BC, DE, EF, GH, HK be equal, 
and let AC, DF, GK be joined ; 
I say that it is possible to construct a triangle out of straight 
lines equal to AC, DF, GK, that is, that any two of the 
straight lines AC, DF, GK are greater than the remaining 
one. 

H 

Now, if tire angles ABC, DEF, GHK are equal to one 
another, it is manifest that, AC, DF, GK being equal also, 
it is possible to construct a triangle out of straight lines equal 
to AC, DF, GK. 

But, if not, let them be unequal, 
and on the straight line HK, and at the point H on it, let 
the angle KHL be constructed equal 
to the angle ABC; 
let HL be made equal to one of the 
straight lines AB, BC, DE, EF, GH, 
HK, 
and let KL, GL be joined. 

Now, since the two sides AB, BC 
are equal to the two sides KH, HL, 
and the angle at B is equal to the angle KHL, 
therefore the base AC is equal to the base KL. [1. 4] 

And, since the angles ABC, GHK are greater than the 
angle DEF, 
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while the angle ABC is equal to the angle KHL, 
therefore the angle GHL is greater than the angle DEF. 

And, since the two sides GH, HL are equal to the two 
sides DE, EE, 
and the angle GHL is greater than the angle DEE, 
therefore the base GL is greater than the base DF. [1. 24] 

But GK, KL are greater than GL. 
Therefore GK, KL are much greater than DF. 

But KL is equal to AC; 
therefore AC, GK are greater than the remaining straight 
line DE. 

Similarly we can prove that 
A C, DE are greater than GK, 
and further DE, GK are greater than A C. 

Therefore it is possible to construct a triangle out of 
straight lines equal to AC, DE, GK. 

Q. E. D. 

The Greek text gives an alternative proof, which is relegated by Heiberg 
to the Appendix. Simson selected the alternative proof in preference to that 
given above; he objected however to words near the beginning, " If not, let 
the angles at the points B, E, H be unequal and that at B greater than either 
of the angles at E, H," and altered the words so as to take account of the 
possibility that the angle at B might be equal to one of the other two. 

As will be seen, Euclid takes no account of the relative magnitude of the 
angles except as regards the case when all three are equal. Having proved 
that one base is less than the sum of the two others, he says that " similarly 
we can prove " the same thing for the other two bases. 

If a distinction is to be made according to the relative magnitude of the 
three angles, we may say, as in the corresponding place in XI. 21, that, if one 
of the three angles is either equal to or less than either of the other two, the 
bases subtending those two angles must obviously be together greater than the 
base subtending the first. Thus it is only necessary to prove, for the case in 
which one angle is greater than either of the others, that the sum of the bases 
subtending those others is greater than that subtending the first. This is 
practically the course taken in the interpolated alternative proof. 

PROPOSITION 2 3 . 

To construct a solid angle out of three plane angles two of 
which, taken togetfier in any manner, are greater than the 
remaining one: thus the three angles must be less than four 
right angles. 
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Let the angles ABC, DEF, GHK be the three given 
plane angles, and let two of these, taken together in any 
manner, be greater than the remaining one, while, further, 
the three are less than four right angles; 
thus it is required to construct a solid angle out of angles 
equal to the angles ABC, DEF, GHK. 

Let AB, BC, DE, EF, GH, HK be cut off equal to one 
another, 
and let AC, DF, GK be joined ; 
it is therefore possible to construct a triangle out of straight 
lines equal to AC, DE, GK. [xi . 22] 

Let LMN be so constructed that 
AC is equal to LM, DF to MN, and 
further GK to NL, 
let the circle LMN be described about 
the triangle LMN, 
let its centre be taken, and let it be 0; 
let LO, MO, NO be joined ; 
I say that AB is greater than LO. 

For, if not, AB is either equal to LO, or less. 
First, let it be equal. 
Then, since AB is equal to LO, 

while AB is equal to BC, and OL to OM, 
the two sides AB, BC are equal to the two sides LO, OM 
respectively; 
and, by hypothesis, the base AC is equal to the base LM; 
therefore the angle ABC is equal to the angle LOM. [1. 8] 

For the same reason 
the angle DEF is also equal to the angle MON, 
and further the angle GHK to the angle NOL ; 



therefore the three angles ABC, DEF, GHK are equal to 
the three angles LOM, MON, NOL. 

But the three angles LOM, MON, NOL are equal to 
four right angles; 
therefore the angles ABC, DEF, GHK are equal to four 
right angles. 

But they are also, by hypothesis, less than four right angles: 
which is absurd. 

Therefore AB is not equal to LO. 
I say next that neither is AB less than LO. 
For, if possible, let it be so, 

and let OP be made equal to AB, and OQ equal to BC, 
and let PQ be joined. 

Then, since AB is equal to BC, 
OP is also equal to OQ, 
so that the remainder LP is equal to QM. 

Therefore LM is parallel to PQ, [vi. 2] 
and LMO is equiangular with PQO ; [1. 29] 
therefore, as OL is to LM, so is OP to PQ; [vi. 4] 
and alternately, as L 0 is to OP, so is LM to PQ. [v. 16] 

But LO is greater than OP; 
therefore LM is also greater than PQ. 

But LM was made equal to AC; 
therefore A C is also greater than PQ. 

Since, then, the two sides AB, BC are equal to the two 
sides PO, OQ, 
and the base AC is greater than the base PQ, 
therefore the angle ABC is greater than the angle POQ. 

Similarly we can prove that 
the angle DEF is also greater than the angle MON, 
and the angle GHK greater than the angle NOL. 

Therefore the three angles ABC, DEF, GHK are greater 
than the three angles LOM, MON, NOL. 

But, by hypothesis, the angles ABC, DEF, GHK are 
less than four right angles; 
therefore the angles LOM, MON, NOL are much less than 
four right angles. 
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But they are also equal to four right angles : 
which is absurd. 

Therefore AB is not less than LO. 
And it was proved that neither is it equal; 

therefore AB is greater than LO. 

Let then OR be set up from the point O at right angles 
to the plane of the circle LMN, [xi . 12] 
and let the square on OR be equal to that area by which 
the square on AB is greater than the square on LO; [Lemma] 

let RL, RM, RN be joined. 
Then, since RO is at right angles to the plane of the circle 

LMN, 
therefore RO is also at right angles to each of the straight 
lines LO, MO, NO. 

And, since LO is equal to OM, 
while OR is common and at right angles, 
therefore the base RL is equal to the base RM. [1. 4] 

For the same reason 
RN is also equal to each of the straight lines RL, RM; 
therefore the three straight lines RL, RM, RN are equal to 
one another. 

Next, since by hypothesis the square on OR is equal to 
that area by which the square on AB is greater than the 
square on LO, 
therefore the square on AB is equal to the squares on LO, OR. 

But the square on LR is equal to the squares on L 0, OR, 
for the angle LOR is right; [1. 47] 
therefore the square on AB is equal to the square on RL ; 
therefore AB is equal to RL. 

But each of the straight lines BC, DE, EE, GLI, HK is 
equal to AB, 
while each of the straight lines RM, RN is equal to RL ; 
therefore each of the straight lines AB, BC, DE, EF, GH, 
HK is equal to each of the straight lines RL, RM, RN. 



And, since the two sides LR, RM are equal to the two 
sides AB, BC, 
and the base LM is by hypothesis equal to the base AC, 
therefore the angle LRM is equal to the angle ABC. [1. 8] 

For the same reason 
the angle MRN is also equal to the angle DEF, 
and the angle LRN to the angle GHK. 

Therefore, out of the three plane angles LRM, MRN, 
LRN, which are equal to the three given angles ABC, DEF, 
GHK, the solid angle at R has been constructed, which is 
contained by the angles LRM, MRN, LRN. 

Q. E. F. 

LEMMA. 

But how it is possible to take the square on OR equal to 
that area by which the square on AB is 
greater than the square on LO, we can show c 
as follows. 

Let the straight lines AB, LO be 
set out, 
and let AB be the greater; 
let the semicircle ABC be described on AB, 
and into the semicircle ABC let AC be fitted equal to the 
straight line L 0, not being greater than the diameter AB; [iv. 1] 
let CB be joined 

Since then the angle ACB is an angle in the semicircle 
ACB, 
therefore the angle ACB is right. [m. 31] 

Therefore the square on AB is equal to the squares on 
AC, CB. [1 .47] 

Hence the square on AB is greater than the square on 
AC by the square on CB. 

But A C is equal to L 0. 
Therefore the square on AB is greater than the square on 

LO by the square on CB. 
If then we cut off OR equal to BC, the square on AB will 

be greater than the square on L O by the square on OR. 
Q. E. F. 

The whole difficulty in this proposition is the proof of a fact which makes 
the construction possible, viz. the fact that, if LMAlbe a triangle with sides 
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respectively equal to the bases of the isosceles triangles which have the 
given angles as vertical angles and the equal sides all of the same length, then 
one of these equal sides, as AB, is greater than the radius LO of the circle 
circumscribing the triangle LMN. 

Assuming that AB is greater than LO, we have only to draw from O a 
perpendicular OR to the plane of the triangle LMN, to make OK of such a 
length that the sum of the squares on LO, OR is equal to the square on AB, 
and to join RL, RM, RN. (The manner of finding OR such that the square 
on it is equal to the difference between the squares on AB and LO is shown 
in the Lemma at the end of the text of the proposition. We have already 
had the same construction in the Lemma after x. 13.) 

Then clearly RL, RM, RN are equal to AB and to one another [1. 4 
and 1. 47]. 

Therefore the triangles LRM, MRN, NRL have their three sides 
respectively equal to those of the triangles ABC, DEE, GHK respectively. 

Hence their vertical angles are equal to the three given angles respectively; 
and the required solid angle is constructed. 

We return now to the proposition to be proved as a preliminary to the 
construction, viz. that, in the figures, AB is greater than LO. 

It will be observed that Euclid, as his manner is, proves it for one case 
only, that, namely, in which 0, the centre of the circle circumscribing the 
triangle LMN, falls within the triangle, leaving the other cases for the reader 
to prove. As usual, however, the two other cases are found in the Greek text, 
after the formal conclusion of the proposition, as above, ending with the words 
owfp eSti iroiijo-ai. This position for the proofs itself suggests that they are not 
Euclid's but are interpolated; and this is rendered certain by the fact that 
words distinguishing three cases at the point where the centre O of the 
circumscribing circle is found, " It [the centre] will then be either within the 
triangle LMN or on one of its sides or without. First let it be within," are 
found in the MSS . B and V only and are manifestly interpolated. Nevertheless 
the additional two cases must have been inserted very early, as they are found 
in all the best MSS. 

In order to give a clear view ot the proof of all three cases as given in the 
text, we will reproduce all three (Euclid's as well as the others) with abbrevia
tions to make them catch the eye better. 

In all three cases the proof is by reductio ad cbsurdum, and it is proved 
first that AB cannot be equal to LO, and secondly that AB cannot be less 
than LO. 

C a s e I . 
(1) Suppose, if possible, that AB = LO. 

Then AB, BC ait respectively equal to LO, OM; 
and AC = LM (by construction). 

Therefore L ABC = L LOM. 
Similarly L DEF= L MON, 

L GHK= L NOL, 
Adding, we have 

L ABC + L DEF* L GHK= L LOM+ L MON+ L NOL 
= four right angles : 

which contradicts the hypothesis. 
Therefore AB*LO. 



(2) Suppose that AB < LO. 
Make OP, OQ (measured along OL, OM) each equal to AB. 
Thus, OL, OM being equal also, it follows that 

PQ is || to LM. 

Hence LM: PQ = LO : OF; 
and, since LO > OP, 
LM, i.e. AC, > PQ. 

Thus, in A s POQ, ABC, two sides are equal to two sides, and base 
AC> base PQ; 
therefore L ABC> L POQ, i.e. L LOM. 

Similarly L DEF > L MON, 
L GHK>LNOL, 

and it follows by addition that 
L ABC + L DEF+ L GHK> (four right angles): 

which again contradicts the hypothesis. 

C a s e I I . 

(1) Suppose, if possible, that AB = LO. 
Then (AB + BC), or (DE + EF) = MO + OL 

= MN 

= DF: 
which contradicts the hypothesis. 
(2) The supposition that AB < LO is even more 
impossible; for in this case it would result that 

DE + EF< DF. 

C a s e I I I . 

( 1 ) Suppose, if possible, that AB = LO. 
Then, in the triangles ABC, LOM, two sides AB, BC are respectively 

equal to two sides LO, OM, and the bases 
A C, LM are equal ; 
therefore L ABC = L LOM. 

Similarly L. GHK - L NOL. 
Therefore, by addition, 

L MON= L ABC* L GHK 

> L DEF (by hypothesis). 
But, in the triangles DEF, MON, which 

are equal in all respects, 
LMON= LDEF. 

But it was proved that u MON> L DEF: 
which is impossible. 

(2) Suppose, if possible, that AB < LO. 
Along OL, OM measure OP, OQ each equal to AB. 
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Then LM, PQ are parallel, and 
LM : PQ = LO : OP, 

whence, since LO > OP, 
LM, or AC, > PQ. 

Thus, in the triangles ABC, POQ, 
LABC>LPOQ, i.e. LLOM. 

Similarly, by taking OR along ON equal to AB, we prove that 
L GHK> u LON. 

Now, at 0, make LPOS equal to LABC, and LPOT equal to 
L GHK. 

Make OS, 07" each equal to OP, and join ST, SP, TP. 
Then, in the equal triangles ABC, POS, 

AC=PS, 
so that LM=PS. 

Similarly LN=PT. 
Therefore in the triangles MLN, SPT, since LMLN> LSPT [this is 

assumed, but should have been explained], 
MN> ST, 

or DF> ST. 

Lastly, in A s DEF, SOT, which have two sides equal to two sides, since 
DF> ST, 

LDEF>LSOT 

> L ABC + L GHK (by construction): 
which contradicts the hypothesis. 

Simson gives rather different proofs for all three cases; but the essence of 
them can be put, I think, a little more shortly than in his text, as well as more 
clearly 

C a s e I . (O within ALMN.) 
(1) Let AB be, if possible, equal to LO. 

Then the A s ABC, DEF, GHK must be identically equal to the A s 
LOM, MON, NOL respectively. 

A C D F 
Therefore the vertical angles at O in the 

latter triangles are equal respectively to the angles 
at B,E,H. 

The latter are therefore together equal to four 
right angles: 
which is impossible. 
(2) If AB be less than LO, construct on the 
bases LM, MN, NL triangles with vertices 
P, Q, R and identically equal to the A s ABC, 
DEF, GHK respectively. 



Then P, Q, R will fall within the respective angles at O, since PL = PM 
and < LO, and similarly in the other cases. 

Thus [1. 21] the angles at P, Q, R are respectively greater than the angles 
at O in which they lie. 

Therefore the sum of the angles at P, Q, R, i.e. the sum of the angles at 
B, E, H, is greater than four right angles: 
which again contradicts the hypothesis. 

C a s e I I . (O lying on MN.) 
In this case, whether (1) AB = LO, or (2) AB < LO, a triangle cannot 

be formed with MN as base and each of the other sides equal to AB. In other 
words, the triangle DEE either reduces to a straight line or is impossible. 

C a s e I I I . (O lying outside the A LMN.) 

(1) Suppose, if possible, that AB = LO. 
Then the triangles LOM, MON, NOL are identically equal to the 

triangles ABC, DEE, GHK. 
Since LLOM+LLON=L MON, 

L ABC * L GHK= L DEE: 

which contradicts the hypothesis. 

(2) Suppose that AB < OL. 
Draw, as before, on LM, MN, NL as bases triangles with vertices P, Q, R 

and identically equal to the A s ABC, DEE, GHK. 
Next, at N on the straight line NR, make L RNS equal to the angle 

PLM, cut off NS equal to LM and join RS, LS. 
Then A NRS is identically equal to A LPM or A ABC. 
Now (LLNR + LRNS)<{LNLO + I-OLM), 

that is, L. LNS < L NLM. 
Thus, in A s LNS, NLM, two sides are equal to two sides, and the included 

angle in the former is less than the included angle in the other. 
Therefore LS < MN. 
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Hence, in the triangles MQN, LRS, two sides are equal to two sides, and 
MN> LS.. 

Therefore L MQN > L. LRS 
>{I-LRN+LSRN) 

>(LLRN*LLPM). 

That is, L DEF> ( L GHK* L ABC): 

which is impossible. 
B 

/ \ E 

PROPOSITION 24. 

If a solid be contained by parallel planes, the opposite planes 
in it are equal andparallelogrammic. 

For let the solid CDHG be contained by the parallel planes 
AC, GF, AH, DF, BF, AE; 
I say that the opposite planes 
in it are equal and parallelo
grammic. 

For, since the two parallel 
planes BG, CE are cut by the 
plane A C, 
their common sections are 
parallel. [xi. 16] 



Therefore AB is parallel to DC. 
Again, since the two parallel planes BF, AE are cut by 

the plane AC, 
their common sections are parallel. [xi. 16] 

Therefore BC is parallel to AD. 
But AB was also proved parallel to DC; 

therefore AC is a parallelogram. 
Similarly we can prove that each of the planes DF, FG, 

GB, BF, AE is a parallelogram. 
Let AH, DF be joined. 
Then, since AB is parallel to DC, and BH to CF, 

the two straight lines AB, BH which meet one another are 
parallel to the two straight lines DC, CF which meet one 
another, not in the same plane ; 
therefore they will contain equal angles; [xi . 10] 
therefore the angle ABH is equal to the angle DCF. 

And, since the two sides AB, BH are equal to the two 
sides DC, CF, [1. 34] 
and the angle ABH is equal to the angle DCF, 
therefore the base AH is equal to the base DF, 
and the triangle ABH is equal to the triangle DCF. [1. 4] 

And the parallelogram BG is double of the triangle ABH, 
and the parallelogram CE double of the triangle DCF; [1. 34] 
therefore the parallelogram BG is equal to the parallelo
gram CE. 

Similarly we can prove that 
AC is also equal to GF, 
and AE to BF. 

Therefore etc. 
Q. E. D. 

A s Heiberg says, this proposition is carelessly enunciated. Euclid means 
a solid contained by six planes and not more, the planes are parallel two and 
two, and the opposite faces are equal in the sense of identically equal, or, as 
Simson puts it, equal and similar. The similarity is necessary in order to 
enable the equality of the parallelepipeds in the next proposition to be inferred 
from the 10th definition of Book x i . Hence a better enunciation would be: 

If a solid be contained by six planes parallel two and two, the opposite faces 
respectively are equal and simitar parallelograms. 

The proof is simple and requires no elucidation. 
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For let AH be produced in each direction, 
let any number of straight lines whatever, AK, KL, be made 
equal to AE, 
and any number whatever, HM, MN, equal to EH; 
and let the parallelograms LP, KV, HW, MS and the solids 
LQ, KR, DM, MTbe completed. 

Then, since the straight lines LK, KA, AE are equal to 
one another, 
the parallelograms LP, KV, AF are also equal to one another, 
KO, KB, A G are equal to one another, 
and further LX, KQ, AR are equal to one another, for they 
are opposite. [xi. 24] 

For the same reason 
the parallelograms EC, HW, MS are also equal to one another, 
HG, HI, IN are equal to one another, 
and further DH, MY, NT are equal to one another. 

Therefore in the solids LQ, KR, A U three planes are 
equal to three planes. 

PROPOSITION - 2 5 . 

If a parallelepipedal solid be cut by a plane which is 
parallel to the opposite planes, then, as the base is to the base, so 
will the solid be to the solid. 

For let the parallelepipedal solid ABCD be cut by the 
plane FG which is parallel to the opposite planes RA, DH; 
I say that, as the base A EFV is to the base EHCF, so is the 
solid ABFU to the solid EGCD. 



But the three planes are equal to the three opposite; 
therefore the three solids LQ, KR, AU are equal to one 
another. 

For the same reason 
the three solids ED, DM, MT are also equal to one another. 

Therefore, whatever multiple the base LF is of the base 
AF, the same multiple also is the solid LUof the solid AU. 

For the same reason, 
whatever multiple the base NF is of the base FH, the same 
multiple also is the solid NU of the solid HU. 

And, if the base LF is equal to the base NF, the solid L U 
is also equal to the solid NU; 
if the base LF exceeds the base NF, the solid LU also 
exceeds the solid NU; 
and, if one falls short, the other falls short. 

Therefore, there being four magnitudes, the two bases 
AF, FH, and the two solids A U, UH, 
equimultiples have been taken of the base AF and the solid 
A U, namely the base LF and the solid L U, 
and equimultiples of the base HE and the solid HU, namely 
the base A ^ a n d the solid NU, 
and it has been proved that, if the base LF exceeds the base 
FN, the solid L U also exceeds the solid NU, 
if the bases are equal, the solids are equal, 
and if the base falls short, the solid falls short. 

Therefore, as the base AF is to the base FH, so is the 
solid AUto the solid UH. [v. Def. 5] 

Q. E D. 

It is to be observed that, as the word parallelogrammic was used in Book 1. 
without any definition of its meaning, so irapaXX^Xeirin-fSos, parallelepipedal, is 
here used without explanation. While it means simply "with parallel planes," 
i.e. "faces," the term is appropriated to the particular solid which has six 
plane faces parallel two and two. T h e proper translation of ortpcov 
TTapak\t]\(Tri-!r(Soy is parallelepipedal solid, not solid parallelepiped, as it is 
usually translated. Still less is the solid a parallelepiped, as the word is not 
uncommonly written. 

The opposite faces in each set of parallelepipedal solids in this proposition 
are not only equal but equal and similar. Euclid infers that the solids in each 
set are equal from Def. 1 0 ; but, as we have seen in the note on Deff. 9, 10, 



though it is true, where no solid angle in the figures is contained by more 
than three plane angles, that two solid figures are equal and similar which are 
contained by the same number of equal and similar faces, similarly arranged, 
the fact should have been proved. T o do this, we hare only to prove the 
proposition, given above in the note on XI. 21, that two trihedral angles are 
equal if the three face angles of the one are respectively equal to the three face 
angles in the other, and all are arranged in the same order, and then to prove 
equality by applying one figure to the other as is done by Simson in his 
proposition C. 

Application will also, of course, establish what is assumed by Euclid of 
the solids formed by the multiples of the original solids, namely that, if 
LF> NF, the solid LU> the solid NU. 

• 

PROPOSITION 26. 

On a given straight line, and at a given point on it, to 
construct a solid angle equal to a given solid angle. 

Let AB be the given straight line, A the given point on 
it, and the angle at D, contained by the angles EDC, EDF, 
FDC, the given solid angle ; 
thus it is required to construct on the straight line AB, and at 
the point A on it, a solid angle equal to the solid angle at D. 

For let a point F be taken at random on DF, 
let FG be drawn from F perpendicular to the plane through 
ED, DC, and let it meet the plane at G, [xi. n ] 
let DG be joined, 
let there be constructed on the straight line AB and at the 
point A on it the angle BAL equal to the angle EDC, and 
the angle BAK equal to the angle EDG, [1. 23] 
let AK be made equal to DG, 



let KH be set up from the point K at right angles to the 
plane through BA, AL, [xi. 12] 
let KH be made equal to GF, 
and let HA be joined ; 
I say that the solid angle at A, contained by the angles BAL, 
BAH, HAL is equal to the solid angle at D contained by 
the angles EDC, EDF, EDC. 

For let AB, DE be cut off equal to one another, 
and let HB, KB, EE, GE be joined. 

Then, since FG is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference ; [xi. Def. 3] 
therefore each of the angles FGD, FGE is right. 

For the same reason 
each of the angles HKA, HKB is also right. 

And, since the two sides KA, AB are equal to the two 
sides GD, DE respectively, 
and they contain equal angles, 
therefore the base KB is equal to the base GE. [1. 4] 

But KH is also equal to GF, 
and they contain right angles; 
therefore HB is also equal to EE. [1. 4] 

Again, since the two sides AK, KH are equal to the two 
sides DG, GE, 
and they contain right angles, 
therefore the base AH is equal to the base FD. [1. 4] 

But AB is also equal to DE ; 
therefore the two sides HA, AB are equal to the two sides 
DF, DE. 

And the base HB is equal to the base EE; 
therefore the angle BAH is equal tc the angle EDF. [1. 8] 

For the same reason 
the angle HA L is also equal to the angle FDC. 

And the angle BAL is also equal to the angle EDC. 



Therefore on the straight line AB, and at the point A on 
it, a solid angle has been constructed equal to the given solid 
angle at D. 

Q. E. F. 

This proposition again assumes the equality of two trihedral angles which 
have the three plane angles of the one respectively equal to the three plane 
angles of the other taken in the same order. 

• 

PROPOSITION 2 7 . 

On a given straight line to describe a parallelepipedal solid 
similar and similarly situated to a given parallelepipedal solid. 

Let AB be the given straight line and CD the given 
parallelepipedal solid; 
thus it is required to describe on the given straight line AB 
a parallelepipedal solid similar and similarly situated to the 
given parallelepipedal solid CD. 

C E A B 

For on the straight line AB and at the point A on it let 
the solid angle, contained by the angles BAH, HAK, KAB, 
be constructed equal to the solid angle at C, so that the angle 
BAH is equal to the angle ECF, the angle BAK equal to 
the angle ECG, and the angle KAH to the angle GCE; 
and let it be contrived that, 
as EC is to CG, so is BA to AK, 
and, as GC is to CF, so is KA to AH. [vi 12] 

Therefore also, ex aequali, 
as EC is to CF, so is BA to AH. [v. 22] 

Let the parallelogram HB and the solid AL be completed. 

Now since, as EC is to CG, so is BA to AK, 
and the sides about the equal angles ECG, BAK are thus 
proportional, 



PROPOSITION 28. 

If a parallelepipedal solid be cut by a plane through the 
diagonals of the opposite planes, the solid will be bisected by the 
plane. 

For let the parallelepipedal solid AB be cut by the plane 
CDEF through the diagonals CF, DE of 
opposite planes; 
I say that the solid AB will be bisected by 
the plane CDEF. 

For, since the triangle CGF is equal 
to the triangle CFB, [1. 34] 
and ADE to DEH, 
while the parallelogram CA is also equal 
to the parallelogram EB, for they are opposite, 
and GE to CH, 
therefore the prism contained by the two triangles CGF, 
ADE and the three parallelograms GE, AC, CE is also equal 
to the prism contained by the two triangles CFB, DEH and 
the three parallelograms CH, BE, CE; 

therefore the parallelogram GE is similar to the parallelo
gram KB. 

For the same reason 
the parallelogram KH is also similar to the parallelogram GF, 
and further FE to HB; 
therefore three parallelograms of the solid CD are similar to 
three parallelograms of the solid AL. 

But the former three are both equal and similar to the 
three opposite parallelograms, 
and the latter three are both equal and similar to the three 
opposite parallelograms; 
therefore the whole solid CD is similar to the whole solid AL. 

[xi. Def. 9] 
Therefore on the given straight line AB there has been 

described AL similar and similarly situated to the given 
parallelepipedal solid CD. 

Q. E. F. 



for they are contained by planes equal both in multitude and 
in magnitude. [xi . Def. 10] 

Hence the whole solid AB is bisected by the plane CDEF. 
Q. E. D. 

Simson properly observes that it ought to be proved that the diagonals of 
two opposite faces are in one plane, before we speak of drawing a plane 
through them. Clavius supplied the proof, which is of course simple enough. 

Since EF, CD are both parallel to AG or BH, they are parallel to one 
another. 

Consequently a plane can be drawn through CD, EF and the diagonals 
DE, CF are in that plane [xi . 7]. Moreover CD, EF are equal as well as 
parallel; so that CF, DE are also equal and parallel. 

Simson does not, however, seem to have noticed a more serious difficulty. 
The two prisms are shown by Euclid to be contained by equal faces—the faces 
are in fact equal and similar—and Euclid then infers at once that the prisms 
are equal. But they are not equal in the only sense in which we have, at 
present, a right to speak of solids being equal, namely in the sense that they 
can be applied, the one to the other. They cannot be so applied because the 
faces, though equal respectively, are not similarly arranged; consequently the 
prisms are symmetrical, and it ought to be proved that they are, though not 
equal and similar, equal in content, or equivalent, as Legendre has it. 

Legendre addressed himself to proving that the two prisms are equivalent, 
and his method has been adopted, though his 
name is not mentioned, by Schultze and Seven-
oak and by Holgate. Certain preliminary pro
positions are necessary. 

1. The sections of a prism made by parallel 
planes cutting all the lateral edges are equal 
polygons. 

Suppose a prism MN cut by parallel planes 
which make sections ABCDE, A'B1 CDE. 

NoviAB, B C, CD,... are respectively parallel 
to A'B', BC, CD,.... [xi . 16] 

Therefore the angles ABC, BCD, ... are 
equal to the angles A'BC, BCD,... respec
tively, [xi. 10] 

Also AB,BC, CD, ... are respectively equal 
to A'B, BC, CD", .... ... ,fJ 

Thus the polygons ABCDE, A'BC'D'E' are equilateral and equiangular 
to one another. 

2. Two prisms are equal when they have a solid angle in each contained by 
three faces equal each to each and similarly arranged. 

Let the faces ABCDE, AG, AL be equal and similarly placed to the 
faces A'B'CDB, A'G', A'L'. 

Since the three plane angles at A, A' are equal respectively and are 
similarly placed, the trihedral angle at A is equal to the trihedral angle at A'. 

[(3) in note to x i . 21] 



Place the trihedral angle at A on that at A'. 
Then the face ABCDE coincides with the face A'BC'DE, the face AG 

with the face A'G', and the face AL with the face A'L'. 
The point C falls on C and D on D>. 

A B A ' ft 

Since the lateral edges of a prism are parallel, CH will fall an CH1, and 
Z>A!" on .ZXA". 

And the points E, G, L coincide respectively with E', G', L', so that 
the planes GK, GK' coincide. 

Hence H, K coincide with H', K' respectively. 
Thus the prisms coincide throughout and are equal. 
In the same way we can prove that two truncated prisms with three faces 

forming a solid angle related to one another as in the above proposition are 
identically equal. 

In particular, 

Cor. Two right prisms having equal bases and equal heights are equal. 

3. An oblique prism is equivalent to a right prism whose base is a right 
section of the oblique prism and whose 
height is equal to a lateral edge of the 
oblique prism. 

Suppose GL to be a right section of 
the oblique prism AD, and let GL be 
a right prism on GL as base and with 
height equal to a lateral edge of AD. 

Now the lateral edges of GL' axe 
equal to the lateral edges of AD'. 

Therefore AG = A'G', BH=BH', 
CK= C'K', etc. 

Thus the faces AH, BK, CL are 
equal respectively to the faces A'If, 
BK, CL'. 

Therefore [by the proposition 
above] 

(truncated prism AL) = (truncated 
prism A'L'). 

Subtracting each from the whole solid AL', we see that 
the prisms AD, GL' are equivalent. 



Now suppose the parallelepiped of Euclid's proposition to be cut by the 
plane through AG, DF. 

Let KLMNbe a right section of the parallelepiped 
cutting the edges AD, BC, GF, HE. 

Then KLMN is a parallelogram; and, if the 
diagonal KM be drawn, 

A KZM= A MNK. 
Now the prism of which the A s ABG, DCF are 

the bases is equal to the right prism on AKLM as 
base and of height AD. 

Similarly the prism of which the A s AGH, DEE 
are the bases is equal to the right prism on A MNK 
as base and with height AD. [(3) above] 

And the right prisms on A s KLM, MNK as bases and of equal height 
AD are equal. [(2), Cor. above] 

Consequently the two prisms into which the parallelepiped is divided are 
equivalent. 

PROPOSITION 29. 

Parallelepipedal solids which are on the same base and of 
the same height, and in which the extremities of the sides which 
stand up are on the same straight lines, are equal to one 
another. 

Let CM, CN be parallelepipedal solids on the same base 
AB and of the same height, 
and let the extremities of their 
sides which stand up, namely 
AG, AF, LM, LN, CD, CE, 
BH,BK,be on the same straight 
lines FN, DK; 
I say that the solid CM is equal 
to the solid CN. 

For, since each of the figures 
CH, CK is a parallelogram, CB 
is equal to each of the straight lines DH, EK, 
hence DH is also equal to EK. 

Let EH be subtracted from each ; 
therefore the remainder DE is equal to the remainder HK. 

Hence the triangle DCE is also equal to the triangle 
HBK, [1. 8, 4] 
and the parallelogram DG to the parallelogram HN. [1. 36] 

\ \ \ 

[1- 34] 



For the same reason 
the triangle AFG is also equal to the triangle MLN. 

But the parallelogram CE is equal to the parallelogram BM, 
and CG to BN, for they are opposite ; 
therefore the prism contained by the two triangles AFG, DCE 
and the three parallelograms AD, DG, CG is equal to the 
prism contained by the two triangles MLN, HBK and the 
three parallelograms BM, HN, BN. 

Let there be added to each the solid of which the 
parallelogram AB is the base and GEHM its opposite; 
therefore the whole parallelepipedal solid CM is equal to the 
whole parallelepipedal solid CN. 

Therefore etc. 
Q. E. D. 

As usual, Euclid takes one case only and leaves the reader to prove for 
himself the two other possible cases shown in the subjoined figures. Euclid's 
proof holds with a very slight change in each case. With the first figure, the 

only difference is that the prism of which the A s GAL, ECB are the bases 
takes the place of " the solid of which the parallelogram AB is the base and 
GEHM its opposite"; while with the second figure we have to subtract the 
prisms which are proved equal successively from the solid of which the 
parallelogram AB is the base and FDKN its opposite. 

Simson, as usual, suspects mutilation by "some unskilful editor," but gives 
a curious reason why the case in which the two parallelograms opposite to 
AB have a side common ought not to have been omitted, namely that this 
case "is immediately deduced from the preceding 28th Prop which seems for 
this purpose to have been premised to the 29th." But, apart from the fact that 
Euclid's Prop. 28 does not prove the theorem which it enunciates (as we have 
seen), that theorem is not in the least necessary for the proof of this case of 
Prop. 29, as Euclid's proof applies to it perfectly well. 

PROPOSITION 30. 

Parallelepipedal solids which are on the same base and of 
the same height, and in which the extremities of the sides which 
stand up are not on the same straight lines, are equal to one 
another. 



Let CM, CN be parallelepipedal solids on the same base 
AB and of the same height, 
and let the extremities of their 
sides which stand up, namely 
AF, AG, LM, LN, CD, CE, 
BH, BK, not be on the same 
straight lines; 
I say that the solid CM is 
equal to the solid CN. 

For let NK, DH be pro- 1 
duced and meet one another 
at J?, 
and further let EM, GE be 
produced to P, Q ; 
let AO, LP, CQ, BR be joined. 

Then the solid CM, of which the parallelogram ACBL is 
the base, and FDHM its opposite, is equal to the solid CP, 
of which the parallelogram A CBL is the base, and OQRP its 
opposite ; 
for they are on the same base A CBL and of the same height, 
and the extremities of their sides which stand up, namely AE, 
AO, LM, LP, CD, CQ, BH, BR, are on the same straight 
lines FP, DR. [xi. 29] 

But the solid CP, of which the parallelogram ACBL is 
the base, and OQRP its opposite, is equal to the solid CN, 
of which the parallelogram A CBL is the base and GEKN its 
opposite; 
for they are again on the same base A CBL and of the same 
height, and the extremities of their sides which stand up, 
namely AG, AO, CE, CQ, LN, LP, BK, BR, are on the 
same straight lines GQ, NR. 

Hence the solid CM is also equal to the solid CN. 
Therefore etc. 

Q. E. D. 
This proposition completes the proof of the theorem that 
Two parallelepipeds on the same base and of the same height are equivalent. 
Legendre deduced the useful theorem that 
Every parallelepiped can be changed into an equivalent rectangular parallele

piped having the same height and an equivalent base. 
For suppose we have a parallelepiped on the base ABCD with EFGH for 

the opposite face. 



Draw AT, BK, CL, DM perpendicular to the plane through EFGH and 
all equal to the height of the parallelepiped A G. Then, on joining IK, KL, 
LM, MI, we have a parallelepiped equivalent to the original one and having 
its lateral faces AK, BL, CM, DI rectangles. 

If ABCD is not a rectangle, draw AO, DN'iw the plane AC perpendicu
lar to BC, and IP, MQ in the plane IL perpendicular to KL. 

Joining OP, NQ, we have a rectangular parallelepiped on AOND as base 
which is equivalent to the parallelepiped with ABCD as base and IKLM as 
opposite face, since we may regard these parallelepipeds as being on the same 
base ADMI&nd of the same height (AO). 

That is, a rectangular parallelepiped has been constructed which is 
equivalent to the given parallelepiped and has (1) the same height, (2) an 
equivalent base. 

The American text-books which I have quoted adopt a somewhat different 
construction shown in the subjoined figure. 

The edges AB, DC, EF, HG of the original parallelepiped are produced 
and cut at right angles by two parallel planes at a distance apart A'B1 equal 
XoAB. 

Thus a parallelepiped is formed in which all the faces are rectangles except 
A'H', BG'. 
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First, let the sides which stand up, HK, BE, AG, LM, 
PQ, DE, CO, RS, be at right angles to the bases AB, CD; 
let the straight line RT be produced in a straight line 
with CR; 
on the straight line RT, and at the point R on it, let the 
angle TRUbe constructed equal to the angle ALB, [1. 23] 
let RTbe made equal to AL, and RU equal to LB, 
and let the base RW zxid the solid XUbe completed. 

Now, since the two sides TR, RU are equal to the two 
sides AL, LB, 
and they contain equal angles, 
therefore the parallelogram RW is equal and similar to the 
parallelogram HL. 

Since again AL is equal to RT, and LM to RS, 
and they contain right angles, 

Next produce I/A', CB, G'F, H'E and cut them perpendicularly by two 
parallel planes at a distance apart B'C" equal to BC. 

The points of section determine a rectangular parallelepiped. 
The equivalence of the three parallelepipeds is proved, not by Eucl. x i . 

29, 30, but by the proposition about a right section of a prism given above in 
the note to x i . 28 (3 in that note). 

PROPOSITION 3 1 . 

Parallelepipedal solids which are on equal bases and of the 
same height are equal to one another. 

Let the parallelepipedal solids AE, CF, of the same height, 
be on equal bases AB, CD. 

I say that the solid AE is equal to the solid CF. 



therefore the parallelogram RX is equal and similar to the 
parallelogram AM. 

• 

For the same reason 
LE is also equal and similar to SU; 
therefore three parallelograms of the solid AE are equal and 
similar to three parallelograms of the solid XU. 

But the former three are equal and similar to the three 
opposite, and the latter three to the three opposite; [xi. 24] 
therefore the whole parallelepipedal solid AE is equal to the 
whole parallelepipedal solid XU. [xi. Def. 10] 

Let DR, WU be drawn through and meet one another 
at Y, 
let a Tb be drawn through T parallel to D Y, 
let PD be produced to a, 
and let the solids YX, RI be completed. 

Then the solid XY, of which the parallelogram RX is the 
base and Yc its opposite, is equal to the solid XU of which 
the parallelogram RX is the base and U V its opposite, 
for they are on the same base RX and of the same height, and 
the extremities of their sides which stand up, namely RY, RU, 
Tb, TW, Se, Sd, Xc, XV, are on the same straight lines 
YW, eV. [x i . 29] 

But the solid XU is equal to AE : 
therefore the solid XY is also equal to the solid AE. 

And, since the parallelogram RUWT is equal to the 
parallelogram YT 
for they are on the same base RT and in the same parallels 
RT, YW, [1. 35] 
while RUWT is equal to CD, since it is also equal to AB, 
therefore the parallelogram YT is also equal to CD. 

But DT is another parallelogram ; 
therefore, as the base CD is to DT, so is YT to DT. [v. 7] 

And, since the parallelepipedal solid CI has been cut by 
the plane RE which is parallel to opposite planes, 
as the base CD is to the base DT, so is the solid CE to the 
solid RI. [xi. 25] 



For the same reason, 
since the parallelepipedal solid YI has been cut by the plane 
RX which is parallel to opposite planes, 
as the base YT is to the base TD, so is the solid YX to the 
solid RI. [xi. 25] 

But, as the base CD is to DT, so is YT to DT; 
therefore also, as the solid CF is to the solid RI, so is the 
solid YX to RI. [v. 1 1 ] 

Therefore each of the solids CF, YX has to RI the same 
ratio; 
therefore the solid CF is equal to the solid YX. [v. 9] 

But YX was proved equal to AE; 
therefore AE is also equal to CF. 

Next, let the sides standing up, AG, HK, BE, LM, CN, 
PQ, DF, RS, not be at right angles to the bases AB, CD; 
I say again that the solid AE is equal to the solid CF. 

A H ; \ ) \ \ ; \ 
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For from the points K, E, G, M, Q, F, N, S let KO, ET, 
GU, MV, QW, FX, NY, SI be drawn perpendicular to the 
plane of reference, and let them meet the plane at the points 
0, T, U, V, W, X, Y, I, 
and let OT, OU, UV, TV, WX, WY, YI, IX be joined. 

Then the solid KVis equal to the solid QI, 
for they are on the equal bases KM, QS and of the same 
height, and their sides which stand up are at right angles to 
their bases. [First part of this Prop.] 

But the solid KV\s equal to the solid AE, 
and QI to CF; 
for they are on the same base and of the same height, while 
the extremities of their sides which stand up are not on the 
same straight lines. [x i . 30] 



Therefore the solid AE is also equal to the solid CF. 
Therefore etc. 

Q. E. D. 

It is interesting to observe that, in the figure of this proposition, the bases 
are represented as lying " in the plane of the paper," as it were, and the third 
dimension as "standing u p " from that plane. The figure is that of the 
manuscript P slightly corrected as regards the solid AE. 

Nothing could well be more ingenious than the proof of this proposition, 
which recalls the brilliant proposition 1. 44 and the proofs of vi. 14 and 23. 

A s the proof occupies considerable space in the text, it will no doubt be 
well to give a summary. 

I. First, suppose that the edges terminating at the angular points of the 
bases are perpendicular to the bases. 

AB, CD being the bases, Euclid constructs a solid identically equal to 
AE (he might simply have moved AE itself), placing it so that RS is the edge 
corresponding to HK(RS= HK because the heights are equal), and the face 
RX corresponding to HE is in the plane of CS. 

The faces CD, R W are in one plane because both are perpendicular to 
RS. Thus DR, WU meet, if produced, in Y say. 

Complete the parallelograms YT, DTand the solids YX, FT. 
Then (solid YX) = (solid UX), 

because they are on the same base .S'T'and of the same height. [xi. 29] 
Also, CI, YI being parallelepipeds cut by planes RF, RX parallel to pairs 

of opposite faces respectively, 
(solid CF) : (solid RI)=C3 CD-.EJDT, [xi . 25] 

and (solid YX) :(solid RI)=CJ YT-.E3DT. 
But [1 .35 ] O YT= CD UT 

=CJAB 
= £ 7 CD, by hypothesis. 

Therefore (solid CF) = (solid YX) 
= (solid UX) 
= (solid AE). 

I I . I f the edges terminating at the base are not perpendicular to it, turn 
each solid into an equivalent one on the same base with edges perpendicular 
to it (by drawing four perpendiculars from the angular points of the base to 
the plane of the opposite face), (xi . 29, 30 prove the equivalence.) 

Then the equivalent solids are equal, by Part 1.; so that the original solids 
are also equal. 

Simson observes that Euclid has made no mention of the case in which 
the bases of the two solids are equiangular, and he prefixes this case to Part 1. 
in the text. This is surely unnecessary, as Part 1. covers it well enough : the 
only difference in the figure is that UW would coincide with Yb and dV 
with ec. 

Simson further remarks that in the demonstration of Part 11. it is not 
proved that the new solids constructed in the manner described are parallele
pipeds. The proof is, however, so simple that it scarcely needed insertion 



into the text. He is correct in his remark that the words "while the 
extremities of their sides which stand up are not on the same straight lines " 
just before the end of the proposition would be better absent, since they may 
be " on the same straight lines." 

PROPOSITION 3 2 . 

Parallelepipedal solids which are of the same height are to 
one another as their bases. 

Let AB, CD be parallelepipedal solids of the same height; 
I say that the parallelepipedal solids AB, CD are to one 
another as their bases, that is, that, as the base AE is to the 
base CF, so is the solid AB to the solid CD. 

For let FH equal to AE be applied to FG, [1. 45] 
and on FH as base, and with the same height as that of CD, 
let the parallelepipedal solid GK be completed. 

Then the solid AB is equal to the solid GK; 
for they are on equal bases AE, FH and of the same height. 

[xi. 31] 

And, since the parallelepipedal solid CK is cut by the plane 
DG which is parallel to opposite planes, 
therefore, as the base CF is to the base FH, so is the solid 
CD to the solid DH. [xi . 25] 

But the base FH is equal to the base AE, 
and the solid GK to the solid AB; 
therefore also, as the base AE is to the base CF, so is the 
solid AB to the solid CD. 

Therefore etc. 
Q. E. D. 

As Clavius observed, Euclid should have said, in applying the parallelo
gram FH to FG, that it should be applied " in the angle F G H equal to the 
angle L C G . " Simson is however, I think, hypercritical when he states as 
regards the completion of the solid GK that it ought to be said, " complete 
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For let EK, EL, EM be produced in a straight line with 
AE, GE, HE, 
let EK be made equal to CF, EL equal to FN, and further 
EM equal to FR, 
and let the parallelogram KL and the solid KP be completed. 

Now, since the two sides KE, EL are equal to the two 
sides CF, EN, 
while the angle KEL is also equal to the angle CEN, 
inasmuch as the angle AEG is also equal to the angle CEN 
because of the similarity of the solids AB, CD, 

the solid of which the base is FH, and one of its insisting straight lines is FD." 
Surely, when we have two faces DG, FH meeting in an edge, to say "complete 
the sol id" is quite sufficient, though the words " on FH as base" might 
perhaps as well be left out. The same " completion " of a parallelepipedal 
solid occurs in x i . 31 and 33. 

PROPOSITION 3 3 . 

Similar parallelepipedal solids are to one another in the 
triplicate ratio of their corresponding sides. 

Let AB, CD be similar parallelepipedal solids, 
and let AE be the side corresponding to CF; 
I say that the solid AB has to the solid CD the ratio triplicate 
of that which AE has to CF. 



therefore the parallelogram KL is equal < and similar > to the 
parallelogram CN. 

For the same reason 
the parallelogram KM is also equal and similar to CR, 
and further EP to DF; 
therefore three parallelograms of the solid KP are equal and 
similar to three parallelograms of the solid CD. 

But the former three parallelograms are equal and similar 
to their opposites, and the latter three to their opposites; [xi . 24] 
therefore the whole solid KP is equal and similar to the whole 
solid CD. [xi. Def. 10] 

Let the parallelogram GK be completed, 
and on the parallelograms GK, KL as bases, and with the 
same height as that of AB, let the solids EO, LQ be 
completed. 

Then since; owing to the similarity of the solids AB, CD, 
as AE is to CF, so is EG to FN, and EH to FR, 
while CF is equal to EK, FN to EL, and FR to EM, 
therefore, as AE is to EK, so is GE to EL, and HE to EM. 

But, as AE is to EK, so is A G to the parallelogram GK, 
as GE is to EL, so is GK to KL, 
and, as HE is to EM, so is QE to KM; [vi. 1] 

therefore also, as the parallelogram A G is to GK, so is (JA* 
to KL, and g f f to A W . 

But, as AG is to GK, so is the solid AB to the solid ^"(9, 
as GK is to AX, so is the solid OE to the solid QL, 
and, as QE is to A"¥, so is the solid QL to the solid KP; 

[x i . 32] 
therefore also, as the solid AB is to .£"0, so is EO to £?Z, and 
QL to A V > . 

But, if four magnitudes be continuously proportional, the 
first has to the fourth the ratio triplicate of that which it has 
to the second; [v. Def. 10] 
therefore the solid AB has to KP the ratio triplicate of that 
which AB has to EO. 

But, as AB is to EO, so is the parallelogram AG to GK, 
and the straight line AE to EK [vi. 1 ] ; 



hence the solid AB has also to KP the ratio triplicate of that 
which AE has to EK. 

But the solid KP is equal to the solid CD, 
and the straight line EK to CE; 
therefore the solid AB has also to the solid CD the ratio 
triplicate of that which the corresponding side of it, AE, has 
to the corresponding side CF. 

Therefore etc. 
Q. E. D. 

PORISM. From this it is manifest that, if four straight 
lines be < continuously > proportional, as the first is to the 
fourth, so will a parallelepipedal solid on the first be to the 
similar and similarly described parallelepipedal solid on the 
second, inasmuch as the first has to the fourth the ratio 
triplicate of that which it has to the second. 

The proof may be summarised as follows. 
The three edges AE, GE, HE of the parallelepiped AB which meet at 

E, the vertex corresponding to R in the other parallelepiped, are produced, 
and lengths EK, EL, EM are marked off equal respectively to the edges CF, 
FN, FR of CB. 

The parallelograms and solids are then completed as shown in the figure. 
Euclid first shows that the solid CD and the new solid PK are equal and 

similar according to the criterion in x i . Def. 10, viz. that they are contained 
by the same number of equal and similar planes. (They are arranged in the 
same order, and it would be easy to prove equality by proving the equality of 
a pair of solid angles and then applying one solid to the other.) 

We have now, by hypothesis, 
AE : CF= EG : FN=EH : FR; 

that is, AE : EK=EG : EL = EH: EM. 
But AE : £K = CJ AG :CJGK, [vi. i ] 

EG: EL = 0 GK: CD KL, 
EH: EM=LJ HK : CD KM. 

Again, by x i . 25 or 32, 
O AG:CD GK= (solid AB): (solid EO), 
CJ GK: CD KL = (solid EO): (solid QL), 
O HK: CJ KM= (solid QL): (solid KP). 

Therefore 
(solid AB) : (solid EO) = (solid EO): (solid QL) = (solid QL): (solid KP), 

or the solid AB is to the solid KP (that is, CD) in the ratio triplicate of that 
which the solid AB has to the solid EO, i.e. the ratio triplicate of that which 
^ . E has to . E X (or CF). 

Heiberg doubts whether the Porism appended to this proposition is 
genuine. 



Simson adds, as Prop. D, a useful theorem which we should have expected 
to find here, on the analogy of vi . 23 following vi . 19, 20, viz. that Solid 
parallelepipeds contained by parallelograms equiangular to one another, each to 
each, that is, of which the solid angles are equal, each to each, have to one another 
the ratio compounded of the ratios of their sides. 

The proof follows the method of the proposition x i . 33, and we can use 
the same figure. In order to obtain one ratio between lines to represent the 
ratio compounded of the ratios of the sides, after the manner of vi. 23, we 
take any straight line a, and then determine three other straight lines b, c, d, 
such that 

AE : CF=a: b, 
EG : FN= b : c, 
EH: FR = c:d, 

whence a : d represents the ratio compounded of the ratios of the sides. 
We obtain, in the same manner as above, 

(solid AB): (solid EO) = CJAG;CJ GK= AE : EK= AE : CF 
= a:b, 

(solid EO) : (solid QL) = O GE: CJ KL = GE : EL = GE : FN 
= b:c, 

(solid QL) : (solid KP) » O H K - . C J KM= EH: EM= EH: FR 
= c:d, 

whence, by composition [v. 22], 
(solid AB): (solid KP) = a:d, 

or (solid AB): (solid CD) =a:d. 

PROPOSITION 34 . 

In equal parallelepipedal solids the bases are reciprocally 
proportional to the heights; and those parallelepipedal solids in 
which the bases are reciprocally proportional to the heights are 
equal. 

Let AB, CD be equal parallelepipedal solids ; 
I say that in the parallelepipedal solids AB, CD the bases are 
reciprocally proportional to the heights, 
that is, as the base EH is to the base NQ, so is the height 
of the solid CD to the height of the solid AB. 

First, let the sides which stand up, namely AG, EE, LB, 
HK, CM, NO, PD, QR, be at right angles to their bases ; 
I say that, as the base EH is to the base NQ, so is CM 
to AG. 

If now the base EH is equal to the base NQ, 
while the solid AB is also equal to the solid CD, 
CM will also be equal to AG. 



Now the solid AB is equal to the solid CD ; 
therefore CM is also greater than A G. 

Let then C7"be made equal to AG, 
and let the parallelepipedal solid VC be completed on NQ as 
base and with CT'as height. 

Now, since the solid AB is equal to the solid CD, 
and CV'is outside them, 
while equals have to the same the same ratio, [v. 7] 
therefore, as the solid AB is to the solid CV, so is the solid 
CD to the solid CV. 

But, as the solid AB is to the solid CV, so is the base 
EH to the base NQ, 
for the solids AB, CV are of equal height; [xi. 32] 
and, as the solid CD is to the solid C V, so is the base MQ to 
the base TQ [xi. 25] and CM to CT [vi. 1 ] ; 
therefore also, as the base EH is to the base NQ, so is MC 
to CT. 

But CT is equal to AG ; 
therefore also, as the base EH is to the base NQ, so is MC 
to AG. 

For parallelepipedal solids of the same height are to 
one another as the bases ; [xi. 32] 
and, as the base EH is to NQ, so will CM be to AG, 
and it is manifest that in the parallelepipedal solids AB, CD 
the bases are reciprocally proportional to the heights. 

Next, let the base EH not be equal to the base NQ, 
but let EH be greater. 



Therefore in the parallelepipedal solids AB, CD the bases 
are reciprocally proportional to the heights. 

Again, in the parallelepipedal solids AB CD let the bases 
be reciprocally proportional to the heights, chat is, as the base 
EH is to the base NQ, so let the height of the solid CD be 
to the height of the solid AB ; 
I say that the solid AB is equal to the solid CD. 

Let the sides which stand up be again at right angles to 
the bases. 

Now, if the base EH is equal to the base NQ, 
and, as the base EH is to the base NQ, so is the height of 
the solid CD to the height of the solid AB, 
therefore the height of the solid CD is also equal to the 
height of the solid AB. 

But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; [xi . 31] 
therefore the solid AB is equal to the solid CD. 

Next, let the base EH not be equal to the base NQ, 
but let EH be greater ; 
therefore the height of the solid CD is also greater than the 
height of the solid AB, 
that is, CM is greater than A G. 

Let CT be again made equal to AG, 
and let the solid CVbe similarly completed. 

Since, as the base EH is to the base NQ, so is MC 
to AG, 
while AG is equal to CT, 
therefore, as the base EH is to the base NQ, so is CM 
to CT. 

But, as the base EH is to the base NQ, so is the solid 
AB to the solid CV, 
for the solids AB, CV are of equal height; [x 52] 
and, as CM is to CT, so is the base MQ to the base QT [vi. 1] 
and the solid CD to the solid CV. [xi . 25] 

Therefore also, as the solid AB is to the solid CV, so is 
the solid CD to the solid CV; 
therefore each of the solids AB, CD has to CV the same 
ratio. 
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Since the solid AB is equal to the solid CD, 
while AB is equal to BT, 
for they are on the same base EK and of the same height; 

[xi. 29, 30] 
and the solid CD is equal to DX, 
for they are again on the same base RO and of the same 
height; [id-] 
therefore the solid BT is also equal to the solid DX. 

Therefore, as the base EK is to the base OR, so is the 
height of the solid DX to the height of the solid BT. 

8 * [Part , . ] 

But the base EK is equal to the base EH, 
and the base OR to the base NQ ; 
therefore, as the base EH is to the base NQ, so is the height 
of the solid DX to the height of the solid BT. 

Therefore the solid AB is equal to the solid CD. [v. 9] 

Now let the sides which stand up, FE, BL, GA, HK, 
ON, DP, MC, RQ, not be at right angles to their bases ; 
let perpendiculars be drawn from the points F, G, B, K, 0, 
M, D, R to the planes through EH, NQ, and let them meet 
the planes at 5, T, U, V, W, X, Y, a, 
and let the solids FV, Oa be completed; 
I say that, in this case too, if the solids AB, CD are equal, 
the bases are reciprocally proportional to the heights, that is, 
as the base EH is to the base NQ, so is the height of the 
solid CD to the height of the solid AB. 



But the solids DX, B T and the solids DC, BA have the 
same heights respectively; 
therefore, as the base EH is to the base NQ, so is the height 
of the solid DC to the height of the solid AB. 

Therefore in the parallelepipedal solids AB, CD the bases 
are reciprocally proportional to the heights. 

Again, in the parallelepipedal solids AB, CD let the bases 
be reciprocally proportional to the heights, 
that is, as the base EH is to the base NQ, so let the height 
of the solid CD be to the height of the solid AB ; 
I say that the solid AB is equal to the solid CD. 

For, with the same construction, 
since, as the base EH is to the base NQ, so is the height of 
the solid CD to the height of the solid AB, 
while the base EH is equal to the base EK, 
and NQ to OR, 
therefore, as the base EK is to the base OR, so is the height 
of the solid CD to the height of the solid AB. 

But the solids AB, CD and BT, DX have the same 
heights respectively; 
therefore, as the base EK is to the base OR, so is the height 
of the solid DX to the height of the solid BT. 

Therefore in the parallelepipedal solids BT, DX the bases 
are reciprocally proportional to the heights ; 
therefore the solid BT is equal to the solid DX. [Part i.] 

But BT is equal to BA, 
for they are on the same base EK and of the same height; 

[xi . 29, 30] 
and the solid DX is equal to the solid DC. [id.] 

Therefore the solid AB is also equal to the solid CD. 
Q. E. D. 

In this proposition Euclid makes two assumptions which require notice, 
(1) that, if two parallelepipeds are equal, and have equal bases, their heights 
are equal, and (2) that, if the bases of two equal parallelepipeds are unequal, 
that which has the lesser base has the greater height. In justification of the 
former statement Euclid says, according to what Heiberg holds to be the 
genuine reading, "for parallelepipedal solids of the same height are to one 
another as their bases" [xi. 32]. This apparently struck some very early 
editor as not being sufficient, and he added the explanation appearing in 
Simson's text, " For if, the bases EH, NQ being equal, the heights AG, CM 



were not equal, neither would the solid AB be equal to CD. But it is by 
hypothesis equal. Therefore the height CM is not unequal to the height AG; 
therefore it is equal." Then, it being perceived that there ought not to be two 
explanations, the genuine one was erased from the inferior MSS. While the 
interpolated explanation does not take us very far, the truth of the statement 
may be deduced with perhaps greater ease from xi . 31 than from xi . 32 
quoted by Euclid. For, assuming one height greater than the other, while the 
bases are equal, we have only to cut from the higher solid so much as will 
make its height equal to that of the other. Then this part of the higher solid 
is equal to the whole of the other solid which is by hypothesis equal to the 
higher solid itself. That is, the whole is equal to its part: which is impossible. 

T h e genuine text contains no explanation of the second assumption that, 
if the base EH be greater than the base NQ, while the solids are equal, the 
height C W i s greater than the height AG; for the added words " for, if not, 
neither again will the solids AB, CD be equal; but they are equal by 
hypothesis " are no doubt interpolated. In this case the truth of the assump
tion is easily deduced from xi . 32 by reductio ad absurdum. If the height CM 
were equal to the height AG, the solid AB would be to the solid CD as the 
base EH is to the base NQ, i.e. as a greater to a less, so that the solids would 
not be equal, as they are by hypothesis. Again, if the height CM were less 
than the height AG, we could increase the height of CD till it was equal to 
that of AB, and it would then appear that AB is greater than the heightened 
solid and a fortiori greater than CD: which contradicts the hypothesis. 

Clavius rather ingeniously puts the first assumption the other way, saying 
that, if the heights are equal in the equal parallelepipeds, the bases must be 
equal This follows directly from xi . 32, which proves that the parallelepipeds 
are to one another as their bases; though Clavius deduces it indirectly from 
x i . 31. T h e advantage of Clavius' alternative is that it makes the second 
assumption unnecessary. He merely says, if the heights be not equal, let CM 
be the greater, and then proceeds with Euclid's construction. 

It is also to be observed that, when Euclid comes to the corresponding 
proposition for cones and cylinders [XH. 15], he begins by supposing the 
heights equal, inferring by XII . 11 (corresponding to x i . 32) that, the solids 
being equal, the bases are also equal, and then proceeds to the case where the 
heights are unequal without making any preliminary inference about the 
bases. T h e analogy then of X I I . 15, and the fact that he quotes xi . 32 here 
(which directly proves that, if the solids are equal, and also their heights, their 
bases are also equal), make Clavius' form the more convenient to adopt. 

T h e two assumptions being proved as above, the proposition can be put 
shortly as follows. 

I. Suppose the edges terminating at the corners of the base to be per
pendicular to it. 

Then (a), if the base EH be equal to the base NQ, the parallelepipeds 
being also equal, the heights must be equal (converse of xi . 31), so that the 
bases are reciprocally proportional to the heights, the ratio of the bases and 
the ratio of the heights being both ratios of equality. 

(b) If the base EH be greater than the base NQ, and consequently (by 
deduction from xi . 32) the height CM greater than the height AG, cut off 
C y f r o m C o e q u a l to AG, and draw the plane TV through 7'parallel to the 
base NQ, malting the parallelepiped CV, with CT(= AG) for its height. 

Then, since the solids AB, CD are equal, 
(solid AB): (solid CV) = (solid CD): (solid CV). [v. 7] 
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But (solid AB): (solid CV)=CJ HE-.CJ NQ, [xi . 32] 
and (solid CD): (solid CV)=CJMQ-.CJ TQ [xi . 25] 

= CM:CT. [vi. 1 ] 
Therefore CJ HE : CJ NQ = CM: CT 

= CM:AG. 
Conversely (a), if the bases EH, NQ be equal and reciprocally proportional 

to the heights, the heights must be equal. 
Consequently (solid AB) = (solid CD). [xi. 31] 
(t>) If the bases EH, NQ be unequal, if, e.g. O EH> CJ NQ, 

then, since CD EH: CJ NQ = CM: A G, 
CM> AG. 

Make the same construction as before. 
Then CJEH-.CJNQ = (solid AB): (solid CV), [xi . 32] 

and CM:AG=CM:CT 
= CJMQ-.CJ TQ [vi. 1] 
= (solid CD): (solid CV). [xi . 25] 

Therefore 
(solid AB): (solid CV) = (solid CD) : (solid CV), 

whence (solid AB) = solid CD. [v. 9] 
I I . Suppose that the edges terminating at the corners of the bases are not 

perpendicular to it. 
Drop perpendiculars on the bases from the corners of the faces opposite 

to the bases. 
We thus have two parallelepipeds equal to AB, CD respectively, since 

they are on the same bases EK, RO and of the same height respectively. 
[xi . 29, 30] 

If then (1) the solid AB is equal to the solid CD, 
(solid . 5 7 ^ = (solid Z>A-), 

and, by the first part of this proposition, 
CJKE:CJOR = MX: GT, 

or O H E - . C J N Q = MX: GT. 
(2) If CJ HE : CJ NQ = MX: GT, 

then CJKE:CJOR = MX: GT, 
so that, by the first half of the proposition, the solids BT, DX are equal, and 
consequently 

(solid AB) = (solid CD). 

The text of the second part of the proposition four times contains, after 
the words " of the same height," the words " in which the sides which stand 
up are not on the same straight lines." As Simson observed, they are inept, 
as the extremities of the edges may or may not be " o n the same straight 
l ines" ; cf. the similar words incorrectly inserted at the end of x i . 31. 

Words purporting to quote the result of the first part of the proposition 
are also twice inserted; but they are rejected as unnecessary and as containing 
an absurd expression—"(solids) in which the heights axe at right angles to their 
bases," as if the heights could be otherwise than perpendicular to the bases. 



PROPOSITION 3 5 . 

If there be two equal plane -angles, and on their vertices 
there be set up elevated straight lines containing equal angles 
with the original straight lines respectively, if on the elevated 
straight lines points be taken at random and perpendiculars be 
drawn from them to the planes in which the original angles 
are, and if from the points so arising in the planes straight 
lines be joined to the vertices of the original angles, they will 
contain, with the elevated straight lines, equal angles. 

Let the angles BA C, EDF be two equal rectilineal angles, 
and from the points A, D let the elevated straight lines AG, 
DM be set up containing, with the original straight lines, 
equal angles respectively, namely, the angle MDE to the 
angle GAB and the angle MDE to the angle GAC, 
let points G, M be taken at random on A G, DM, 
let GL, MN be drawn from the points G, M perpendicular to 
the planes through BA, AC and ED, DE, and let them meet 
the planes at L, N, 
and let LA, ND be joined ; 
I say that the angle GAL is equal to the angle MDN. 

1. 
1 ° <T / 

Let AH be made equal to DM, 
and let HK be drawn through the point H parallel to GL. 

But GL is perpendicular to the plane through BA, AC; 
therefore HK is also perpendicular to the plane through. 
BA, AC. [xi. 8] 

From the points K, N let KC, NF, KB, NE be drawn 
perpendicular to the straight lines AC, DF, AB, DE, 
and let HC, CB, MF, EE be joined. 



Since the square on HA is equal to the squares on HK, 
KA, 
and the squares on KC, CA are equal to the square on KA, 

47] 
therefore the square on HA is also equal to the squares on 
HK, KC, CA. 

But the square on HC is equal to the squares on 
HK, KC; [1 .47] 
therefore the square on HA is equal to the squares on 
HC, CA. 

Therefore the angle HCA is right. [1. 48] 

For the same reason 
the angle DFM is also right. 

Therefore the angle A CH is equal to the angle DFM. 
But the angle HAC is also equal to the angle MDF. 
Therefore MDF, HA C are two triangles which have two 

angles equal to two angles respectively, and one side equal to 
one side, namely, that subtending one of the equal angles, 
that is, HA equal to MD; 
therefore they will also have the remaining sides equal to the 
remaining sides respectively. [1. 26] 

Therefore AC is equal to DF. 

Similarly we can prove that AB is also equal to DE. 
Since then AC is equal to DF, and AB to DE, 

the two sides CA, AB are equal to the two sides FD, DE. 
But the angle CAB is also equal to the angle FDE ; 

therefore the base BC is equal to the base EF, the triangle to 
the triangle, and the remaining angles to the remaining 
angles ; [1. 4] 
therefore the angle ACB is equal to the angle DEE. 

But the right angle ACK is also equal to the right angie 
DFN; 
therefore the remaining angle BCK is also equal to the 
remaining angle EFN. 

ror the same reason 
the angle CBK is also equal to the angle FEN. 
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Therefore BCK, EFN are two triangles which have two 
angles equal to two angles respectively, and one side equal to 
one side, namely, that adjacent to the equal angles, that is, 
BC equal to EF; 
therefore they will also have the remaining sides equal to the 

Therefore CK is equal to FN. 
But AC is also equal to DF; 

therefore the two sides AC, CK are equal to the two sides 

and they contain right angles. 
Therefore the base AKis equal to the base DN. [i. 4] 
And, since AH is equal to DM, 

the square on AH is also equal to the square on DM. 
But the squares on AK, KH are equal to the square 

on AH, 
for the angle AKH is right; [1. 47] 
and the squares on DN, NM are equal to the square 
on DM, 

therefore the squares on AK, KH are equal to the squares 
on DN, NM; 
and of these the square on AK is equal to the square on DN; 
therefore the remaining square on KH is equal to the square 
on NM; 
therefore HK is equal to MN. 

And, since the two sides HA, AK are equal to the two 
sides MD, DN respectively, 
and the base HK was proved equal to the base MN, 
therefore the angle HAK is equal to the angle MDN. [1. 8] 

Therefore etc. 
PORISM. From this it is manifest that, if there be two 

equal plane angles, and if there be set up on them elevated 
straight lines which are equal and contain equal angles with 
the original straight lines respectively, the perpendiculars 
drawn from their extremities to the planes in which are 
the original angles are equal to one another. 

remaining sides. [1. 26] 

DF, FN; 

for the angle DNM is right; [i- 47] 

Q. E. D. 



This proposition is required for the next, where it is necessary to know 
that, if in two equiangular parallelepipeds equal angles, one in each, be 
contained by three plane angles respectively, one of which is an angle of the 
parallelogram forming the base in one parallelepiped, while its equal is likewise 
in the base of the other, and the edges in which the two remaining angles 
forming the solid angles meet are equal, the parallelepipeds are of the same 
height. 

Bearing in mind the definition of the inclination of a straight line to a 
plane, we might enunciate the proposition more shortly thus. 

If there be two trihedral angles identically equal to one another, corresponding 
edges in each are equally inclined to the planes through the other two edges 
respectively. 

The proof, which is necessarily somewhat long, may be summarised thus. 
It is required to prove that the angles GAL, MDN in the figure are equal, 

G, M being any points on AG, DM, and GL, MN perpendicular to the 
planes BA C, EDF respectively. 

If AH is made equal to DM, and HK is drawn in the plane GAL parallel 
to GL, 

HK is also perpendicular to the plane BA C. [xi . 8] 
Draw KB, KC perpendicular to AB, AC respectively and NE, NF 

perpendicular to DE, DF respectively, and complete the figures. 
N o w ( i ) HA* = HK1 + KA' 

= HK* + KC* + CA* [1 .47] 
= HC + CA* J 

Therefore L HCA = a right angle. 
Similarly L MFD = a right angle. 
(2) A s HAC, MDFhuve therefore two angles equal and one side. 
Therefore AHAC = AMDF, and AC = DF. [1. 26] 
(3) Similarly A HAB = A MDE, and AB * DE. 
(4) Hence A s ABC, DEF are equal in all respects, so that B C - EF, 

and LABC=LDEF, 

LACB^^DFE. 

(5) Therefore the complements of these angles are equal, 
i.e. LKBC=LNEF, 

and L KCB = t, NEE. 
(6) The As KBC, NEFh&ve two angles equal and one side, and are 

therefore equal in all respects, so that 
KB = NE, 
KC= NF. 

(7) The right-angled triangles KA C, NDFare equal in all respects, since 
AC= DF[(2) above], K C = NF. 

Consequently AK=DN. 
(8) In A s HAK, MDN, 

HK2 + KA* = HA* 

= MD*, by hypothesis, 
= MN* + ND*. 



Subtracting the equals KA2, ND2, 
we have HK1 = MN', 
or HK= MN. 

(9) A s HAK, MDN axe. now equal in all respects, by I. 8 and 1. 4, and 
therefore 

L HAK - L MDN. 

The Porism is merely a statement of the result arrived at in (8). 

Legendre uses, practically, the construction and argument of this propo
sition to prove the theorem given under (3) of the note on xi . 21 above that 
In two equal trihedral angles, corresponding pairs of face angles include equal 
dihedral angles. This fact is readily deduced from the above proposition. 

Since [(1)] HC, KC are both perpendicular to AC, and MF, NF both 
perpendicular to DF, the angles HCK, MFN are the measures of the 
dihedral angles between the planes HA C, BA C, and MDF, EDF respec
tively, [xi . Def. 6] 

By (6), KC = NF, 

and, by (8), HK= MN, 

while the angles HKC, MNF, both being right, are equal. 
Consequently the A s HCK, MFN axe equal in all respects, [1. 4] 

so that LHCK=LMFN. 

Simson substituted a different proof of (1) in the above summary, as 
follows. 

Since HK is perpendicular to the plane BA C, the plane IIBK, passing 
through HK, is also perpendicular to the plane BAC. [xi. 18] 

And AB, being drawn in the plane BAC perpendicular to BK, the 
common section of the planes HBK, BAC, is perpendicular to the plane 
HBK [xi . Def. 4], and is therefore perpendicular to every straight line 
meeting it in that plane [xi . Def. 3]. 

Hence the angle ABH is a right angle. 
I think Euclid's proof much preferable to this with its references to 

definitions which are more of the nature of theorems. 

PROPOSITION 36. 

If three straight lines be proportional, the parallelepipedal 
solid formed out of the three is equal to the parallelepipedal 
solid on the mean which is equilateral, but equiangular with 
the aforesaid solid. 

Let A, B, C be three straight lines in proportion, so that, 
as A is to B, so is B to C; 
I say that the solid formed out of A, B, C is equal to the 
solid on B which is equilateral, but equiangular with the 
aforesaid solid. 

Let there be set out the solid angle at E contained by the 
angles DEG, GEE, FED, 



let each of the straight lines DE, GE, EF be made equal to 
B, and let the parallelepipedal solid EK be completed, 
let LM be made equal to A, 
and on the straight line LM, and at the point L on it, let there 
be constructed a solid angle equal to the solid angle at E, 
namely that contained by NLO, OLM, MLN ; 
let LO be made equal to B, and LN equal to C. 

Now, since, as A is to B, so is B to C, 
while A is equal to LM, B to each of the straight lines LO, 
ED, and C to LN, 
therefore, as LM is to EF, so is DE to LN. 

Thus the sides about the equal angles NLM, DEF are 
reciprocally proportional; 
therefore the parallelogram MN is equal to the parallelogram 
DF. * [vi. 14] 

And, since the angles DEF, NLM are two plane recti
lineal angles, and on them the elevated straight lines LO, EG 
are set up which are equal to one another and contain equal 
angles with the original straight lines respectively, 
therefore the perpendiculars drawn from the points G, 0 to 
the planes through NL, LM and DE, EF are equal to one 
another ; [xi . 35, Por.] 
hence the solids LH, EK are of the same height. 

But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; [xi. 31] 
therefore the solid HL is equal to the solid EK. 

And LH is the solid formed out of A, B, C, and EK the 
solid on B; 



358 B O O K X I [xi- 36, 37 

therefore the parallelepipedal solid formed out of A, B,-C\s 
equal to the solid on B which is equilateral, but equiangular 
with the aforesaid solid. 

Q. E. D. 

The edges of the parallelepiped HL being respectively equal to A, B, C, 
and those of the equiangular parallelepiped KE being all equal to B, we 
regard MN (not containing the edge OL equal to B) as the base of the first 
parallelepiped, and consequently ED, equiangular to MN, as the base of KE. 

Then the solids have the same height. [xi . 35, Por.] 
Hence (solid HL): (solid KE) = CJ MN: CJ ED. [xi. 3 2] 
But, since A, B, C are in continued proportion, 

A : B = B : C, 
or LM: EF= DE : LN. 

Thus the sides of the equiangular £ 7 s MN, FD are reciprocally pro
portional, whence 

O MN= CJ FD, [vi. 14] 
and therefore (solid HL)'= (solid KE). 

PROPOSITION 3 7 . 

If four straight lines be proportional, the parallelepipedal 
solids on them which are similar and similarly described will 
also be proportional; and, if the parallelepipedal solids on them 
which are similar and similarly described be proportional, the 
straight lines will themselves also be proportional. 

Let AB, CD, EF, GH be four straight lines in proportion, 
so that, as AB is to CD, so is EF to GH; 
and let there be described on AB, CD, EF, GH the similar 
and similarly situated parallelepipedal solids KA, LC, ME, 
NG; 
I say that, as KA is to LC, so is ME to NG. 

N 

For, since the parallelepipedal solid KA is similar to LC, 
therefore KA has to LC the ratio triplicate of that which AB 
has to CD. [xi. 33] 



For the same reason 
ME also has to NG the ratio triplicate of that which EF has 
to GH. [id.] 

And, as AB is to CD, so is EF to GH. 
Therefore also, as AK is to LC, so is ME to NG. 
Next, as the solid AK is to the solid LC, so let the solid 

ME be to the solid NG ; 
I say that, as the straight line AB is to CD, so is EF to GH. 

For since, again, AT/4 has to LC the ratio triplicate of that 
which AB has to CD, [xi . 33] 
and ME also has to NG the ratio triplicate of that which EF 

[id.] has to GH, 
and, as AV2 is to LC, so is ME to A 7^, 
therefore also, as AB is to CZ?, so is EE to 67 / . 

Therefore etc. 
Q. E. D. 

In this proposition it is assumed that, if two ratios be equal, the ratio 
triplicate of one is equal to the ratio triplicate of the other and, conversely, 
that, if ratios which are the triplicate of two other ratios are equal, those other 
ratios are themselves equal. 

T o avoid the necessity for these assumptions Simson adopts the alternative 
proof found in the MS. which Heiberg calls b, and also adopted by Clavius, 
who, however, gives Euclid's proof as well, attributing it to Theon. T h e 
alternative proof proceeds after the manner of vi. 22, thus. 

Make AB, CD, 0, P continuous proportionals, and also EF, GH, Q, R. 

[v. 22] 

I. Then, since 
AB: CD = EF: GH, 

we have, ex aequali, 
AB : P= EF: R. 

But (solid AK): (solid CL) = AB:P, 
[xi . 33 and Por.] 8 

and (solid EM): (solid GN) = EF: R. 
Therefore 

(solid AK): (solid CL) = (solid EM): (solid GN) 



II . If the solids are proportional, take ST such that 
AB : CD = EF: ST, 

and on ST describe the parallelepiped S V similar and similarly situated to 
either of the parallelepipeds EM, GN. 

Then, by the first part, 
(solid AK): (solid CL) = (solid EM): (solid SV), 

whence it follows that 
(solid GN) = (solid SV). 

But these solids are similar and similarly situated; 
therefore their faces are similar and equal; [xi. Def. 10] 
therefore the corresponding sides GH, ST sue equal. 

[For this inference cf. note on vi. 22. The equality of GH, ST may 
readily be proved by application of the two parallelepipeds to one another, 
since, being similar, they are equiangular.] 

Hence AB:CD = EE: GH. 

The text of the MSS . has here a proposition which is as badly placed as it 
is unnecessary. If a plane be at right angles to a plane, and from any one of the 
points in one of the planes a perpendicular be drawn to the other plane, the 
perpendicular so drawn will fall on the. common section of the planes. It is of 
the nature of a lemma to X U . 17, where 
alone the fact is made use of. Heiberg 
observes that it is omitted in b and that the 
copyist of P knew other texts which did not 
contain it. From these facts it is fairly con- A G ^ A p ~~—^ 
eluded that the proposition was interpolated. B 
The truth of it is of course immediately 
obvious by reductio ad absurdum. Let the plane CAD be perpendicular to 
the plane AB, and let a perpendicular be drawn to the latter from any point 
E in the former. 

If it does not fall on AD, the common section, let it meet the plane AB 
in F. 

Draw FG in AB perpendicular to AD, and join EG. 
Then FG is perpendicular to the plane CAD [xi . Def. 4], and therefore 

to GE [xi . Def. 3]. Therefore L EGF is right 
Also, since EF is perpendicular to AB, 

the angle EFG is right. 
That is, the triangle EGF has, two right angles : 

which is impossible. 

PROPOSITION 38. 

If Ike sides of the opposite planes of a cube be bisected, and 
planes be carried through the points of section, the common 
section of the planes and the diameter of the cube bisect one 
another. 

For let the sides of the opposite planes CF, AH of the 
cube AF be bisected at the points K, L,.M, N, O, Q, P, R, 



and through the points of section let the planes KN, OR be 
carried ; 
let US be the common section of the planes, and DG the 
diameter of the cube AF. 

I say that UT is equal to TS, and DT to TG. 
For let DU, UE, BS, SG be joined. 
Then, since DO is parallel to PE, 

the alternate angles DOU, UPE are equal to one another. 
[•' 2 9 ] 

And, since DO is equal to PE, and OU to UP, 
and they contain equal angles, 
therefore the base DU is equal to the base UE, 
the triangle DOU is equal to the triangle PUE, 
and the remaining angles are equal to the remaining angles; 

[i- 4] 
therefore the angle OUD is equal to the angle PUE. 

F 

For this reason DUE is a straight line. [«• 14] 
For the same reason, BSG is also a straight line, 

and BS is equal to SG. 

Now, since CA is equal and parallel to DB, 
while CA is also equal and parallel to EG, 
therefore DB is also equal and parallel to EG. [xi . 9] 



And the straight lines DE, BG join their extremities ; 
therefore DE is parallel to BG. [1. 33] 

Therefore the angle EDT'is equal to the angle BGT, 
for they are alternate ; [1. 29] 
and the angle DTU is equal to the angle GTS. [1. 15] 

Therefore DTU, GTS are two t iangles which have two 
angles equal to two angles, and one side equal to one side, 
namely that subtending one of the equal angles, that is, D U 
equal to GS, 
for they are the halves of DE, BG ; 
therefore they will also have the remaining sides equal to the 
remaining sides. [1. 26] 

Therefore DT is equal to TG, and UT to TS. 
Therefore etc. 

Q. E. D. 

Euclid enunciates this proposition of a cube only, though it is true of any 
parallelepiped, no doubt because its truth for a cube is all that was wanted for 
the only proposition where it is needed, viz. x m . 17. 

Simson remarks that it should be proved that the straight lines bisecting 
the corresponding opposite sides of opposite planes are in one plane. This is, 
however, clear because e.g. since DK, CL are equal and parallel, KL is equal 
and parallel to C D . And, since KL, AB are both parallel to DC, KL is 
parallel to AB. And lastly, since KL, MNaxz both parallel to AB, KL is 
parallel to MNand. therefore in one plane with it. 

The essential thing to be proved is that the plane passing through the 
opposite edges DB, EG passes through the straight line US, since, only if 
this be the case, can US, D G intersect one another. 

T o prove this we have only to prove that, if DU, UE and BS, SG be 
joined, DUE and BSG are both straight lines. 

Now, since D O is parallel to EE, 
LDOU=LEPU. 

Thus, in the A s DUO, EUP, two sides D O , OU are equal to two sides 
EP, PU, and the included angles are equal. 

Therefore A DUO = A EUP, 
DU= UE, 

and UDUO = LEUP, 

so that DUE is a straight line, bisected at U. Similarly BSG is a straight 
line, bisected at 5. 

Thus the plane through DB, EG (DB, EG being equal and parallel) 
contains the straight lines DUE, BSG (which are therefore equal and parallel 
also) and also [xi. 7] the straight lines US, D G (which accordingly intersect). 

In A s DTU, GTS, the angles UDT, SGTsue. equal (being alternate), 
and the angles UTD, STG are also equal (being vertically opposite), while 
DU (half of DE) is equal to GS (half of BG). 



For let the solids A O, GP be completed. 
Since the parallelogram AF is double of the triangle GHK, 

while the parallelogram HK is also double of the triangle 
GHK, [1 .34] 

therefore the parallelogram AF is equal to the parallelogram 
HK 

But parallelepipedal solids which are on equal bases and 
of the same height are equal to one another ; [xi . 31] 
therefore the solid AO is equal to the solid GP. 

And the prism ABCDEF is half of the solid AO, 
and the prism GHKLMN is half of the solid GP; [xi. 28] 
therefore the prism ABCDEF is equal to the prism 
GHKLMN. 

Therefore etc. 
Q. E. D. 

Therefore [1. 26] the triangles DTU, GTS are equal in all respects, so that 
DT= TG, 
UT= TS. 

PROPOSITION 39. 

If there be two prisms of equal height, and one have a 
parallelogram as base and the other a triangle, and if the 
parallelogram be double of the triangle, the prisms will be 
equal. 

Let ABCDEF, GHKLMN be two prisms of equal 
height, 
let one have the parallelogram A Fas base, and the other the 
triangle GHK, 
and let the parallelogram AF be double of the triangle GHK; 
I say that the prism ABCDEF is equal to the prism 
GHKLMN. 
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This proposition is made use of in xn . 3, 4. The phraseology is interest
ing because we find one of the parallelogrammic faces of one of the triangular 
prisms called its base, and the perpendicular on this plane from that vertex of 
either triangular face which is not in this plane the height. 

T h e proof is simple because we have only to complete parallelepipeds 
which are double the prisms respectively and then use xi . 31. It has to be 
borne in mind, however, that, if the parallelepipeds are not rectangular, the 
proof in x i . 28 is not sufficient to establish the fact that the parallelepipeds 
are double of the prisms, but has to be supplemented as shown in the note on 
that proposition, xi i . 4 does, however, require the theorem in its general 
form. 



R O O K X I I . 

H I S T O R I C A L N O T E . 

The predominant feature of Book xn . is the use of the method of 
exhaustion, which is applied in Propositions 2, 3—5, io , n , 12, and (in a 
slightly different form) in Propositions 16—18. We conclude therefore that 
for the content of this Book Euclid was greatly indebted to Eudoxus, to whom 
the discovery of the method of exhaustion is attributed. The evidence for 
this attribution comes mainly from Archimedes. (1) In the preface to On 
the Sphere and Cylinder i., after stating the main results obtained by himself 
regarding the surface of a sphere or a segment thereof, and the volume and 
surface of a right cylinder with height equal to its diameter as compared with 
those of a sphere with the same diameter, Archimedes adds: " Having now 
discovered that the properties mentioned are true of these figures, I cannot 
feel any hesitation in setting them side by side both with my former investiga
tions and with those of the theorems of Eudoxus on solids which are held to be 
most irrefragably established, namely that any pyramid is one third part of the 
prism which has the same base with the pyramid and equal height [i.e. Eucl. 
xn . 7], and that any cone is one third part of the cylinder which has the same 
base with the cone and equal height [i.e. Eucl. XII . 10]. For, though these 
properties also were naturally inherent in the figures all along, yet they were 
in fact unknown to all the many able geometers who lived before Eudoxus 
and had not been observed by any one." (2) In the preface to the treatise 
known as the Quadrature of the Parabola Archimedes states the " lemma " 
assumed by him and known as the "Ax iom of Archimedes" (see note on x. 1 
above) and proceeds : " Earlier geometers (01 irportpov yctu/ic'rpat) have also 
used this lemma; for it is by the use of this same lemma that they have 
shown that circles are to one another in the duplicate ratio of their diameters 
[Eucl. xn . 2], and that spheres are to one another in the triplicate ratio of their 
diameters [Eucl. x n . 18], and further that every pyramid is one third part of the 
prism which has the same base with the pyramid and equal height [Eucl. x n . 7 ] ; 
also, that every cone is one third part of the cylinder which has the same base 
with the cone and equal height [Eucl. XII, 10] they proved by assuming a certain 
lemma similar to that aforesaid." Thus in the first passage two theorems of 
Eucl. xn . are definitely attributed to Eudoxus ; and, when Archimedes says, 
in the second passage, that "earlier geometers" proved these two theorems 
by means of the lemma known as the " Axiom of Archimedes" and of a 
lemma similar to it respectively, we can hardly suppose him to be alluding to 
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any other proof than that given by Eudoxus. As a matter of fact, the lemma 
used by Euclid to prove both propositions (xn. 3—5 and 7, and x n . 10) is the 
theorem of Eucl. x. 1. As regards the connexion between the two " l emmas" 
see note on x . 1. 

We are not, however, to suppose that none of the results obtained by 
the method of exhaustion had been discovered before the time of Eudoxus 
(fl. about 368—s B . C . ) . T w o at least are of earlier date, those of Eucl. x n . 2 
and xn . 7. 

(a) Simplicius (Comment, in Aristot. Phys. p. 61, ed. Diels) quotes 
Eudemus as saying, in his History of Geometry, that Hippocrates of Chios 
(fl. say 430 B.C . ) first laid it down (COSTO) that similar segments of circles are 
in the ratio of the squares on their bases and that he proved this (i&tUwtv) by 
proving ( « TOV 8ti£ai) that the squares on the diameters have the same ratio 
as the (whole) circles. W e know nothing of the method by which Hippo
crates proved this proposition; but, having regard to the evidence from 
Archimedes quoted above, it is not permissible to suppose that the method 
was the fully developed method of exhaustion as we know it. 

(6) As regards the two theorems about the volume of a pyramid and of 
a cone respectively, which Eudoxus was the first to prove, we now have 
authentic evidence in the short treatise by Archimedes discovered by Heiberg 
in a MS. at Constantinople in 1906 and published in Hermes the following 
year (see now Archimedis opera omnia, ed. Heiberg, 2. ed., Vol . 11., 1913, 
pp. 425—507; T . L. Heath, The Method of Archimedes, Cambridge, 1912). 
The said treatise, complete in all essentials, bears the title *Apxw^<"" * P 
fii]XaviKi2v 6«opr)fia.TWV IRPO9 "EpartxrOivrpt <?<po8os. This " M e t h o d " (or "Plan of 
attack "), addressed to Eratosthenes, is none other than the i<j>6Siov on which, 
according to Suidas, Theodosius wrote a commentary, and which is several 
times cited by Heron in his Metrica; its discovery adds a new and important 
chapter to the history of the integral calculus. In the preface to this work 
Archimedes alludes to the theorems which he first discovered by means of 
mechanical considerations, but proved afterwards by geometry, because the 
investigation by means of mechanics did not constitute a rigid proof; he 
observes, however, that the mechanical method is of great use for the discovery 
of theorems, and it is much easier to provide the rigid proof when the fact 
to be proved has once been discovered than it would be if nothing were 
known to begin with. He goes on : " Hence too, in the case of those 
theorems the proof of which was first discovered by Eudoxus, namely those 
relating to the cone and the pyramid, that the cone is one third part of the 
cylinder, and the pyramid one third part of the prism, having the same base 
and equal height, no small part of the credit will naturally be assigned to 
Democritus, who was the first to make the statement (of the fact) regarding 
the said figure [i.e. property], though without proving it." Hence the discovery 
of the two theorems must now be attributed to Democritus (fl. towards the 
end of 5th cent. B . C ) . The words "without proving i t " ( x w P « ds-oSfifcois) do 
not mean that Democritus gave no sort of proof, but only that he did not give 
a proof on the rigorous lines required later; for the same words are used by 
Archimedes of his own investigations by means of mechanics, which, however, 
do constitute a reasoned argument. T h e character of Archimedes' mechanical 
arguments combined with a passage of Plutarch about a particular question in 
infinitesimals said to have been raised by Democritus may perhaps give a clue 
to the line of Democritus' argument as regards the pyramid. The essential 
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feature of Archimedes' mechanical arguments in this tract is that he regards 
an area as the sum of an infinite number of straight lines parallel to one 
another and terminated by the boundary or boundaries of the closed figure 
the area of which is to be found, and a volume as the sum of an infinite 
number of plane sections parallel to one another: which is of course the same 
thing as taking (as we do in the integral calculus) the sum of an infinite 
number of strips of breadth dx (say), when dx becomes indefinitely small, or 
the sum of an infinite number of parallel laminae of depth dz (say), when dz 
becomes indefinitely small. T o give only one instance, we may take the 
case of the area of a segment of a parabola cut off by a chord. 

Let CBA be the parabolic segment, CE the tangent at C meeting the 

diameter EBD through the middle point of the chord CA in E, so that 
EB = BD. 

Draw AF parallel to ED meeting CE produced in F. Produce CB to 
H so that CK=KH, where K is the point in which CH meets AF; and 
suppose CH to be a lever. 

Let any diameter MNPO be drawn meeting the curve in P and CF, CK, 
CA in M, N, 0 respectively. 

Archimedes then observes that 
CA . AO = MO : OP 

(" for this is proved in a lemma "), 
whence HK: KN= MO : OP, 
so that, if a straight line TG equal to PO be placed with its middle point at 
H, the straight line MO with centre of gravity at N, and the straight line TG 
•vith centre of gravity at H, will balance about K. 

Taking all other parts of diameters like PO intercepted between the curve 
and CA, and placing equal straight lines with their centres of gravity at H, 
these straight lines collected at H will balance (about K) all the lines like 
MO parallel to FA intercepted within the triangle CFA in the positions in 
which they severally lie in the figure. 

Hence Archimedes infers that an area equal to that of the parabolic 
segment hung at H will balance (about K) the triangle CFA hung at its 
centre of gravity, the point X (a point on CK such that CK- 3XK), and 
therefore that 

(area of triangle CFA): (area of segment) = HK: KX 
= 3 •• 1. 



from which it follows that 
area of parabolic segment = %AAEC. 

The same sort of argument is used for solids, plane sections taking the 
place of straight lines. 

Archimedes is careful to state once more that this method of argument 
does not constitute a proof. Thus, at the end of the above proposition about 
the parabolic segment, he adds : " This property is of course not proved by 
what has just been said; but it has furnished a sort of indication (liijxuriv nva) 
that the conclusion is true." 

Let us now turn to the passage of Plutarch (De Comm. Not. adv. Stoicos 
x x x i x 3) about Democritus above referred to. Plutarch speaks of Democritus 
as having raised the question in natural philosophy (^VO-IKW?) : " if a cone 
were cut by a plane parallel to the base [by which is clearly meant a plane 
indefinitely near to the base], what must we think of the surfaces of the 
sections, that they are equal or unequal ? For, if they are unequal, they will 
make the cone irregular, as having many indentations, like steps, and uneven-
nesses; but, if they are equal, the sections will be equal, and the cone will 
appear to have the property of the cylinder and to be made up of equal, not 
unequal circles, which is very absurd." The phrase "made up of equal...circles" 
({$ LAMV <RVYK€i/I.FV(K...KVK\A>V) shows that Democritus already had the idea of 
a solid being the sum of an infinite number of parallel planes, or indefinitely 
thin laminae, indefinitely near together: a most important anticipation of the 
same thought which led to such fruitful results in Archimedes. If then one 
may hazard a conjecture as to Democritus' argument with regard to a pyramid, 
it seems probable that he would notice that, if two pyramids of the same 
height and equal triangular bases are respectively cut by planes parallel to the 
base and dividing the heights in the same ratio, the corresponding sections of 
the two pyramids are equal, whence he would infer that the pyramids are 
equal as being the sum of the same infinite number of equal plane sections 
or indefinitely thin laminae. (This would be a particular anticipation of 
Cavalieri's proposition that the areal or solid contents of two figures are equal 
if two sections of them taken at the same height, whatever the height may be, 
always give equal straight lines or equal surfaces respectively.) And 
Democritus would of course see that the three pyramids into which a prism 
on the same base and of equal height with the original pyramid is divided (as 
in Eucl . x n . 7) satisfy this test of equality, so that the pyramid would be one 
third part of the prism. The extension to a pyramid with a polygonal base 
would be easy. And Democritus may have stated the proposition for the 
cone (of course without an absolute proof) as a natural inference from the 
result of increasing indefinitely the number of sides in a regular polygon 
forming the base of a pyramid. 
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PROPOSITION I . 

Similar polygons inscribed in circles are to one another as 
the squares on the diameters. 

Let ABC, FGH be circles, 
let ABCDE, EGHKL be similar polygons inscribed in them, 
and let BM, GN be diameters of the circles ; 
I say that, as the square on BM is to the square on GN, so 
is the polygon ABCDE to the polygon EGHKL. 

For let BE, AM, GL, EN be joined. 
Now, since the polygon ABCDE is similar to the polygon 

EGHKL, 
the angle BAE is equal to the angle GEL, 
and, as BA is to AE, so is GE to FL. [vi. Def. i ] 

Thus BAE, GEL are two triangles which have one angle 
equal to one angle, namely the angle BAE to the angle 
GEL, and the sides about the equal angles proportional; 
therefore the triangle ABE is equiangular with the triangle 

Therefore the angle AEB is equal to the angle FLG. 

A 

FGL. [vi. 6] 



But the angle AEB is equal to the angle A MB, 
for they stand on the same circumference ; [m. 27] 
and the angle FL G to the angle FNG; 
therefore the angle A MB is also equal to the angle FNG. 

But the right angle BAM is also equal to the right angle 
GFN; [HI. 31] 

therefore the remaining angle is equal to the remaining angle. 
[1. 32] 

Therefore the triangle ABM is equiangular with the 
triangle FGN. 

Therefore, proportionally, as BM is to GN, so is BA 
to GF. [vi. 4] 

But the ratio of the square on BM to the square on GN 
is duplicate of the ratio of BM to GN, 
and the ratio of the polygon ABCDE to the polygon FGHKL 
is duplicate of the ratio of BA to GF; [vi. 20] 
therefore also, as the square on BM is to the square on GN, 
so is the polygon ABCDE to the polygon FGHKL. 

Therefore etc. 
Q. E. D. 

As , from this point onward, the text of each proposition usually occupies 
considerable space, I shall generally give in the notes a summary of the 
argument, to enable it to be followed more easily. 

Here we have to prove that a pair of corresponding sides are in the ratio 
of the corresponding diameters. 

Since L S BAE, GEL are equal, and the sides about those angles 
proportional, 

A s ABE, FGL are equiangular, 

so that L AEB = LELG 

Hence their equals in the same segments, L S AMB, FNG, are equal. 
And the right angles BAM, GFN ace equal. 
Therefore A s ABM, FGN are equiangular, so that 

BM: GN= BA : GF. 

The duplicates of these ratios are therefore equal, 

whence (polygon ABCDE): (polygon FGHKL) 

= duplicate ratio of BA to GF 
= duplicate ratio of BM to GN 

= BM2 -. GN2. 



PROPOSITION 2. 

Circles are to one another as the squares on the diameters. 
Let ABCD, EFGH be circles, and BD, FH theii 

diameters; 
I say that, as the circle ABCD is to the circle EFGH, so is 
the square on BD to the square on FH. 

For, if the square on BD is not to the square on FH as 
the circle ABCD is to the circle EFGH, 
then, as the square on BD is to the square on FH, so will 
the circle ABCD be either to some less area than the circle 
EFGH, or to a greater. 

First, let it be in that ratio to a less area S. 
Let the square EFGH be inscribed in the circle EFGH; 

then the inscribed square is greater than the half of the circle 
EFGH, inasmuch as, if through the points E, F, G, H we 
druw tangents to the circle, the square EFGH is half the 
square circumscribed about the circle, and the circle is less 
than the circumscribed square ; 
hence the inscribed square EFGH is greater than the half of 
the circle EFGH. 

Let the circumferences EF, FG, GH, HE be bisected at 
the points K, L, M, N, 
and let EK, KE, FL, LG, GM, MH, HN, NE be joined ; 
therefore each of the triangles EKE, FLG, GMH, HNE is 
also greater than the half of the segment of the circle about 
it, inasmuch as, if through the points K, L, M, N we draw 
tangents to the circle and complete the parallelograms on the 
straight lines EF, FG, GH, HE, each of the triangles EKE, 

A 

B 
T 



FLG, GMH, HNE will be half of the parallelogram 
about it, 
while the segment about it is less than the parallelogram; 
hence each of the triangles EKF, FLG, GMH, HNE 
is greater than the half of the segment of the circle 
about it. 
• 

Thus, by bisecting the remaining circumferences and 
joining straight lines, and by doing this continually, we shall 
leave some segments of the circle which will be less than the 
excess by which the circle EFGH exceeds the area S. 

For it was proved in the first theorem of the tenth book 
that, if two unequal magnitudes be set out, and if from the 
greater there be subtracted a magnitude greater than the half, 
and from that which is left a greater than the half, and if this 
be done continually, there will be left some magnitude which 
will be less than the lesser magnitude set out. 

Let segments be left such as described, and let the 
segments of the circle EFGH on EK, KF, FL, LG, GM, 
MH, HN, NE be less than the excess by which the circle 
EFGH exceeds the area 5. 

Therefore the remainder, the polygon EKFLGMHN, is 
greater than the area 5. 

Let there be inscribed, also, in the circle ABCD the poly
gon AOBPCQDR similar to the polygon EKFLGMHN; 
therefore, as the square on BD is to the square on FH, so is 
the polygon AOBPCQDR to the polygon EKFLGMHN. 

[XII. l ] 

But, as the square on BD is to the square on FH, so also 
is the circle ABCD to the area 5 ; 
therefore also, as the circle ABCD is to the area S, so is the 
polygon AOBPCQDR to the polygon EKFLGMHN ; 

[v. . , ] 
therefore, alternately, as the circle ABCD is to the polygon 
inscribed in it, so is the arei S to the polygon EKFLGMHN. 

[v. ,6] 
But the circle ABCD is greater than the polygon inscribed 

in it; 
therefore the area S is also greater than the polygon 
EKFLGMHN. 



But it is also less : 
which is impossible. 

Therefore, as the square on BD is to the square on FH, 
so is not the circle ABCD to any area less than the circle 
EFGH. 

Similarly we can prove that neither is the circle EFGH 
to any area less than the circle ABCD as the square on FH 
is to the square on BD. 

I say next that neither is the circle ABCD to any area 
greater than the circle EFGH as the square on BD is to the 
square on FH. 

For, if possible, let it be in that ratio to a greater area 5. 
Therefore, inversely, as the square on FH is to the square 

on DB, so is the area S to the circle ABCD. 
But, as the area S is to the circle ABCD, so is the circle 

EFGH to somfc area less than the circle ABCD; 
therefore also, as the square on FH is to the square on BD, 
so is the circle EFGH to some area less than the circle 
ABCD: l v .« ] 
which was proved impossible. 

Therefore, as the square on BD is to the square on FH, 
so is not the circle ABCD to any area greater than the circle 
EFGH. 

And it was proved that neither is it in that ratio to any 
area less than the circle EFGH; 
therefore, as the square on BD is to the square on FH, so is 
the circle ABCD to the circle EFGH. 

Therefore etc. 
Q. E. D. 

LEMMA. 

I say that, the area S being greater than the circle 
EFGH, as the area S is to the circle ABCD, so is the circle 
EFGH to some area less than the circle ABCD. 

For let it be contrived that, as the area S is to the circle 
ABCD, so is the circle EFGH to the area T. 

I say that the area T is less than the circle ABCD. 
For since, as the area S is to the circle ABCD, so is the 

circle EFGH to the area T, 



therefore, alternately, as the area S is to the circle EFGH, so 
is the circle ABCD to the area T. [v. 16] 

But the area 6" is greater than the circle EFGH; 
therefore the circle ABCD is also greater than the area T. 

Hence, as the area S is to the circle ABCD, so is the 
circle EFGH to some area less than the circle ABCD. 

Q. E. D. 

Though this theorem is said to have been proved by Hippocrates, we may 
with tolerable certainty attribute the proof of it given by Euclid to Eudoxus, 
to whom xn. 7 Tor. and XII. 10 (which Euclid proves in exactly the same 
manner) are specifically attributed by Archimedes. As regards the lemma 
used herein (Eucl. x. 1 ) and the somewhat different lemma by means of which 
Archimedes says that the theorems of XU. 2, xn. 7 Por. and xn. 18 were 
proved, see my note on x. 1 above. 

The first essential in this proposition is to prove that we can exhaust a 
circle, in the sense of x. 1, by successively inscribing in it regular polygons, 
each of which has twice as many sides as the preceding one. We take first 
an inscribed square, then bisect the arcs subtended by the sides and so form 
an equilateral polygon of eight sides, then do the same with the latter, forming 
a polygon of 16 sides, and so on. And we have to prove that what is left 
over when any one of these polygons is taken away from the circle is more 
than half exhausted when the next polygon is made and subtracted from the 
circle. 

Euclid proves that the inscribed square is greater than half the circle and 
that the regular octagon when subtracted takes away more than half of what 
was left by the square. He then infers that the same 
thing will happen whenever the number of sides is O C E 
doubled. 

This can be seen generally by taking any arc of a 
circle cut off by a chord AB. Bisect the arc in C. 
Draw a tangent to the circle at C, and let AD, BE 
be drawn perpendicular to the tangent. Join A C, C B . 

Then DE is parallel to AB, since 
LECB = L CAB, in alternate segment, [in. 32] 

= L CBA. [111. 29, 1. 5] 
Thus ABED is a O ; 

and it is greater than the segment A C B . 
Therefore its half, the A A C B , is greater than half the segment. 
Thus, by x. i, Euclid's construction of successive regular polygons in 

a circle, if continued far enough, will at length leave segments which are 
together less than any given area. 

Now let X, X' be the areas of the circles, d, d' their diameters, respectively. 
Then, if X : X' =1= d* : d", 

d2 : d'1 = X : S, • 
where S is some area either greater or less than A ' . 

I. Suppose 5 < X'. 
Continue the construction of polygons in X' until we arrive at one which 



leaves over segments together less than the excess of X' over S, i.e. a polygon 
such that 

X' > (polygon in A") > S. 
Inscribe in the circle X a polygon similar to that in X. 
Then (polygon in X): (polygon in X') = dl:cC% [xn. 1] 

= X : S, by hypothesis; 
and, alternately, 

(polygon in X): X= (polygon in A " ) : S. 
But (polygon in X) < X; 

therefore (polygon in X') < S. 
But, by construction. (polygon in X') > S: 

which is impossible. 
Hence 5 cannot be less than X' as supposed. 
I I . Suppose S> X'. 
Since d* :d'* = X: S, 

we have, inversely, d"': d1 = S: X. 
Suppose that S:X=X':T, 

whence, since $> X', X > T. [v. 14] 
Consequently d'1 : d* = X' : T, 

where T < X. 
This can be proved impossible in exactly the same way as shown in Part I. 
Hence S cannot be greater than X' as supposed. 
Since then 5 is neither greater nor less than A ' , 

S- X', 
and therefore d* : dn = X : X'. 

With reference to the assumption that there is some space S such that 
d* : d'1 - X : S, 

i.e. that there is a fourth proportional to the areas d', d'\ X, Simson observes 
that it is sufficient, in this and the like cases, that a thing made use of in the 
reasoning can possibly exist, though it cannot be exhibited by a geometrical 
construction. As regards the assumption see note on v. 18 above. 

There is grave reason for suspecting the genuineness of the Lemma at the 
end of the proposition ; though, if it be rejected, it will be necessary to delete 
the words "as was before proved" in corresponding places in XII. 5, 18. 

It will be observed that Euclid proves the impossibility in the second case 
by reducing it to the first If it is desired to prove the second case indepen
dently, we must circumscribe successive polygons to the circles instead of 
inscribing them, in the way shown by Archimedes in his first proposition on 
the Measurement of a circle. Of course we require, as a preliminary, the 
proposition corresponding to x n . 1, that 
Similar polygons circumscribed about 
circles are to one another as the squares 
on the diameters. 

Let AB, A'B" be corresponding sides 
of the two similar polygons. Then L s 
OAS, 0A'B' are equal, since AO, A'O 
bisect equal angles. 



Similarly L ABO = L A'B'0. 
Therefore A s A OB, A'OB are similar, so that their areas are in the 

duplicate ratio of AB to A'B. 
The radii OC, 0 C drawn to the points of contact are perpendicular to 

AB, A'B, and it follows that 
AB : A'B = CO : C'0. 

Thus the polygons are to one another in the duplicate ratio of the radii, 
and therefore of the diameters. 

Now suppose a square ABCD described about 
a circle. 

Make an octagon described about the circle by 
drawing tangents at the points E etc., where OA etc. 
meet the circle. 

Then shall the tangent at E cut off more than 
half of the area between AK, AH and the arc 
HEK. 

For the angle AEG is right, and is therefore 
> LEAG. 

Therefore A G > EG 
> GK. 

Therefore A A GE > A EGK. 
Similarly A A EE > A EFH. 
Hence A AFG > \ (re-entrant quadrilateral A HEK), 

and a fortiori, A AFG > § (area between AH, AK and the arc). 
Thus the octagon takes from the square more than half the space between 

the square and the circle. 
Similarly, if a figure of 16 equal sides be circumscribed by cutting off 

symmetrically the corners of the octagon, it will take away more than half of 
the space between the octagon and circle. 

Suppose now, with the original notation, that 
d2 : d'2=X:S, 

where S is greater than A". 
Continue the construction of circumscribed polygons about A" until the 

total area between the polygon and the circle is less than the difference 
between 5 and A", i.e. till 

S > (polygon about X') > X'. 
Circumscribe a similar polygon about X. 
Then (polygon about X): (polygon about X') = d2: d'2 

= X': S, by hypothesis, 
and, alternately, 

(polygon about X): X = (polygon about X') : S. 
But (polygon about X) > X. 
Therefore (polygon about X') > S. 
But S > (polygon about X'): [above] 

which is impossible. 
Hence S cannot be greater than X'. 
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Legendre proves this proposition by a method equally rigorous but not, I 
think, possessing any advantages over Euclid's. It depends on a lemma 
corresponding to Eucl. XII. 16, but with another part added to it. 

Two concentric circles being given, we can always inscribe in the greater a 
regular polygon such that its sides do not mat the circumference of the lesser, and 
we can also circumscribe about the lesser a regular 
polygon such that its sides do not meet the circum
ference of the greater. 

Let CA, CB be the radii of the circles. 

I. At A on the inner circle draw the tangent 
DE meeting the outer circle in D, E. 

Inscribe in the outer circle any of the regular 
polygons which we can inscribe, e.g. a square. 

Bisect the arc subtended by a side, bisect 
the half, bisect that again, and so on, until we 
arrive at an arc less than the arc DBE. 

Let this arc be MN, and suppose it so placed 
that B is its middle point. 

Then the chord MN is clearly more distant from the centre C than DE 
i s ; and the regular polygon, of which MN is a side, does not anywhere meet 
the circumference of the inner circle. 

II . Join CM, CN, meeting DE in P, Q. 
Then PQ will be the side of a polygon circumscribed about the inner 

circle and similar to the polygon inscribed in the outer; 
and the circumscribed polygon of which PQ is a side will not anywhere meet 
the outer circle. 

Legendre now proves x n . 2 after the following manner. 
For brevity, let us denote the area of the circle with radius CA by 

(circ. CA). 
Then it is required to prove that, if OB be the radius of a second circle, 

(circ. CA): (circ. OB) = CA*: OB*. 

Suppose, if possible, that this relation is not true. Then CA* will be to 
OB* as (circ. CA) is to an area greater or less than (circ. OB). 

I. Suppose, first, that 
CA*: OB* = (circ. CA): (circ. OD), 

where OD is less than OB. 
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Inscribe in the circle with radius OB a regular polygon such that its sides 
do not anywhere meet the circumference of the circle with centre OD; 

[Lemma] 
and inscribe a similar polygon in the other circle. 

The areas of the polygons will then be in the duplicate ratio of CA to OB, 
or [xn. i] 

(polygon in circ. CA): (polygon in circ. OB) 
= CA2: OB2 

= (circ. CA):(circ. OD), by hypothesis. 
But this is impossible, because the polygon in (circ. CA) is less than (circ. 

CA), but the polygon in (circ. OB) is greater than (circ. OD). 
Therefore CA2 cannot be to OB1 as (circ. CA) is to a less circle than 

(circ. OB). 

11. Suppose, if possible, that 
CA2 : OB1 = (circ. CA): (some circle > circ. OB). 

Then inversely 
OB2 : CA2 = (circ. OB): (some circle < circ. CA), 

and this is proved impossible exactly as in Part I. 
Therefore CA2 : OB2 = (circ. CA): (circ. OB). 

PROPOSITION 3. 

Any pyramid which has a triangular base is divided into 
two pyramids equal and similar to one another, similar to the 
whole and having triangular bases, and into two equal prisms ; 
and the two prisms are greater than the half of the whole 
pyramid. 

Let there be a pyramid of which the triangle ABC is the 
base and the point D the vertex ; 
I say that the pyramid ABCD is 
divided into two pyramids equal to 
one another, having triangular bases 
and similar to the whole pyramid, 
and into two equal prisms ; and the 
two prisms are greater than the half 
of the whole pyramid. 

For let AB, BC, CA, AD, DB, 
DC be bisected at the points E, F, 
G, H, K, L, and let HE, EG, GH, HK, KL, LH, KE, FG 
be joined. 

Since AE is equal to EB, and AH to DH, 
therefore EH is parallel to DB. [vi. 2] 



For the same reason 
HK is also parallel to AB. 

Therefore HEBK is a parallelogram ; 
therefore HK is equal to EB. [>• 34] 

But EB is equal to EA ; 
therefore AE is also equal to HK. 

But AH is also equal to HD ; 
therefore the two sides EA, AH are equal to the two sides 
KH, HD respectively , 
and the angle EA H is equal to the angle KHD ; 
therefore the base EH is equal to the base KD. [i. 4] 

Therefore the triangle A EH is equal and similar to the 
triangle HKD. 

For the same reason 
the triangle AHG is also equal and similar to the triangle 

Now, since two straight lines EH, HG meeting one 
another are parallel to two straight lines KD, DL meeting 
one another, and are not in the same plane, they w;il contain 
equal angles. [xi . 10] 

Therefore the angle EHG is equal to the angle KDL. 
And, since the two straight lines EH, HG are equal to the 

two KD, DL respectively, 
and the angle EHG is equal to the angle KDL, 
therefore the base EG is equal to the base KL ; [1. 4] 
therefore the triangle EHG is equal and similar to the 
triangle KDL. 

For the same reason 
the triangle AEG is also equal and similar to the triangle 

Therefore the pyramid of which the triangle AEG is the 
base and the point H the vertex is equal and similar to the 
pyramid of which the triangle HKL is the base and the point 

And, since HK has been drawn parallel, to AB, one of the 
sides of the triangle ADB, 

HLD. 

HKL. 

D the vertex. [xi . Def. 10] 



the triangle ADB is equiangular to the triangle DHK, [1. 29] 
and they have their sides proportional; 
therefore the triangle ADB is similar to the triangle DHK. 

[vi. Def. 1] 
For the same reason 

the triangle DBC is also similar to the triangle DKL, and 
the triangle ADC to the triangle DLH. 

Now, since the two straight lines BA, AC meeting one 
another are parallel to the two straight lines KH, HL meeting 
one another, not in the same plane, they will contain equal 
angles. [xi. 10] 

Therefore the angle BA C is equal to the angle KHL. 
And, as BA is to AC, so is KH to HL ; 

therefore the triangle ABC is similar to the triangle HKL. 
Therefore also the pyramid of which the triangle ABC is 

the base and the point D the vertex is similar to the pyramid 
of which the triangle HKL is the base and the point D the 
vertex. 

But the pyramid of which the triangle HKL is the base 
and the point D the vertex was proved similar to the pyramid 
of which the triangle AEG is the base and the point H the 
vertex. 

Therefore each of the pyramids AEGH, HKLD is 
similar to the whole pyramid ABCD. 

Next, since BF is equal to EC, 
the parallelogram EBEG is double of the triangle GFC. 

And since, if there be two prisms of equal height, and one 
have a parallelogram as base, and the other a triangle, and if 
the parallelogram be double of the triangle, the prisms are 
equal, [xi. 39] 
therefore the prism contained by the two triangles BKF, 
EHG, and the three parallelograms EBEG, EBKH, HKEG 
is equal to the prism contained by the two triangles GFC, 
HKL and the three parallelograms KFCL, LCGH, HKFG. 

And it is manifest that each of the prisms, namely that in 
which the parallelogram EBEG is the base and the straight 
line HK is its opposite, and that in which the triangle GFC is 
the base and the triangle HKL its opposite, is greater than 
each of the pyramids of which the triangles AEG, HKL are 
the bases and the points H, D the vertices, 



inasmuch as, if we join the straight lines EF, EK, the prism 
in which the parallelogram EBEG is the base and the straight 
line HK its opposite is greater than the pyramid of which the 
triangle EBF is the base and the point K the vertex. 

But the pyramid of which the triangle EBF is the base 
and the point K the vertex is equal to the pyramid of which 
the triangle AEG is the base and the point H the vertex ; 
for they are contained by equal and similar planes. 

Hence also the prism in which the parallelogram EBEG 
is the base and the straight line HK its opposite is greater 
than the pyramid of which the triangle AEG is the base and 
the point H the vertex. 

But the prism in which the parallelogram EBEG is the 
base and the straight line HK its opposite is equal to the 
prism in which the triangle GFC is the base and the triangle 
HKL its opposite, 
and the pyramid of which the triangle AEG is the base and 
the point H the vertex is equal to the pyramid of which the 
triangle HKL is the base and the point D the vertex. 

Therefore the said two prisms are greater than the said 
two pyramids of which the triangles AEG, HKL are the 
bases and the points H, D the vertices. 

Therefore the whole pyramid, of which the triangle ABC 
is the base and the point D the vertex, has been divided into 
two pyramids equal to one another and into two equal prisms, 
and the two prisms are greater than the half of the whole 
pyramid. 

Q. E. D-

We will denote a pyramid with vertex D and base ABC by D (ABC) or 
D-ABC and the triangular prism with triangles GCF, HLK for bases by 
(GCF, HLK). 

The following are the steps of the proof. 

I. T o prove pyramid H(AEG) equal and similar to pyramid D(HKL). 
Since sides of A DAB are bisected at H, E, K, 

HE || DE, and HK || AB. 
Hence HK = EB = EA, 

HE = KB = DK. 
Therefore (1) A s HAE, DHK axe equal and similar. 
Similarly (2) As HAG, DHL are equal and similar. 
Again, LH, HK are respectively || to GA, AE in a different plane; 

therefore LGAE = LLHK. 
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And LH, HK are respectively equal to GA, AE. 
Therefore (3) A s GAE, LHKare equal and similar. 
Similarly (4) A s HGE, DLK are equal and similar. 
Therefore [xl . Def. 10] the pyramids //(AEG) and D(HKL) are equal 

and similar. 

II . T o prove the pyramid D (HKL) similar to the pyramid D (ABC). 
(1) T h e A s DHK, DAB are equiangular and therefore similar. 
Similarly (2) A s DLH, DC A are similar, as also (3) the A s DLK, DCB. 
Again, BA, AC axe respectively parallel to KH, HL in a different plane ; 

therefore LBAC=L KHL. 
A n d BA : AC= KH: HL. 
Therefore (4) A s BA C, KHL are similar. 
Consequently the pyramid D(ABC) is similar to the pyramid D(HKL), 

and therefore also to the pyramid H(AEG). 

I I I . T o prove prism (GCF, HLK) equal to prism (HGE, KEB). 
T h e prisms may be regarded as having the same height (the distance 

between the planes HKL, ABC) and having for bases (1) the A C G ^ a n d 
(2) the O EBEG, which is the double of the A CGF. 

Therefore, by x i . 39, the prisms are equal. 

IV. T o prove the prisms greater than the small pyramids. 
Prism (HGE, KFB) is clearly greater than pyramid K(EEB) and there

fore greater than pyramid H(AEG). 
Therefore each of the prisms is greater than each of the small pyramids; 

and the sum of the two prisms is greater than the sum of the two small 
pyramids, which, with the two prisms, make up the whole pyramid. 

PROPOSITION 4. 

If there be two pyramids of the same height which have 
triangular bases, and each of them be divided into two pyramids 
equal to one another and similar to the whole, and into two 
equal prisms, then, as the base of the one pyramid is to the 
base of the other pyramid, so will all the prisms in the one 
pyramid be to all the prisms, being equal in multitude, in the 
other pyramid. 

Let there be two pyramids of the same height which 
have the triangular bases ABC, DEF, and vertices the 
points G, H, 
and let each of them be divided into two pyramids equal to 
one another and similar to the whole and into two equal 
prisms ; [xn. 3] 
I say that, as the base ABC is to the base DEF, so are 
all the prisms in the pyramid ABCG to all the prisms, being 
equal in multitude, in the pyramid DEFH, 



For, since BO is equal to OC, and AL to LC, 
therefore LO is parallel to 
and the triangle ABC is similar to the triangle LOC. 

For the same reason 
the triangle DEF is also similar to the triangle RVF. 

And, since BC is double of CO, and ZTF of jPF-, 
therefore, as BC is to CO, so is EF to /^F. 

And on BC, CO are described the similar and similarly 
situated rectilineal figures ABC, LOC, 
and on EF, FV the similar and similarly situated figures 
DEF, RVF; 
therefore, as the triangle ABC is to the triangle LOC, so is 
the triangle DEF to the triangle RVF; [vi. 22] 
therefore, alternately, as the triangle ABC is to the triangle 
DEF, so is the triangle LOC to the triangle RVF. [v. 16] 

But, as the triangle LOC is to the triangle RVF, so is 
the prism in which the triangle LOC is the base and PMN its 
opposite to the prism in which the triangle R VF is the base 
and STU its opposite ; [Lemma following] 

therefore also, as the triangle ABC is to the triangle DEF, 
so is the prism in which the triangle LOC is the base and 
PMN its opposite to the prism in which the triangle RVF 
is the base and S TV its opposite. 

But, as the said prisms are to one another, so is the prism 
in which the parallelogram KBOL is the base and the straight 
line PM its opposite to the prism in which the parallelogram 
QEVR is the base and the straight line ST its opposite. 

[xi. 3 9 ; cf. x n . 3] 



Therefore also the two prisms, that in which the parallelo
gram KBOL is the base and PM its opposite, and that in 
which the triangle LOC is the base and PMN its opposite, 
are to the prisms in which QEVR is the base and the straight 
line 57" its opposite and in which the triangle RVF is the 
base and STU its opposite in the same ratio [v. 12] 

Therefore also, as the base ABC is to the base DEF, so 
are the said two prisms to the said two prisms. 

And similarly, if the pyramids PMNG, STUN be divided 
into two prisms and two pyramids, 
as the base PMN is to the base STU, so will the two prisms 
in the pyramid PMNG be to the two prisms in the pyramid 
STUH. 

But, as the base PMN is to the base STU, so is the base 
ABC to the base DEF; 
for the triangles PMN, STU are equal to the triangles LOC, 
R VF respectively. 

Therefore also, as the base ABC is to the base DEF, so 
are the four prisms to the four prisms. 

And similarly also, if we divide the remaining pyramids 
into two pyramids and into two prisms, then, as the base 
ABC is to the base DEF, so will all the prisms in the 
pyramid ABCG be to all the prisms, being equal in multitude, 
in the pyramid DEFH. 

Q. E. D. 

LEMMA. 

But that, as the triangle LOC is to the triangle RVF, 
so is the prism in which the triangle LOC is the base and 
PMN its opposite to the prism in which the triangle RVF is 
the base and STU its opposite, we must prove as follows. 

For in the same figure let perpendiculars be conceived 
drawn from G, H to the planes ABC, DEF; these are of 
course equal because, by hypothesis, the pyramids are of equal 
height. 

Now, since the two straight lines GCaxiA the perpendicular 
from G are cut by the parallel planes ABC, PMN, 
they will be cut in the same ratios. [xi. 17] 



And GC is bisected by the plane PMN at N; 
therefore the perpendicular from G to the plane ABC will 
also be bisected by the plane PMN. 

For the name reason 
the perpendicular from H to the plane DEF will also be 
bisected by the plane STU. 

And the perpendiculars from G, H to the planes ABC, 
DEF are equal; 
therefore the perpendiculars from the triangles PMN, STU 
to the planes ABC, DEF are also equal. 

Therefore the prisms in which the triangles LOC, RVF 
are bases, and PMN, STU their opposites, are of equal 
height. 

Hence also the parallelepipedal solids described from the 
said prisms are of equal height and are to one another as their 
bases; [xi . 32] 
therefore their halves, namely the said prisms, are to one another 
as the base L OC is to the base R VF. 

Q. E. D. 

We can incorporate the lemma at the end of the proposition and sum
marise the proof thus. 

Since LO is parallel to AB, 
As ABC, LOC are similar. 

In like manner A s DEF, RVF axe similar. 
And, since BC : CO = EF: FV, 

AABC: ALOC- ADEF: ARVF, [vi. 22] 
and, alternately, 

A ABC: ADEF= ALOC: ARVF. 
Now the prisms (LOC, PMN) and (RVF, STU) are equal in height: 

for the perpendiculars from G, H on the bases ABC, DEF are divided by 
the planes PMN, STU (parallel to the bases) in the same proportion as GC, 
HE axe divided by those planes [xi. 17], i.e. they are bisected; 
hence the heights of the prisms, being half the equal heights of the pyramids, 
are equal. 

And the prisms are the halves respectively of parallelepipeds of the same 
height on parallelogrammic bases double of the A s LOC, R VF respectively; 

[xi . 28 and note] 
hence they are in the same ratio as those parallelepipeds, and therefore as 
their bases [xi . 32]. 

Therefore 
(prism LOC, PMN): (prism RVF, STU) = ALOC: ARVF 

= A ABC: A DEF. 



PROPOSITION 5. 

Pyramids which are of the same height and have triangular 
bases are to one another as the bases. 

Let there be pyramids of the same height, of which the 
triangles A BC, DEF are the bases and the points G, H the 
vertices; 
I say that, as the base ABC is to the base DEF, so is the 
pyramid ABCG to the pyramid DEFH. 

a 
\ \ 

w 

\ 

For, if the pyramid ABCG is not to the pyramid DEFH 
as the base ABC is to the base DEF, 
then, as the base ABC is to the base DEF, so will the 
pyramid ABCG be either to some solid less than the pyramid 
DEFH or to a greater. 

Let it, first, be in that ratio to a less solid W, and let the 
pyramid DEFH be divided into two pyramids equal to one 
another and similar to the whole and into two equal prisms; 
then the two prisms are greater than the half of the whole 
pyramid. [xu. 3] 

And since the other prisms in the pyramids are equal to these prisms 
respectively, 

(sum of prisms in GABC): (sum of prisms in HDEF) = AABC: ADEF. 
Similarly, if the pyramids GPMN, HSTU be divided in like manner, and 

also the pyramids PAKL, SDQR, we shall have e.g. 
(sum of prisms in GPMN): (sum of prisms in HSTU) =APMN:ASTU 

= AABC:ADEE 
and similarly for the second pair of pyramids. 

The process may be continued indefinitely, and we shall always have 
(sum of prisms in GABC): (sum of prisms in HDEF) = A ABC: A DEF. 
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Again, let the pyramids arising from the division be 
similarly divided, 
and let this be done continually until there are left over from 
the pyramid DEFH some pyramids which are less than the 
excess by which the pyramid DEFH exceeds the solid W. 

[x. 1] 
Let such be left, and let them be, for the sake of argument, 

DQRS, STUH; 
therefore the remainders, the prisms in the pyramid DEFH, 
are greater than the solid IV. 

Let the pyramid ABCG also be divided similarly, and a 
similar number of times, with the pyramid DEFH; 
therefore, as the base ABC is to the base DEF, so are the 
prisms in the pyramid ABCG to the prisms in the pyramid 
DEFH. [xn. 4 ] 

But, as the base ABC is to the base DEF, so also is the 
pyramid ABCG to the solid W; 
therefore also, as the pyramid ABCG is to the solid W, so 
are the prisms in the pyramid ABCG to the prisms in the 
pyramid DEFH \ [v. n ] 
therefore, alternately, as the pyramid ABCG is to the prisms 
in it, so is the solid W to the prisms in the pyramid DEFH. 

. [ v : , 6 ] 

But the pyramid ABCG is greater than the prisms in it; 
therefore the solid W is also greater than the prisms in the 
pyramid DEFH. 

But it is also less : 
which is impossible. 

Therefore the prism ABCG is not to any solid less than 
the pyramid DEFH as the base ABC is to the base DEE. 

Similarly it can be proved that neither is the pyramid 
DEFH to any solid less than the pyramid ABCG as the base 
DEF is to the base ABC. 

I say next that neither is the pyramid ABCG to any 
solid greater than the pyramid DEFH as the base ABC is 
to the base DEF. 

For, if possible, let it be in that ratio to a greater solid W; 
therefore, inversely, as the base DEF is to the base ABC, 
so is the solid W to the pyramid ABCG. 



But, as the solid W is to the solid ABCG, so is the 
pyramid DEFH to some solid less than the pyramid ABCG, 
as was before proved ; [xn. 2, Lemma] 

therefore also, as the base DEF is to the base ABC, so is 
the pyramid DEFH to some solid less than the pyramid 
ABCG: [v. n ] 
which was proved absurd. 

Therefore the pyramid ABCG is not to any solid greater 
than the pyramid DEFH as the base ABC is to the base 
DEF. 

But it was proved that neither is it in that ratio to a less 
solid. 

Therefore, as the base ABC is to the base DEF, so is 
the pyramid ABCG to the pyramid DEFH. 

Q. E. D. 

In the two preceding propositions it has been shown how we can divide a 
pyramid with a triangular base into (1) two equal prisms which are together 
greater than half the pyramid and (2) two equal pyramids similar to the 
original one, and that, if this process be continued with the two pyramids, 
then with the four resulting pyramids, and so on, and if, further, another 
pyramid of the same height as the original one be similarly divided, the sub
division being made the same number of times, the sum of all the prisms in 
one pyramid is to the sum of all the prisms in the other as the base of the 
first is to the base of the second. 

We can now prove in the manner of xn . 2 that the volumes of the 
pyramids themselves are as the bases. 

Let us call the pyramids P, P and their respective bases B, B. 
If P:P*B:B, 

suppose that B:B = P: IV. 

I. Let W be < P. 
Divide P into two prisms and two pyramids, subdivide the latter similarly, 

and so on, until the sum of the pyramids remaining is less than the difference 
between P and IV [x. 1], so that 

P' > (prisms in P') > XV. 
Then divide P similarly, the same number of times. 
Now (prisms in P): (prisms in P) = B :B [xn. 4] 

= P: W, by hypothesis, 
and, alternately, 

(prisms in P): P= (prisms in P): W. 
But (prisms in P) <P; 

therefore (prisms in P') < W. 
But, by construction, (prisms in P) > W. 
Hence IV cannot be less than P. 
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II . Suppose, if possible, that W-> P". 
Then, inversely, B:B = W:P. 

= P:V, 
where V is some solid less than P. [Cf. x n . 2, Lemma, and note.] 

But this can be proved impossible exactly as in Part I. 
Therefore W is neither less nor greater than P', 

so that B:B' = P:P. 
Legendre, followed by the American editors already mentioned, and by 

others, approaches the subject by a different route, proving the following 
propositions. 

1. If a pyramid be cut by a plane parallel to the base, (a) the lateral edges 
and the height will be cut in the same proportion, (b) the section by the plane 
will be a polygon similar to the base. 

V 

(a) Since a lateral face VAB of the pyramid V(ABCDE) is cut by two 
parallel planes in AB, ab, 

AB || ab; 
Similarly BC\\bc, and so on. 
Therefore VA : Va=VB: Vb= VC: Vc=.... 
And, if VO the height be cut in O, o, 

BO II bo ; and each of the above ratios is equal to VO : Vo. 
(b) Since BA \\ ba, and BC\\ be, 

L ABC= L abc. [xi. 10] 
Similarly for all the other angles of the polygons, which are therefore 

equiangular. 
Also, by similar triangles, 

VA:Va = AB: ab, 
and so on. 

Therefore, by the ratios above, 
AB:ab = BC:bc=.... 

Therefore the polygons are similar. 
2. If two pyramids of the same height be cut by planes which are at the 

same perpendicular distance from the vertices, the sections are as the respective 
bases. 



For, if we place the pyramids so that the vertices coincide and the bases 
are in one plane, the planes of the sections will coincide. 

If, e.g., the base of the second pyramid be XYZ and the section xyz, we 
shall have, by the argument of the last proposition, 

VX: Vx= VY: Vy = VZ: Vz= VO : Vo= VA : Va = ..., 
and XYZ, xyz will be similar. 

Now (polygon ABCDE): (polygon abcde) - AB* : ab* 
= VA' : Vd>, 

and A XYZ : &xyz = XV*:xy* 
= VX*: Vx* 
= VA*: Va*. 

Therefore 
(polygon ABCDE): (polygon abcde) = A XYZ: A xyz. 

A s a particular case, if the bases of the two pyramids are equivalent, the 
sections are also equivalent. 

3. Two triangular pyramids which have equivalent bases and equal heights 
are equivalent. 

Let VABC, vabc be pyramids with equivalent bases ABC, abc, which for 
convenience we will suppose placed in one plane, and let TA be the common 
height. 

Then, if the pyramids are not equivalent, one must be greater than the other. 
Let VABC be the greater; and let AX be the height of a prism on ABC 

as base which is equal in volume to the difference of the pyramids. 
Divide the height AT'vcAo equal parts such that each is less than AX, and 

let each part be equal to 2. 
Through the points of division draw planes parallel to the bases cutting 

both pyramids in the sections DEE, GHI,... and def, ghi,.... 
The sections DEF, ^ w i l l then be equivalent; so will the sections GHI, 

ghi, and so on. [(2) above] 
On the triangles ABC, DEF, GHI, ... as bases draw exterior prisms 

having for edges the parts AD, DG, GK,... of the edge A V; 
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and on the triangles def, ghi,... as bases draw interior prisms having for edges 
the parts ad, dg, ... of av. 

All the partial prisms will then have the same height z. 

Now the sum of the exterior prisms of the pyramid VABC is greater than 
that pyramid; 
and the sum of the interior prisms in the pyramid vabc is less than that 
pyramid. 

Consequently the difference between the sum of the first set of prisms and 
the sum of the second set of prisms is greater than the difference between the 
two pyramids. 

Again, if we start from the bases ABC, abc, the second exterior prism 
DEFG is equivalent to the first interior prism defa, since their bases are 
equivalent and they have the same height z. [xi . 28 and note; x i . 32] 

Similarly the third exterior prism is equivalent to the second interior 
prism, and so on, until we arrive at the last of each. 

Therefore the prism ABCD, the first exterior prism, is the difference 
between the sums of the exterior and interior prisms respectively. 

Therefore the difference between the cwo pyramids is less than the prism 
ABCD, which should therefore be greater than the prism with base ABC 
and height AX. 

But the prism ABCD is, by hypothesis, less than the latter prism : 
which is impossible. 

Consequently the pyramid VABC cannot be greater than the pyramid 
vabc. 

Similarly it may be proved that vabc cannot be greater than VABC. 
Therefore the pyramids are equivalent. 

Legendre next establishes a proposition corresponding to Eucl. x n . 7, viz. 
4. Any triangular pyramid is one third of the triangular prism on the same 

base and of the same height, 
and from this he deduces that 

C O R . The volume of a triangular pyramid is equal to a third of the product 
of its base by its height. 

He has previously proved that the volume of a triangular prism is equal to 
the product of its base and height, since (1) the prism is half of a parallele
piped of the same height and with a parallelogram for base which is double of 
the base of the prism, and (2) this parallelepiped can be transformed into an 
equivalent rectangular parallelepiped with the same height and an equivalent 
base. 

The theorem (4) is then extended to any pyramid in the proposition 
5. Any pyramid has for its measure the third part of the product of its base 

and its height, from which follow 
C O R . I. Any pyramid is the third part of the prism on the same base and 

of the same height. 
C O R . I I . Two pyramids of the same height are to one another as their 

bases, and hvo pyramids on the same base are to one another as their heights. 
The first part of the second corollary corresponds to the present 

proposition as extended by the next, x n . 6, 



For let AC, AD, FH, EK be joined. 
Since then ABCM, ACDM are two pyramids which have 

triangular bases and equal height, 
they are to one another as the bases; [xn. 5] 
therefore, as the base ABC is to the base ACD, so is the 
pyramid ABCM to the pyramid ACDM. 

And, componendo, as the base ABCD is to the base A CD, 
so is the pyramid ABCDM to the pyramid ACDM. [v. 18] 

But also, as the base ACD is to the base ADE, so is the 
pyramid ACDM to the pyramid A DEM. [xn. 5] 

Therefore, ex aequali, as the base ABCD is to the base 
ADE, so is the pyramid ABCDM to the pyramid ADEM. 

[v. 22] 
And again componendo, as the base ABCDE is to the 

base ADE, so is the pyramid ABCDEM to the pyramid 
ADEM. [v. 18] 

Similarly also it can be proved that, as the base FGHKL 
is to the base FGH, so is the pyramid FGHKLN to the 
pyramid FGHN. 

PROPOSITION 6. 

Pyramids which are of the same height and have polygonal 
bases are to one another as the bases. 

Let there be pyramids of the same height of which the 
polygons ABCDE, FGHKL are the bases and the points 
M, N the vertices ; 
I say that, as the base ABCDE is to the base FGHKL, 
so is the pyramid ABCDEM to the pyramid FGHKLN. 



And, since ADEM, FGHN are two pyramids which have 
triangular bases and equal height, 
therefore, as the base ADE is to the base FGH, so is the 
pyramid A DEM to the pyramid FGHN. [xn. 5] 

But, as the base ADE is to the base ABCDE, so was 
the pyramid ADEM to the pyramid ABCDEM. 

Therefore also, ex aequali, as the base ABCDE is to the 
base FGH, so is the pyramid ABCDEM to the pyramid 
FGHN. [v. 2 2 ] 

But further, as the base FGH is to the base FGHKL, so 
also was the pyramid FGHN to the pyramid FGHKLN. 

Therefore also, ex aequali, as the base ABCDE is to the 
base FGHKL, so is the pyramid ABCDEM to the pyramid 
FGHKLN. [v. 22] 

Q. E. D. 

It will be seen that, in order to obtain the proportion 

(base ABCDE) : A ADE = (pyramid MABCDE) : (pyramid MADE), 
Euclid employs v. 18 (componendo) twice over, with an ex aequali step [v. 22] 
intervening. 

We might arrive at it more concisely by using v. 24 extended to any 
number of antecedents. 

Thus 
A ABC: A ADE = (pyramid MABC): (pyramid MADE), 
A ACD: A ADE = (pyramid MA CD) : (pyramid MADE), 

and lastly 
A ADE : A ADE = (pyramid MADE): (pyramid MADE). 

Therefore, adding the antecedents [v. 24], we have 

(polygon ABCDE): A ADE = (pyramid MABCDE): (pyramid MADE). 
Again, since the pyramids MADE, NEGHare of the same height, 

A ADE : AEGH= (pyramid MADE): (pyramid NEGH). 
Lastly, using the same argument for the pyramid NFGHKL as for 

MABCDE, and inverting, we have 

A FGH: (polygon FGHKL) = (pyramid NEGH): (pyramid NFGHKL). 
Thus from the three proportions, ex aequali, 

(polygon ABCDE): (polygon FGHKL) 
= (pyramid MABCDE): (pyramid NFGHKL). 



PROPOSITION 7. 

Any prism which has a triangular base is divided into three 
pyramids equal to one another which have triangular bases. 

Let there be a prism in which the triangle ABC is the 
base and DEF its opposite; 
I say that the prism ABCDEF is 
divided into three pyramids equal to 
one another, which have triangular 
bases. 

For let BD, EC, CD be joined. 
Since ABED is a parallelogram, 

and BD is its diameter, 
therefore the triangle ABD is equal 
to the triangle EBD; [1. 34] 
therefore also the pyramid of which the triangle ABD is the 
base and the point C the vertex is equal to the pyramid of 
which the triangle DEB is the base and the point C the 
vertex. [xn. 5] 

But the pyramid of which the triangle DEB is the base 
and the point C the vertex is the same with the pyramid of 
which the triangle EBC is the base and the point D the 
vertex; 
for they are contained by the same planes. 

Therefore the pyramid of which the triangle ABD is the 
base and the point C the vertex is also equal to the pyramid 
of which the triangle EBC is the base and the point D the 
vertex. 

Again, since FCBE is a parallelogram, 
and CE is its diameter, 
the triangle CEF is equal to the triangle CBE. [1. 34] 

Therefore also the pyramid of which the triangle BCE is 
the base and the point D the vertex is equal to the pyramid 
of which the triangle ECF is the base and the point D the 
vertex. fx*. 5] 

But the pyramid of which the triangle BCE is the base 
and the point D the vertex was proved equal to the pyramid 
of which the triangle ABD is the base and the point C the 
vertex; 
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therefore also the pyramid of which the triangle CEF is the 
base and the point D the vertex is equal to the pyramid of 
which the triangle ABD is the base and the point C the 
vertex; 
therefore the prism ABCDEF has been divided into three 
pyramids equal to one another which have triangular bases. 

And, since the pyramid of which the triangle ABD is the 
base and the point C the vertex is the same with the pyramid 
of which the triangle CAB is the base and the point D the 
vertex, 
for they are contained by the same planes, 
while the pyramid of which the triangle ABD is the base and 
the point C the vertex was proved to be a third of the prism 
in which the triangle ABC is the base and DEF its opposite, 
therefore also the pyramid of which the triangle ABC is the 
base and the point D the vertex is a third of the prism which 
has the same base, the triangle ABC, and DEF as its 
opposite. 

PORISM. From this it is manifest that any pyramid is a 
third part of the prism which has the same base with it and 
equal height. 

Q. E. D. 

If we denote by C-ABD a pyramid with vertex C and base ABD, Euclid's 
argument is easily followed thus. 

The O ABED being bisected by BD, 
(pyramid C-ABD) = (pyramid C-DEB) | x n . 5] 

B (pyramid D-EBC). 
And, the £7 EBCEbeing bisected by EC, 

(pyramid D-EBC) = (pyramid D-ECF). 
Thus (pyramid C-ABD) = (pyramid D-EBC) = (pyramid D-ECF), and 

these three pyramids make up the whole prism, so that each is one-third of the 
prism. 

And, since (pyramid C-ABD) 3 (pyramid D-ABC), 
(pyramid D-ABC) = \ (prism ABC, DEF). 

PROPOSITION 8. 

Similar pyramids which have triangular bases are in the 
triplicate ratio of their corresponding sides. 

Let there be similar and similarly situated pyramids of 



which the triangles ABC, DEF, are the bases and the points 
G, H the vertices ; 
I say that the pyramid ABCG has to the pyramid DEFH 
the ratio triplicate of that which BC has to EF. 

For let the parallelepipedal solids BGML, EHQP be 
completed. 

Now, since the pyramid ABCG is similar to the pyramid 
DEFH, 
therefore the angle ABC is equal to the angle DEF, 
the angle GBC to the angle HEF, 
and the angle ABG to the angle DEH; 
and, as AB is to DE, so is BC to EF, and BG to EH. 

And since, as AB is to DE, so is BC to EF, 
and the sides are proportional about equal angles, 
therefore the parallelogram BM is similar to the parallelo
gram EQ. 

For the same reason 
BN is also similar to ER, and BK to EO ; 
therefore the three parallelograms MB, BK, BN are similar 
to the three EQ, EO, ER. 

But the three parallelograms MB, BK, BN are equal and 
similar to their three opposites, 
and the three EQ, EO, ER are equal and similar to their 
three opposites. [xi. 24] 

Therefore the solids BGML, EHQP are contained by 
similar planes equal in multitude. 

Therefore the solid BGML is similar to the solid EHQP. 
But similar parallelepipedal solids are in the triplicate ratio 

o p 

of their corresponding sides. [*'• 33] 



Therefore the solid BGML has to the solid EHQP the 
ratio triplicate of that which the corresponding side BC has to 
the corresponding side EF. 

But, as the solid BGML is to the solid EHQP, so is the 
pyramid ABCG to the pyramid DEFH, 
inasmuch as the pyramid is a sixth part of the solid, because 
the prism which is half of the parallelepipedal solid [xi. 28] is 
also triple of the pyramid. [xn. 7] 

Therefore the pyramid ABCG also has to the pyramid 
DEFH the ratio triplicate of that which BC has to EF. 

Q. E. D. 

PORISM. From this it is manifest that similar pyramids 
which have polygonal bases are also to one another in the 
triplicate ratio of their corresponding sides. 

For, if they are divided into the pyramids contained in 
them which have triangular bases, by virtue of the fact that 
the similar polygons forming their bases are also divided into 
similar triangles equal in multitude and corresponding to the 
wholes [vi. 20], 
then, as the one pyramid which has a triangular base in the 
one complete pyramid is to the one pyramid which has a 
triangular base in the other complete pyramid, so also will all 
the pyramids which have triangular bases contained in the 
one pyramid be to all the pyramids which have triangular 
bases contained in the other pyramid [v. 12], that is, the 
pyramid itself which has a polygonal base to the pyramid 
which has a polygonal base. 

But the pyramid which has a triangular base is to the 
pyramid which has a triangular base in the triplicate ratio of 
the corresponding sides; 
therefore also the pyramid which has a polygonal base has to 
the pyramid which has a similar base the ratio triplicate of 
that which the side has to the side. 

It is at once proved that, the pyramids being similar, the parallelepipeds 
constructed as shown in the figure are also similar. 

Consequently, as these latter are in the triplicate ratio of their corre
sponding sides [xi. 33], so are the pyramids which are their sixth parts 
respectively (being one third of the respective prisms on the same bases, i.e. 
of the halves of the respective parallelepipeds, XI. 28). 

As the Porism is not used where Euclid might have been expected to use 
it (see note on XII. 12, p. 416), there is some reason to doubt its genuineness. 
P only has it in the margin, though in the first hand. 



PROPOSITION 9. 

In equal pyramids which have triangular bases the bases 
are reciprocally proportional to the heights; and those pyramids 
in which the bases are reciprocally proportional to the heights 
are equal. 

For let there be equal pyramids which have the triangular 
bases ABC, DEF and vertices the points G, H; 
I say that in the pyramids ABCG, DEFH the bases are 
reciprocally proportional to the heights, that is, as the base 
ABC is to the base DEF, so is the height of the pyramid 
DEFH to the height of the pyramid ABCG. 

L 

Q 

For let the parallelepipedal solids BGML, EHQP be 
completed. 

Now, since the pyramid ABCG is equal to the pyramid 
DEFH, 
and the solid BGML is six times the pyramid ABCG. 
and the solid EHQP six times the pyramid DEFH, 
therefore the solid BGML is equal to the solid EHQP. 

But in equal parallelepipedal solids the bases are recipro
cally proportional to the heights ; [xi. 34] 
therefore, as the base BM is to the base EQ, so is the height 
of the solid EHQP to the height of the solid BGML. 

But, as the base BM is to EQ, so is the triangle ABC to 
the triangle DEF. [1. 34] 

Therefore also, as the triangle ABC is to the triangle 
DEF, so is the height of the solid EHQP to the height of 
the solid BGML. [v. n ] 



But the height of the solid EHQP is the same with the 
height of the pyramid DEFH, 
and the height of the solid BGML is the same with the 
height of the pyramid ABCG, 
therefore, as the base ABC is to the base DEF, so is the 
height of the pyramid DEFH to the height of the pyramid 
ABCG. 

Therefore in the pyramids ABCG, DEFH the bases are 
reciprocally proportional to the heights. 

Next, in the pyramids ABCG, DEFH let the bases be 
reciprocally proportional to the heights ; 
that is, as the base ABC is to the base DEF, so let the height 
of the pyramid DEFH be to the height of the pyramid 
ABCG; 
I say that the pyramid ABCG is equal to the pyramid 
DEFH. 

For, with the same construction, 
since, as the base ABC is to the base DEF, so is the height 
of the pyramid DEFH to the height of the pyramid ABCG, 
while, as the base ABC is to the base DEF, so is the 
parallelogram BM to the parallelogram EQ, 
therefore also, as the parallelogram BM is to the parallelogram 
EQ, so is the height of the pyramid DEFH to the height of 
the pyramid ABCG. [v. n ] 

But the height of the pyramid DEFH is the same with 
the height of the parallelepiped EHQP, 
and the height of the pyramid ABCG is the same with the 
height of the parallelepiped BGML ; 
therefore, as the base BM is to the base EQ, so is the height 
of the parallelepiped EHQP to the height of the parallelepi
ped BGML. 

But those parallelepipedal solids in which the bases are 
reciprocally proportional to the heights are equal; [xi . 34] 
therefore the parallelepipedal solid BGML is equal to the 
parallelepipedal solid EHQP. 

And the pyramid ABCG is a sixth part of BGML, and 
the pyramid DEFH a sixth part of the parallelepiped 
EHQP-
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therefore the pyramid ABCG is equal to the pyramid DEFH. 
Therefore etc 

Q. E. D. 

The volumes of the pyramids are respectively one sixth part of the volumes 
of the parallelepipeds described, as in the figure, on double the bases and with 
the same heights as the pyramids. 

I. Thus the parallelepipeds are equal if the pyramids are equal. 
And, the parallelepipeds being equal, their bases are reciprocally propor

tional to their heights; [xi. 34] 
hence the bases of the equal pyramids (which are the halves of the bases of 
the parallelepipeds) are proportional to their heights. 

II . If the bases of the pyramids are reciprocally proportional to their 
heights, so are the bases of the parallelepipeds to their heights (since the bases 
of the parallelepipeds are double of the bases of the pyramids respectively). 

Consequently the parallelepipeds are equal. [xi . 34] 
Therefore their sixth parts, the pyramids, are also equal. 

PROPOSITION 10 . 

Any cone is a third part of the cylinder which has the same 
base with it and equal height. 

For let a cone have the same base, namely the circle 
ABCD, with a cylinder and equal 
height; 
I say that the cone is a third part 
of the cylinder, that is, that the 
cylinder is triple of the cone. 

For if the cylinder is not triple 
of the cone, the cylinder will be 
either greater than triple or less 
than triple of the cone. 

First let it be greater than 
triple, 
and let the square ABCD be 
inscribed in the circle ABCD ; [iv. 6] 
then the square ABCD is greater than the half of the circle 
ABCD. 

From the square ABCD let there be set up a prism of 
2qual height with the cylinder. 

Then the prism so set up is greater than the half of the 
cylinder, 



inasmuch as, if we also circumscribe a square about the circle 
ABCD[iv. 7], the square inscribed in the circle ABCD is half 
of that circumscribed about it, 
and the solids set up from them are parallelepipedal prisms of 
equal height, 
while parallelepipedal solids which are of the same height are 
to one another as their bases ; [xi. 32] 
therefore also the prism set up on the square ABCD is half 
of the prism set up from the square circumscribed about the 
circle ABCD ; [cf. xi. 28, or xn. 6 and 7, Por.] 
and the cylinder is less than the prism set up from the square 
circumscribed about the circle ABCD; 
therefore the prism set up from the square ABCD and of 
equal height with the cylinder is greater than the half of the 
cylinder. 

Let the circumferences AB, BC, CD, DA be bisected at 
the points E, E, G, H, 
and let AE, EB, BE, EC, CG, GD, DH, HA be joined; 
then each of the triangles A EB, BEC, CGD, DHA is greater 
than the half of that segment of the circle ABCD which is 
about it, as we proved before. [xn. 2] 

On each of the triangles AEB, BEC, CGD, DHA let 
prisms be set up of equal height with the cylinder; 
then each of the prisms so set up is greater than the half part 
of that segment of the cylinder which is about it, 
inasmuch as, if we draw through the points E, E, G, H 
parallels to AB, BC, CD, DA, complete the parallelograms 
on AB, BC, CD, DA, and set up from them parallelepipedal 
solids of equal height with the cylinder, the prisms on the 
triangles AEB, BEC, CGD, DHA are halves of the several 
solids set up; 
and the segments of the cylinder are less than the parallelepi
pedal solids set up; 
hence also the prisms on the triangles AEB, BEC, CGD, 
DHA are greater than the half of the segments of the 
cylinder about them. 

Thus, bisecting the circumferences that are left, joining 
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straight lines, setting up on each of the triangles prisms of 
equal height with the cylinder, 
and doing this continually, 
we shall leave some segments of the cylinder which will be 
less than the excess by which the cylinder exceeds the triple 
of the cone. [x. i] 

Let such segments be left, and let them be AE, EB, BE, 
EC, CG, GD, DH, HA ; 
therefore the remainder, the prism of which the polygon 
AEBFCGDH is the base and the height is the same as that 
of the cylinder, is greater than triple of the cone. 

But the prism of which the polygon AEBFCGDH is the 
base and the height the same as that of the cylinder is triple 
of the pyramid of which the polygon AEBFCGDH is the 
base and the vertex is the same as that of the cone ; [xn. 7, Por.] 
therefore also the pyramid of which the polygon AEBFCGDH 
is the base and the vertex is the same as that of the cone is 
greater than the cone which has the circle ABCD as base. 

But it is also less, for it is enclosed by it: 
which is impossible. 

Therefore the cylinder is not greater than triple of the cone 

I say next that neither is the cylinder less than triple of 
the cone, 

For, if possible, let the cylinder be less than triple of the 
cone, 
therefore, inversely, the cone is greater than a third part of 
the cylinder. 

Let the square ABCD be inscribed in the circle ABCD ; 
therefore the square ABCD is greater than the half of the 
circle ABCD. 

Now let there be set up from the square ABCD a pyramid 
having the same vertex with the cone ; 
therefore the pyramid so set up is greater than the half part 
of the cone, 
seeing that, as we proved before, if we circumscribe a square 



about the circle, the square ABCD will be half of the square 
circumscribed about the circle, 
and if we set up from the squares parallelepipedal solids of 
equal height with the cone, which are also called prisms, the 
solid set up from the square ABCD will be half of that set up 
from the square circumscribed about the circle; 
for they are to one another as their bases. [xi. 32] 

Hence also the thirds of them are in that ratio; 
therefore also the pyramid of which the square ABCD is the 
base is half of the pyramid set up from the square circum
scribed about the circle. 

And the pyramid set up from the square about the circle 
is greater than the cone, 
for it encloses it. 

Therefore the pyramid of which the square ABCD is the 
base and the vertex is the same with that of the cone is 
greater than the half of the cone. 

Let the circumferences AB, BC, CD, DA be bisected at 
the points E, E, G, H, 
and let AE, EB, BE, EC, CG, GD, DH, HA be joined; 
therefore also each of the triangles AEB, BEC, CGD, DHA 
is greater than the half part of that segment of the circle 
ABCD which is about it. 

Now, on each of the triangles AEB, BEC, CGD, DHA 
let pyramids be set up which have the same vertex as the 
cone; 
therefore also each of the pyramids so set up is, in the same 
manner, greater than the half part of that segment of the cone 
which is about it. 

Thus, by bisecting the circumferences that are left, joining 
straight lines, setting up on each of the triangles a pyramid 
which has the same vertex as the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the excess by which the cone exceeds the third part of 
the cylindei. fx. 1] 

Let such be left, and let them be the segments on AE, 
EB, BE, EC, CG, GD, DH, HA ; 
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therefore the remainder, the pyramid of which the polygon 
AEBFCGDH is the base and the vertex the same with that 
of the cone, is greater than a third part of the cylinder. 

But the pyramid of which the polygon AEBFCGDH is 
the base and the vertex the same with that of the cone is a 
third part of the prism of which the polygon AEBFCGDH 
is the base and the height is the same with that of the 
cylinder; 
therefore the prism of which the polygon AEBFCGDH is 
the base and the height is the same with that of the cylinder 
is greater than the cylinder of which the circle ABCD is the 
base. 

But it is also less, for it is enclosed by i t : 
which is impossible. 

Therefore the cylinder is not less than triple of the cone. 

But it was proved that neither is it greater than triple; 
therefore the cylinder is triple of the cone; 
hence the cone is a third part of the cylinder. 

Therefore etc. 
Q. E. D. 

We observe the use in this proposition of the term "parallelepipedal 
prism," which recalls Heron's " parallelogrammic " or " parallel-sided prism." 

The course of the proof is exactly the same as in xu. 2, except that an 
arithmetical fraction takes the place of a ratio which, being incommensurable, 
could only be expressed as a ratio. Consequently we do not need proportions 
in this proposition, as we did in XII. 2, and shall again in XII, 1 1 , etc. 

Euclid exhausts the cylinder and cone respectively by setting up prisms 
and pyramids of the same height on the successive regular polygons inscribed 
in the circle which is the common base, viz. the square, the regular polygon 
of 8 sides, that of 16 sides, etc. 

If AB be the side of one polygon, we obtain two sides of the next by 
bisecting the arc ACB and joining AC, CB. Draw the 
tangent DE at C and complete the parallelogram 
ABED. 

Now suppose a prism erected on the polygon of 
which AB is a side, and of the same height as that of 
the cylinder. 

To obtain the prism of the same height on the next 
polygon we add all the triangular prisms of the same 
height on the bases A CB and the rest. 

Now the prism on ACB is half the prism of the 
same height on the CD ABED as base. 

[cf. xi. 28] 



And the prism on O ABED includes, and is greater than, the portion of 
the cylinder standing on the segment A CB of the circle. 

The same thing is true in regard to the other sides of the polygon of 
which AB is one side. 

Thus the process begins with a prism on the square inscribed in the circle, 
which is more than half the cylinder, the next prism (with eight lateral faces) 
takes away more than half the remainder, and so on ; 
hence [x. 1], if we proceed far enough, we shall ultimately arrive at a prism 
leaving over portions of the cylinder together less than any assigned volume. 

The construction of pyramids on the successive polygons exhausts the cone 
in exactly the same way. 

Now, if the cone is not equal to one-third of the cylinder, it must be either 
greater or less. 

I. Suppose, if possible, that, V, O being their volumes respectively, 
0>zV. 

Construct successive inscribed polygons in the bases and prisms on them 
until we arrive at a prism P leaving over portions of the cylinder together less 
than (O- 3 V), i.e. such that 

But P is triple of the pyramid on the same base and of the same height; 
and this pyramid is included by, and is therefore less than, V; 
therefore P < 3 V. 

But, by construction, P> 3 V: 
which is impossible. 

Therefore <9 > 3 V. 
II. Suppose, if possible, that O < 3 V. 
Therefore V> ^O. 
Construct successive pyramids in the cone in the manner described until 

we arrive at a pyramid n leaving over portions of the cone together less than 
(V-iO), i.e. such that 

V>li>\0. 
Now n is one-third of the prism oh the same base and of the same height; 

and this prism is included by, and is therefore less than, the cylinder; 
therefore n < \0. 

But, by construction, II > \0: 
which is impossible. 

Therefore O is neither greater nor less than 3 V, so that 
0 = $V. 

It will be observed that here, as in xn. 2, Euclid always exhausts the solid 
by (as it were) building up to it from inside. Hence the solid to be exhausted 
must, with him, be supposed greater than the solid to which it is to be proved 
equal; and this is the reason why, in the second part, the initial supposition 
is turned round. 

In this case too Euclid might have approximated to the cone and cylinder 
by circumscribing successive pyramids and prisms in the way shown, after 
Archimedes, in the note on Xi!. 2. 



PROPOSITION I I . 

Cones and cylinders which are of the same height are to 
one another as their bases. 

Let there be cones and cylinders of the same height, 
let the circles ABCD, EFGH be their bases, KL, MN their 
axes and A C, EG the diameters of their bases ; 
I say that, as the circle ABCD is to the circle EFGH, so is 
the cone AL to the cone EN. 

A / 

/ 

X 
/ / 

o 

For, if not, then, as the circle ABCD is to the circle 
EFGH, so will the cone AL be either to some solid less 
than the cone EN or to a greater. 

First, let it be in that ratio to a less solid O, and let the 
solid X be equal to that by which the solid 0 is less than the 
cone EN; 
therefore the cone EN is equal to the solids O, X. 

Let the square EFGH be inscribed in the circle EFGH; 
therefore the square is greater than the half of the circle. 

Let there be set up from the square EFGH a pyramid of 
equal height with the cone; 
therefore the pyramid so set up is greater than the half of the 
cone, 
inasmuch as, if we circumscribe a square about the circle, and 
set up from it a pyramid of equal height with the cone, the 
inscribed pyramid is half of the circumscribed pyramid, 
for they are to one another as their bases, [xn. 6] 
while the cone is iess than the circumscribed pyramid. 



Let the circumferences EE, EG, GH, HE be bisected at 
the points P, Q, R, S, 
and let HP, PE, EQ, QF, FR, RG, GS, SH be joined. 

Therefore each of the triangles HPE, EQF, ERG, GSH 
is greater than the half of that segment of the circle which is 
about it. 

On each of the triangles HPE, EQF, ERG, GSH let 
there be set up a pyramid of equal height with the cone; 
therefore, also, each of the pyramids so set up is greater than 
the half of that segment of the cone which is about it. 

Thus, bisecting the circumferences which are left, joining 
straight lines, setting up on each of the triangles pyramids of 
equal height with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the solid X. [x. 1] 

Let such be left, and let them be the segments on HP, 
PE. EQ, QF, ER, RG, GS, SH; 
therefore the remainder, the pyramid of which the polygon 
HPEQFRGS is the base and the height the same with that 
of the cone, is greater than the solid O. 

Let there also be inscribed in the circle ABCD the 
polygon DTAUBVCWsimilar and similarly situated to the 
polygon HPEQFRGS, 
and on it let a pyramid be set up of equal height with the cone 
AL. 

Since then, as the square on A C is to the square on EG, so 
is the polygon DTA UBVCW io the polygon HPEQFRGS, 

[XII. 1] 
while, as the square on A C is to the square on EG, so is the 
circle ABCD to the circle EFGH, [xn. 2] 
therefore also, as the circle ABCD is to the circle EFGH, so 
is the polygon DTA UBVCW to the polygon HPEQFRGS. 

But, as the circle ABCD is to the circle EFGH, so is the 
cone AL to the solid O, 
and, as the polygon DTAUBVCW is to the polygon 
HPEQFRGS, so is the pyramid of which the polygon 
DTA UBVCWis the base and the point L the vertex to the 
pyramid of which the polygon HPEQFRGS is the base and 
the point Ar the vertex. [xn. 6] 



Therefore also, as the cone AL is to the solid O, so is the 
pyramid of which the polygon DTA UBVCW is the base and 
the point L the vertex to the pyramid of which the polygon 
HPEQFRGS is the base and the point N the vertex ; [v. 11] 
therefore, alternately, as the cone AL is to the pyramid in it, 
so is the solid O to the pyramid in the cone EN. [v. 16J 

But the cone AL is greater than the pyramid in it; 
therefore the solid O is also greater than the pyramid in the 
cone EN. 

But it is also less: 
which is absurd. 

Therefore the cone AL is not to any solid less than the 
cone EN as the circle ABCD is to the circle EFGH. 

Similarly we can prove that neither is the cone EN to 
any solid less than the cone AL as the circle EFGH is to the 
circle ABCD. 

I say next that neither is the cone AL to any solid greater 
than the cone EN as the circle ABCD is to the circle 
EFGH, 

For, if possible, let it be in that ratio to a greater solid 0; 
therefore, inversely, as the circle EFGH is to the circle 
ABCD, so is the solid O to the cone AL. 

But, as the solid O is to the cone AL, so is the cone EN 
to some solid less than the cone AL ; 
therefore also, as the circle EFGH is to the circle ABCD, so 
is the cone EN to some solid less than the cone AL : 
which was proved impossible. 

Therefore the cone AL is not to any solid greater than 
the cone EN as the circle ABCD is to the circle EFGH. 

But it was proved that neither is it in this ratio to a less 
solrd; 
therefore, as the circle ABCD is to the circle EFGH, so is 
the cone AL to the cone EN. 

But, as the cone is to the cone, so is the cylinder to the 
cylinder, 
for each is triple of each ; [xn. io] 



Therefore also, as the circle ABCD is tD the circle 
EFGH, so are the cylinders on them which are of equal 
height. 

Therefore etc. 
Q. E. D. 

We need not again repeat the preliminary construction of successive 
pyramids and prisms exhausting the cones and cylinders. 

Let Z, Z' be the volumes of the two cones, ft ft their respective bases. 
If /i:ft*Z:Z', 

then must fi:ft = Z:0, 
where O is either less or greater than Z'. 

I. Suppose, if possible, that O is less than Z'. 
Inscribe in Z' a pyramid (IT) leaving over portions of it together less than 

(Z - O), i.e. such that 
z' > ir > o. 

Inscribe in Z a pyramid n on a polygon inscribed in the circular base of 
Z similar to the polygon which is the base of IT. 

Now, if d, a" be the diameters of the bases, 
P:P = d':a"* [xn. 2] 

= (polygon in ft): (polygon in ft) [xn. 1] 
= n : n ' . [xu. 6] 

Therefore Z : 0 = 1 1 : IT, 
and, alternately, Z : II = O : IT. 

But Z>Tl, since it includes it: 
therefore O > II'. 

But, by construction, O < II': 
which is impossible. 

Therefore O^Z. 

II. Suppose, if possible, that 
p:ft = Z:0, 

where O is greater than Z,'. 
Therefore P:ft = 0':Z', 

where O is some solid less than Z 
That is, ft : ft = Z: O', 

where 0 < Z 
This is proved impossible exactly in the same way as the assumption in 

Part I. was proved impossible. 
Therefore Z has not either to a less solid than Z' or to a greater solid than 

Z' the ratio of /J to ft; 
therefore p-.p = Z:Z'. 

The same is true of the cylinders which are equal to 3Z, $Z' respectively. 



PROPOSITION I 2. 

Similar cones and cylinders are to one another in the 
triplicate ratio of the diameters in their bases. 

Let there be similar cones and cylinders, 
let the circles ABCD, EFGH be their bases, BD, EH the 
diameters of the bases, and KL, MN the axes of the cones 
and cylinders; 
I say that the cone of which the circle ABCD is the base and 
the point L the vertex has to the cone of which the circle 
EFGH is the base and the point N the vertex the ratio 
triplicate of that which BD has to EH. 

For, if the cone ABCDL has not to the cone EFGHN 
the ratio triplicate of that which BD has to EH, 
the cone ABCDL will have that triplicate ratio either to 
some solid less than the cone EFGHN or to a greater. 

First, let it have that triplicate ratio to a less solid O. 
Let the square EFGH be inscribed in the circle EFGH; 

[iv. 6] 

therefore the square EFGH is greater than the half of the 
circle EFGH. 

Now let there be set up on the square EFGH a pyramid 
having the same vertex with the cone ; 
therefore the pyramid so set up is greater than the half part 
of the cone. 



Let the circumferences EE, EG, GH, HE be bisected at 
the points P, Q, R, S, 
and let EP, PE, EQ, QG, GR, RH, HS, SE be joined. 

Therefore each of the triangles EPF, LjG, GRH, HSE 
is also greater than the half part of that segment of the circle 
EFGH which is about it. 

Now on each of the triangles EPF, FQG, GRH, HSE 
let a pyramid be set up having the same vertex with the cone; 
therefore each of the pyramids so set up is also greater than 
the half part of that segment of the cone which is about it. 

Thus, bisecting the circumferences so left, joining straight 
lines, setting up on each of the triangle- pyramids having the 
same vertex with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the excess by which the cone EFGHN exceeds the 
solid O. [x. 1] 

Let such be left, and let them be the segments on EP, 
PE, EQ, QG, GR, RH, HS, SE; 
therefore the remainder, the pyramid of whi< h the polygon 
EPFQGRHS is the base and the point N the vertex, is 
greater than the solid O. 

Let there be also inscribed in the circle ABCD the 
polygon ATBUCVDWsimilar and similarly situated to the 
polygon EPFQGRHS, 
and let there be set up on the polygon ATBUCVDW a. 
pyramid having the same vertex with the cone; 
of the triangles containing the pyramid of which the polygon 
ATBUCVDW is the base an:' He point L the vertex let 
LB The one, 
and of the triangles containing the pyramid of which the 
polygon EPFQGRHS is the base and the point N the vertex 
let NFP be one ; 
and let KT, MP be joined. 

Now, since the cone ABCDL is similar to the cone 
EFGHN, 
therefore, as BD is to EH, so is the axis KL to th axis MN. 

[xi. Def. 24] 



But, as BD is to FH, so is BK to FM \ 
therefore also, as BK is to FM, so is KL to MN. 

And, alternately, as BK is to KL, so is FM to ^fA/. 
[v. ,6] 

And the sides are proportional about equal angles, namely 
the angles BKL, FMN; 
therefore the triangle BKL is similar to the triangle FMN.. 

rv i . 6] 

Again, since, as BK is to KT, so is FM to MP, 
and they are about equal angles, namely the angles BKT, 
FMP, 
inasmuch as, whatever part the angle BKT is of the four 
right angles at the centre K, the same part also is the angle 
FMP of the four right angles at the centre M; 
since then the sides are proportional about equal angles, 
therefore the triangle BKT is similar to the triangle FMP. 

[vi. 6] 

Again, since it was proved that, as BK is to KL, so is FM 
to MN, 
while BK is equal to KT, and FM to PM, 
therefore, as TK is to KL, so is PM to MN; 
and the sides are proportional about equal angles, namely 
the angles TKL, PMN, for they are right; 
therefore the triangle LKT is similar to the triangle NMP. 

[vi. 6] 

And since, owing to the similarity of the triangles LKB, 
NMF, 
as LB is to BK, so is NF to FM, 
and, owing to the similarity of the triangles BKT, FMP, 
as KB is to BT, so is MF to FP, 
therefore, ex aequali, as LB is to BT, so is NF to FP. [v. 22] 

Again since, owing to the similarity of the triangles L TK, 
NPM, 
as L T is to TK, so is NP to PM, 
and, owing to the similarity of the triangles TKB, PMF, 
as KT is to TB, so is MP to PF; 
therefore, ex aequali, as L T is to TB, so is NP to PF. [v. 22] 



But it was also proved that, as TB is to BL, so is PF 
to FN. 

Therefore, ex aequali, as TL is to LB, so is PN to NF. 
[v. 22] 

Therefore in the triangles LTB, NPF the sides are 
proportional; 
therefore the triangles L TB, NPF are equiangular; [vi. 5] 
hence they are also similar. [vi. Def. 1] 

Therefore the pyramid of which the triangle BKT is the 
base and the point L the vertex is also similar to the pyramid 
of which the triangle FMP is the base and the point N the 
vertex, 
for they are contained by similar planes equal in multitude. 

[xi. Def. 9] 

But similar pyramids which have triangular bases are to 
one another in the triplicate ratio of their corresponding sides. 

[xn. 8] 
Therefore the pyramid BKTL has to the pyramid FMPN 

the ratio triplicate of that which BK has to FM. 
Similarly, by joining straight lines from A, IV, D, V, C, U 

to K, and from E, S, H, R, G, Q to M, and setting up on 
each of the triangles pyramids which have the same vertex 
with the cones, 
we can prove that each of the similarly arranged pyramids 
will also have to each similarly arranged pyramid the ratio 
triplicate of that which the corresponding side BK has to the 
corresponding side FM, that is, which BD has to FH. 

And, as one of the antecedents is to one of the conse
quents, so are all the antecedents to all the consequents; 

[v. 12] 
therefore also, as the pyramid BKTL is to the pyramid 
FMPN, so is the whole pyramid of which the polygon 
ATBUCVDW'is the base and the point L the vertex to the 
whole pyramid of which the polygon EPFQGRHS is the 
base and the point N the vertex; 
hence also the pyramid of which ATBUCVDW is the base 
and the point L the vertex has to the pyramid of which the 
polygon EPFQGRHS is the base and the point N the 
vertex the ratio triplicate of that which BD has to FH. 

But, by hypothesis, the cone of which the circle ABCD 



is the base and the point L the vertex has also to the solid 
O the ratio triplicate of that which BD has to EH; 
therefore, as the cone of which the circle ABCD is the base 
and the point L the vertex is to the solid O, so is the pyramid 
of which the polygon A TBUCVDW is the base and L the 
vertex to the pyramid of which the polygon EPFQGRHS is 
the base and the point N the vertex; 
therefore, alternately, as the cone of which the circle ABCD 
is the base and L the vertex is to the pyramid contained in 
it of which the polygon ATBUCVDW is the base and L 
the vertex, so is the solid O to the pyramid of which the 
polygon EPFQGRHS is the base and N the vertex, [v. 16] 

But the said cone is greater than the pyramid in i t ; 
for it encloses it. 

Therefore the solid O is also greater than the' pyramid of 
which the polygon EPFQGRHS is the base and N the 
vertex. 

But it is also less : 
which is impossible. 

Therefore the cone of which the circle ABCD is the base 
and L the vertex has not to any solid less than the cone of 
which the circle EFGH is the base and the point N the 
vertex the ratio triplicate of that which BD has to FH: 

Similarly we can prove that neither has the cone EFGHN 
to any solid less than the cone ABCDL the ratio triplicate 
of that which FH has to BD. 

I say next that neither has the cone ABCDL to any 
solid greater than the cone EFGHN the ratio triplicate of 
that which BD has to FH. 

For, if possible, let it have that ratio to a greater solid O. 
Therefore, inversely, the solid O has to the cone ABCDL 

the ratio triplicate of that which FH has to BD. 
But, as the solid O is to the cone ABCDL, so is the 

cone EFGHN to some solid less than the cone ABCDL. 
Therefore the cone EFGHN also has to some solid less 

than the cone ABCDL the ratio triplicate of that which FH 
has to BD: 
which was proved impossible. 
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Therefore the cone ABCDL has not to any solid greater 
than the cone EFGHN the ratio triplicate of that which BD 
has to FH. 

But it was proved that neither has it this ratio to a less 
solid than the cone EFGHN. 

Therefore the cone ABCDL has to the cone EFGHN 
the ratio triplicate of that which BD has to FH. 

But, as the cone is to the cone, so is the cylinder to the 
cylinder, 
for the cylinder which is on the same base as the cone and 
of equal height with it is triple of the cone; [xn. io] 
therefore the cylinder also has to the cylinder the ratio 
triplicate of that which BD has to FH. 

Therefore etc. 
Q. E. D. 

The method of proof is precisely that of the previous proposition. The 
only addition is caused by the necessity of proving that, if similar equilateral 
polygons be inscribed in the bases of two similar cones, and pyramids be 
erected on them with the same vertices as those of the cones, the pyramids 
(are similar and) are to one another in the triplicate ratio of corresponding 
edges. 

Let KL, MN be the axes of the cones, L, N the vertices, and let BT, FP 
be sides of similar polygons inscribed in the bases. Join BK, TK, BL, TL, 
PM, FM, PN, FN. 

Now BKL, FMN are right-angled triangles, and, since the cones are 
similar, 

BK: KL = FM: MN. [xi. Def. 24] 
Therefore (1) A s BKL, FMN are similar. [vh 6] 
Similarly (2) A s TKL, PMNare similar. 
Next, in A s BKT, FMP, the angles BKT, FMP are equal, since each is 

the same fraction of four right angles; and the sides about the equal angles are 
proportional; 
therefore (3) A s BKT, FMP are similar. 



Again, since from the similar A s BKL, FMN, and the similar A s BKT, 
FMP respectively, 

LB : BK= NF: FM, 
BK: BT= MF: FP, 

ex aequali, LB:BT= NF: FP. 
Similarly LT: TB = NP: PF. 
Inverting the latter ratio and compounding it with the preceding one, we 

have, ex aequali, 
LB : LT= NF: NP. 

Thus in A s LTB, NPF the sides are proportional in pairs; 
therefore (4) A s LTB, NPF'are similar. 

Thus the partial pyramids L-BKT, N-FMP are similar. 
In exactly the same way it is proved that all the other partial pyramids are 

similar. 
Now 

(pyramid L-BKT) i (pyramid N-FMP) = ratio triplicate of {BK: FM). 
The other partial pyramids are to one another in the same triplicate ratio. 
The sum of the antecedents is therefore to the sum of the consequents in 

the same triplicate ratio, 
i.e. (pyramid L-ATBU...) : (pyramid N-F.PFQ...) 

- ratio triplicate of ratio (BK: FM) 
= ratio triplicate of ratio (BD : FH). 

[The fact that Euclid makes this transition from the partial pyramids to 
the whole pyramids in the body of this proposition seems to me to suggest 
grave doubts as to the genuineness of the Porism to xn. 8, which contains a 
similar but rather more general extension from the case of triangular pyramids 
to pyramids with polygonal bases. Were that Porism genuine, Euclid would 
have been more likely to refer to it than to repeat here the same arguments 
which it contains.] 

Now we are in a position to apply the method of exhaustion. 
If X, X' be the volumes of the cones, d, d' the diameters of their bases, and if 

(ratio triplicate of d : d')=¥X: X', 
then must (ratio triplicate of d: d') = X: 0, 
where 0 is either less or greater than X'. 

I. Suppose that 0 is less than X'. 
Construct in the way described a pyramid (II') in X' leaving over portions 

of X' together less than (X' - 0), so that X' > IT > 0, 
and construct in X a pyramid (n) , with the same vertex as X has, on a 
polygon inscribed in its base similar to the base of n ' . 

Then, by what has just been proved, 
1 1 : 1 1 ' = (ratio triplicate of d: d') 

= X: O, by hypothesis, 
and, alternately, II : X = IT : 0. 

But X includes, and is therefore greater than, II; 
therefore O > n ' . 

But, by construction, O < IT : 
which is impossible. . 

Therefore O cannot be less than X'. 



PROPOSITION 1 3 . 

If a cylinder be cut by a plane which is parallel to its 
opposite planes, then, as the cylinder is to the cylinder, so will 
the axis be to the axis. 

For let the cylinder AD be cut by the plane GH which 
is parallel to the opposite planes AB, CD, 
and let the plane GH meet the axis at the point K; 
I say that, as the cylinder BG is to the cylinder GD, so is 
the axis EK to the axis KF. 

u w 
For let the axis EE be produced in both directions to the 

points L, M, 
and let there be set out any number whatever of axes EN, NL 
equal to the axis EK, 
and any number whatever FO, OM equal to EK; 
and let the cylinder PW on the axis LM be conceived of 
which the circles PQ, V W are the bases. 

Let planes be carried through the points N, O parallel to 
AB, CD and to the bases of the cylinder PW, 
and let them produce the circles RS, TU about the centres 
N, 0. 

Then, since the axes LN, NE, EK are equal to one 
another, 

II. Suppose, if possible, that 
(ratio triplicate of d :d') = X: O, 

where O is greater than X'; 
then (ratio triplicate of d :d')= Z: X', 
or, inversely, (ratio triplicate of d': d) = X': Z, 
where Z is some solid less than X. 

This is proved impossible by the exact method of Part I. 
Hence O cannot be either greater or less than X', 

and X: X' = (ratio triplicate of ratio d: d'). 



therefore the cylinders QR, RB, BG are to one another as 
their bases. [xn. n ] 

But the bases are equal ; 
therefore the cylinders QR, RB, BG are also equal to one 
another. 

Since then the axes LN, NE, EK are equal to one 
another, 
and the cylinders QR, RB, BG are also equal to one another, 
and the multitude of the former is equal to the multitude of 
the latter, 
therefore, whatever multiple the axis KL is of the axis EK, 
the same multiple also will the cylinder QG be of the 
cylinder GB. 

For the same reason, whatever multiple the axis MK is 
of the axis KF, the same multiple also is the cylinder WG 
of the cylinder GD. 

And, if the axis KL is equal to the axis KM, the cylinder 
QG will also be equal to the cylinder G W, 
if the axis is greater than the axis, the cylinder will also be 
greater than the cylinder, 
and if less, less. 

Thus, there being four magnitudes, the axes EK, KF 
and the cylinders BG, GD, 
there have been taken equimultiples of the axis EK and of 
the cylinder BG, namely the axis LK and the cylinder QG, 
and equimultiples of the axis KF and of the cylinder GD, 
namely the axis KM and the cylinder GW; 
and it has been proved that, 
if the axis KL is in excess of the axis KM, the cylinder QG 
is also in excess of the cylinder GW, 
if equal, equal, 
and if less, less. 

Therefore, as the axis EK is to the axis KF, so is the 
cylinder BG to the cylinder GD. [v. Def. 5] 

Q. E. D. 

It is not necessary to reproduce the proof, as it follows exactly the method 
of vi. 1 and XL 25. 

The fact that cylinders described about axes of equal length and having 



equal bases are equal is inferred from XII. 11 to the effect that cylinders of 
equal height are to one another as their bases. 

That, of two cylinders with unequal axes but equal bases, the greater is 
that which has the longer axis is of course obvious either by application or by 
cutting off from the cylinder with the longer axis a cylinder with an axis of the 
same length as that of the other given cylinder. 

PROPOSITION 1 4 . 

Cones and cylinders which are on equal bases are to one 
another as their heights. 

For let EB, ED be cylinders on equal bases, the circles 
AB, CD: 
I say that, as the cylinder EB is 
to the cylinder ED, so is the axis 
GH to the axis KL. 

For let the axis KL be pro
duced to the point N, 
let LN be made equal to the axis 
GH, 
and let the cylinder CM be conceived about LN as axis. 

Since then the cylinders EB, CM are of the same height, 
they are to one another as their bases. [xn. n ] 

But the bases are equal to one another; 
therefore the cylinders EB, CM are also equal. 

And, since the cylinder FM has been cut by the plane 
CD which is parallel to its opposite planes, 
therefore, as the cylinder CM is to the cylinder ED, so is the 
axis LN to the axis KL. [xu. 13] 

But the cylinder CM is equal to the cylinder EB, 
and the axis LN to the axis GH; 
therefore, as the cylinder EB is to the cylinder ED, so is the 
axis GH to the axis KL. 

But, as the cylinder EB is to the cylinder ED, so is the 
cone ABG to the cone CDK. [xn. 10] 

Therefore also, as the axis GH is to the axis KL, so is 
the cone ABG to the cone CDK and the cylinder EB to the 
cylinder ED. Q. E. D. 

No separate proposition corresponding to this is necessary in the case of 
parallelepipeds, for XI. 25 really contains the property corresponding to that in 
this proposition as well as the property corresponding to that in xu. 13. 



PROPOSITION 1 5 . 

In equal cones and cylinders the bases are reciprocally 
proportional to the heights; and those cones and cylinders in 
which the bases are reciprocally proportional to the heights are 
equal. 

Let there be equal cones and cylinders of which the circles 
ABCD, EFGH are the bases; 
let A C, EG be the diameters of the bases, 
and KL, MN the axes, which are also the heights of the 
cones or cylinders; 
let the cylinders A O, EP be completed. 

I say that in the cylinders AO, EP the bases are re
ciprocally proportional to the heights, 
that is, as the base ABCD is to the base EFGH, so is the 
height MN to the height KL. 

For the height LK is either equal to the height MN or 
not equal. 

First, let it be equal. 
Now the cylinder AO is also equal to the cylinder EP. 
But cones and cylinders which are of the same height are 

to one another as their bases ; [xu. n ] 
therefore the base ABCD is also equal to the base EFGH. 

Hence also, reciprocally, as the base ABCD is to the base 
EFGH, so is the height MN to the height KL. 

Next, let the height LK not be equal to MN, 
but let MN be greater ; 
from the height MN let QN be cut off equal to KL, 
through the point Q let the cylinder EP be cut by the plane 
TUS parallel to the planes of" the circles EFGH, RP, 



and let the cylinder ES be conceived erected from the circle 
EFGH as base and with height NQ. 

Now, since the cylinder A O is equal to the cylinder EP, 
therefore, as the cylinder A O is to the cylinder ES, so is the 
cylinder EP to the cylinder ES. [v. 7] 

But, as the cylinder AO is to the cylinder ES, so is the 
base ABCD to the base EFGH, 
for the cylinders AO, ES are of the same height; [xn. 1 1 ] 
and, as the cylinder EP is to the cylinder ES, so is the height 
MN to the height QN, 
for the cylinder EP has been cut by a plane which is parallel 
to its opposite planes. [xn. 13] 

Therefore also, as the base ABCD is to the base EFGH, 
so is the height MN to the height QN. [v. n ] 

But the height QN is equal to the height KL ; 
therefore, as the base ABCD is to the base EFGH, so is the 
height MN to the height KL. 

Therefore in the cylinders AO, EP the bases are re
ciprocally proportional to the heights. 

Next, in the cylinders AO, EPlet the bases be reciprocally 
proportional to the heights, 
that is, as the base ABCD is to the base EFGH, so let the 
height MN be to the height KL ; 
I say that the cylinder AO Is equal to the cylinder EP. 

For, with the same construction, 
since, as the base ABCD is to the base EFGH, so is the 
height MN to the height KL, 
while the height KL is equal to the height QN, 
therefore, as the base ABCD is to the base EFGH, so is the 
height MN to the height QN 

But, as the base ABCD is to the base EFGH, so is the 
cylinder AO to the cylinder ES, 
for they are of the same height; [xn. 11] 
and, as the height MN is to QN, so is the cylinder EP to the 
cylinder ES; [xu. 13] 
therefore, as the cylinder A 0 is to the cylinder ES, so is the 
cylinder EP to the cylinder ES. [v. n] 



Therefore the cylinder AO is equal to the cylinder EP. 
b- 9] 

And the same is true for the cones also. 
Q. E. D. 

I. If the heights of the two cylinders are equal, and their volumes are 
equal, the bases are equal, since the latter are proportional to the volumes. 

[xu. 11] 
If the heights are not equal, cut off from the higher cylinder a cylinder of 

the same height as the lower. 
Then, if LK, QNbe the equal heights, 

we have, by xn. u , 
(base ABCD): (base EFGH) = (cylinder AO): (cylinder ES) 

= (cylinder EP): (cylinder ES), 
by hypothesis, 

= MN:QN [xu-13] 
= MN: KL. 

II. In the converse part of the proposition, Euclid omits the case where 
the cylinders have equal heights. In this case of course the reciprocal ratios 
are both ratios of equality; the bases are therefore equal, and consequently the 
cylinders. 

If the heights are not equal, we have, with the same construction as before, 
(base ABCD): (base EFGH) = MN: KL. 

But[xn. 1 1 ] 
(base ABCD): (base EFGH) = (cylinder AO): (cylinder ES), 

and MN: KL^MN: QN 
= (cylinder EP): (cylinder ES). [xn. 13] 

Therefore 
(cylinder AO): (cylinder ES) = (cylinder EP): (cylinder ES), 

and consequently (cylinder AO) = (cylinder EP). 
Similarly for the cones, which are equal to one-third of the cylinders 

respectively. 
Legendre deduces these propositions about cones and cylinders from two 

others which he establishes by a method similar 
to that adopted by him for the theorem of xn. 2 
(see note on that proposition). 

The first (for the cylinder) is as follows. 
The volume of a cylinder is equal to the 

product of its base by its height. 
Suppose CA to be the radius of the base of 

the given cylinder, h its height. 
For brevity let us denote by (surf. CA) the 

area of the circle of which CA is the radius. 
If (surf. CA) x h is not the measure of the 

given cylinder, it will be the measure of a 
cylinder greater or less than it. 

I. First let it be the measure of a less 
cylinder, that, for example, of which the circle with radius CD is the base, and 
h is the height 



Circumscribe about the circle with radius CD a regular polygon GHI... 
such that its sides do not anywhere meet the circle with radius CA. [See note 
on xii. 2, p. 393 above, for Legendre's lemma relating to this construction.] 

Imagine a prism erected on the polygon as base and with height h. 
Then (volume of prism) = (polygon GHI...) x h. 
[Legendre has previously proved this proposition, first for a parallelepiped 

(by transforming it into a rectangular one), then for a triangular prism (half of 
a parallelepiped of the same height), and lastly for a prism with a polygonal 
base.] 

But (polygon GHI,..) < (surf. CA). 
Therefore (volume of prism) < (surf. CA) x h 

< (cylinder on circle of rad. CD), 
by hypothesis. 

But the prism is greater than the latter cylinder, since it includes it: 
which is impossible. 

II. In order not to multiply figures let us, in this second case, suppose 
that CD is the radius of the base of the given cylinder, and that (surf. CD) x h 
is the measure of a cylinder greater than it, e.g. a cylinder on the circle with 
radius CA as base and of height h. 

Then, with the same construction, 
(volume of prism) = (polygon GHI...) x h. 

And (polygon GHI...)> (surf. CD). 
Therefore (volume of prism) > (surf. CD) x h 

> (cylinder on surf. CA), by hypothesis. 
But the volume of the prism is also less than that cylinder, being included 

by it: 
which is impossible. 

Therefore (volume of cylinder) = (its base) x (its height). 
It follows as a corollary that 
Cylinders of the same height are to one another as their bases [xn. 13], and 

cylinders on the same base are to one another as their heights [xn. 14]. 
Also 
Similar cylinders are as the cubes of their heights, or as the cubes of the 

diameters of their bases [Eucl. xn. 12]. 
For the bases are as the squares on their diameters; and, since the 

cylinders are similar, the diameters of the bases are as their heights. 
Therefore the bases are as the squares on the heights, and the bases 

multiplied by the heights, or the cylinders themselves, are as the cubes of the 
heights. 

I need not reproduce Legendre's proofs of the corresponding propositions 
for the cone. 

PROPOSITION 1 6 . 

Given two circles about the same centre, to inscribe in the 
greater circle an equilateral polygon with an even number of 
sides which does not touch the lesser circle. 



Let ABCD, EFGH be the two given circles about the 
same centre K; 
thus it is required to inscribe in the 
greater circle ABCD an equilateral 
polygon with an even number of 
sides which does not touch the circle 
EFGH. 

For let the straight line BKD 
be drawn through the centre K, 
and from the point G let GA be 
drawn at right angles to the straight 
line BD and carried through to C; 
therefore AC touches the circle EFGH. [m. 16, Por.] 

Then, bisecting the circumference BAD, bisecting the 
half of it, and doing this continually, we shall leave a circum
ference less than AD. [x, i] 

Let such be left, and let it be LD; 
from L let LM be drawn perpendicular to BD and carried 
through to N, 
and let LD, DN be joined ; 
therefore LD is equal to DN. [in. 3 ,1 . 4] 

Now, since LN is parallel to AC, 
and AC touches the circle EFGH, 
therefore LN does not touch the circle EFGH; 
therefore LD, DN are far from touching the circle EFGH. 

If then we fit into the circle ABCD straight lines equal 
to the straight line LD and placed continuously, there will 
be inscribed in the circle ABCD an equilateral polygon with 
an even number of sides which does not touch the lesser 
circle EFGH. Q. E. F. 

It must be carefully observed that the polygon inscribed in the outer circle 
in this proposition is such that not only do its own sides not touch the inner 
circle, but also the chords, as LN, joining angular points next but one to each 
other do not touch the inner circle either. In other words, the polygon is the 
second in order, not the first, which satisfies the condition of the enunciation. 
This is important, because such a polygon is wanted in the next proposition; 
hence in that proposition the exact construction here given must be followed. 



Let the spheres be cut by any plane through the centre ; 
then the sections will be circles, 
inasmuch as the sphere was produced by the diameter 
remaining fixed and the semicircle being carried round i t ; 

[xi. Def. 14] 
hence, in whatever position we conceive the semicircle to be, 
the plane carried through it will produce a circle on the 
circumference of the sphere. 

And it is manifest that this circle is the greatest possible, 

PROPOSITION 1 7 . 

Given two spheres about the same centre, to inscribe in the 
greater sphere a polyhedral solid which does not touch the 
lesser sphere at its surface. 

Let two spheres be conceived about the same centre A ; 
thus it is required to inscribe in the greater sphere a poly
hedral solid which does not touch the lesser sphere at its 
surface. 
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inasmuch as the diameter of the sphere, which is of course 
the diameter both of the semicircle and of the circle, is greater 
than all the straight lines drawn across in the circle or the 
sphere. 

Let then BCDE be the circle in the greater sphere, 
and FGH the circle in the lesser sphere ; 
let two diameters in them, BD, CE. oe drawn at right angles 
to one another; 
then, given the two circles BCDE, FGH about the same 
centre, let there be inscribed in the greater circle BCDE an 
equilateral polygon with an even number of sides which does 
not touch the lesser circle FGH, 
let BK, KL, LM, ME be its sides in the quadrant BE. 
let KA be joined and carried through to N, 
let AO be set up from the point A at right angles to the 
plane of the circle BCDE, and let it meet the surface of the 
sphere at O, 
and through A O and each of the straight lines BD, KN let 
planes be carried ; 
they will then make greatest circles on the surface of the 
sphere, for the reason stated. 

Let them make such, 
and in them let BOD, KON be the semicircles on BD, KN. 

Now, since OA is at right angles to the plane of the circle 
BCDE, 
therefore all the planes through OA are also at right angles 
to the plane of the circle BCDE ; [xi. 18] 
hence the semicircles BOD, KON are also at right angles to 
the plane of the circle BCDE. 

And, since the semicircles BED, BOD, KON are equal, 
for they are on the equal diameters BD, KN, 
therefore the quadrants BE, BO, KO are also equal to one 
another. 

Therefore there are as many straight lines in the quadrants 
BO, KO equal to the straight lines BK, KL, LM, ME as 
there are sides of the polygon in the quadrant BE. 

Let them be inscribed, and let them be BP, PQ, QR, RO 
and KS, ST, TU, UO, 
let SP, TQ, UR be joined, 



and from P, S let perpendiculars be drawn to the plane of the 
circle BCDE ; [xi. n ] 
these will fall on BD, KN, the common sections of the planes, 
inasmuch as the planes of BOD, KON are also at right angles 
to the plane of the circle BCDE. [cf. xi. Def. 4] 

Let them so fall, and let them be PV, SW, 
and let WV be joined. 

Now since, in the equal semicircles BOD, KON, equal 
straight lines BP, KS have been cut off, 
and the perpendiculars PV, SWhzve been drawn, 
therefore PVis equal to SW, and BVto KW. [111. 27, 1. 26] 

But the whole BA is also equal to the whole KA ; 
therefore the remainder VA\s also equal to the remainder WA ; 
therefore, as BV is to VA, so is KW to WA ; 
therefore WV is parallel to KB. [vi. 2] 

And, since each of the straight lines PV, SW is at right 
angles to the plane of the circle BCDE, 
therefore PV is parallel to SW. [xi. 6] 

But it was also proved equal to it; 
therefore WV, SP are also equal and parallel. [1. 33] 

And, since WV is parallel to SP, 
while WV is parallel to KB, 
therefore SP is also parallel to KB. [xi. 9] 

And BP, KS join their extremities ; 
therefore the quadrilateral KBPS is in one plane, 
inasmuch as, if two straight lines be parallel, and points be 
taken at random on each of them, the straight line joining the 
points is in the same plane with the parallels. pa 7] 

For the same reason 
each of the quadrilaterals SPQT, TQRU is also in one plane. 

But the triangle URO is also in one plane. [xi. 2] 
If then we conceive straight lines joined from the points 

P, S, Q, T, R, U to A, there will be constructed a certain 
polyhedral solid figure between the circumferences BO, KO, 
consisting of pyramids of which the quadrilaterals KBPS, 
SPQT, TQRU and the triangle URO are the bases and the 
point A the vertex. 



And, if we make the same construction in the case of each 
of the sides KL, LM, ME as in the case of BK, and further 
in the case of the remaining three quadrants, 
there will be constructed a certain polyhedral figure in
scribed in the sphere and contained by pyramids, of which 
the said quadrilaterals and the triangle URO, and the others 
corresponding to them, are the bases and the point A the 
vertex. 

I say that the said polyhedron will not touch the lesser 
sphere at the surface on which the circle FGH is. 

Let AX be drawn from the point A perpendicular to the 
plane of the quadrilateral KBPS, and let it meet the plane at 
the point X; [xi. n] 
let XB, XK be joined. 

Then, since AX is at right angles to the plane of the 
quadrilateral KBPS, 
therefore it is also at right angles to all the straight lines 
which meet it and are in the plane of the quadrilateral. 

[xi. Def. 3] 

Therefore AX is at right angles to each of the straight 
lines BX, XK. 

And, since AB is equal to AK, 
the square on AB is also equal to the square on AK. 

And the squares on AX, XB are equal to the square 
on AB, 
for the angle at X is right; [1. 47] 
and the squares on AX, XK are equal to the square on AK. 

[id.] 
Therefore the squares on AX, XB are equal to the squares 

on AX, XK. 
Let the square on AX be subtracted from each ; 

therefore the remainder, the square on BX, is equal to the 
remainder, the square on XK; 
therefore BX is equal to XK. 

Similarly we can prove that the straight lines joined 
from X to P, S are equal to each of the straight lines BX, 
XK. 



Therefore the circle described with centre X and distance 
one of the straight lines XB, XK will pass through P, S also, 
and KBPS will be a quadrilateral in a circle. 

Now, since KB is greater than WV, 
while WV is equal to SP, 
therefore KB is greater than SP. 

But KB is equal to each of the straight lines KS, BP; 
therefore each of the straight lines KS, BP is greater than SP. 

And, since KBPS is a quadrilateral in a circle, 
and KB, BP, KS are equal, and PS less, 
and BX is the radius of the circle, 
therefore the square on KB is greater than double of the 
square on BX. 

Let KZ be drawn from K perpendicular to BV. 
Then, since BD is less than double of DZ, 

and, as BD is to DZ, so is the rectangle DB, BZ to the 
rectangle DZ, ZB, 
if a square be described upon BZ and the parallelogram on 
ZD be completed, 
then the rectangle DB, BZ is also less than double of the 
rectangle DZ, ZB. 

And, if KD be joined, 
the rectangle DB, BZ is equal to the square on BK, 
and the rectangle DZ, ZB equal to the square on KZ; 

[111. 31 , vi. 8 and Por.] 
therefore the square on KB is less than double of the square 
on KZ. 

But the square on KB is greater than double of the square 
on BX; 
therefore the square on KZ is greater than the square on BX. 

And, since BA is equal to KA, 
the square on BA is equal to the square on A K. 

And the squares on BX, XA are equal to the square on BA, 
and the squares on KZ, ZA equal to the square on KA ; 

[ ' •47] 
therefore the squares on BX, XA are equal to the squares on 
KZ. ZA, 



and of these the square on KZ is greater than the square 
on BX; 
therefore the remainder, the square on ZA, is less than the 
square on XA. 

Therefore AX is greater than AZ; 
therefore AX is much greater than AG. 

And AX is the perpendicular on one base of the poly
hedron, 
and A G on the surface of the lesser sphere ; 
hence the polyhedron will not touch the lesser sphere on its 
surface. 

Therefore, given two spheres about the same centre, a 
polyhedral solid has been inscribed in the greater sphere 
which does not touch the lesser sphere at its surface. 

Q. E. F. 

PORISM. But if in another sphere also a polyhedral solid 
be inscribed similar to the solid in the sphere BCDE, 
the polyhedral solid in the sphere BCDE has to the poly
hedral solid in the other sphere the ratio triplicate of that 
which the diameter of the sphere BCDE has to the diameter 
of the other sphere. 

For, the solids being divided into their pyramids similar 
in multitude and arrangement, the pyramids will be similar. 

But similar pyramids are to one another in the triplicate 
ratio of their corresponding sides ; [xn. 8, Por.] 
therefore the pyramid of which the quadrilateral KBPS is 
the base, and the point A the vertex, has to the similarly 
arranged pyramid in the other sphere the ratio triplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which the radius AB of the sphere about 
A as centre has to the radius of the other sphere. 

Similarly also each pyramid of those in the sphere about 
A as centre has to each similarly arranged pyramid of those 
in the other sphere the ratio triplicate of that which AB has 
to the radius of the other sphere. 

And, as one of the antecedents is to one of the conse
quents, so are all the antecedents to all the consequents ; 

[v. 12] 



hence the whole polyhedral solid in the sphere about A as 
centre has to the whole polyhedral solid in the other sphere 
the ratio triplicate of that which AB has to the radius of the 
other sphere, that is, of that which the diameter BD has to 
the diameter of the other sphere. 

Q. E. D. 

This proposition is of great length and therefore requires summarising in 
order to make it easier to grasp. Moreover there are some assumptions in it 
which require to be proved, and some omissions to be supplied. The figure 
also is one of some complexity, and, in addition, the text and the figure treat 
two points Z and V, which are really one and the same, as different. 

The first thing needed is to know that all sections of a sphere by planes 
through the centre are circles and equal to one another (great circles or 
" greatest circles " as Euclid calls them, more appropriately). Euclid uses his 
definition of a sphere as the figure described by a semicircle revolving about 
its diameter. This of course establishes that all planes through the particular 
diameter make equal circular sections ; but it is also assumed that the same 
sphere is generated by any other semicircle of the same size and with its 
centre at the same point. 

The construction and argument of the proposition may be shortly given 
as follows. 

A plane through the centre of two concentric spheres cuts them in great 
circles of which BE, GEar& quadrants. 

A regular polygon with an even number of sides is inscribed (exactly as in 
Prop. 16) to the outer circle such that its sides do not touch the inner circle. 
BK, KL, LM, ME are the sides in the quadrant BE. 



AO is drawn at right angles to the plane ABE, and through AO are 
drawn planes passing through B, K, L, M, E, etc., cutting the sphere in great 
circles. 

OB, OK are quadrants of two of these great circles. 
As these quadrants are equal to the quadrant BE, they will be divisible 

into arcs equal in number and magnitude to the arcs BK, KL, LM, ME. 
Dividing the other quadrants of these circles, and also all the quadrants of 

the other circles through OA, in this way we shall have in all the circles a 
polygon equal to that in the circle of which BE is a quadrant 

BP, PQ, QR, KO and KS, ST, TV, UO are the sides of these polygons 
in the quadrants BO, KO. 

Joining PS, QT, RU, and making the same construction all round the 
circles through AO, we have a certain polyhedron inscribed in the outer 
sphere. 

Draw PV perpendicular to AB and therefore (since the planes OAB, 
BAE are at right angles) perpendicular to the plane BAE; [xi. Def. 4] 
draw SW perpendicular to ^ATand therefore (for a like reason) perpendicular 
to the plane BAE. 

Draw KZ perpendicular to BA. (Since BK = BP, and DB.BV = BP1, 
DB.BZ= BK1, it follows that BV= BZ, and Z, Vcoincide.) 

Now, since L S PA V, SA W, being angles subtended at the centre by 
equal arcs of equal circles, are equal, 
and since L s PVA, SWA are right, 
while AS=AP, 

A s PA V, SA Ware equal in all respects, [1. 26] 
and AV=AW. 

Consequently AB : AV= AK: AW; 
and VW, BKure parallel. 

But PV, SW are parallel (being both perpendicular to one plane) and 
equal (by the equal A s PA V, SA W), 
therefore VW, PS are equal and parallel. 

Therefore BK (being parallel to VW) is parallel to PS. 
Consequently (1) BPSK is a quadrilateral in one plane. 
Similarly the other quadrilaterals PQTS, QRUTare in one plane; and 

the triangle OR U is in one plane. 
In order now to prove that the plane BPSK does not anywhere touch the 

inner sphere we have to prove that the shortest distance from A to the plane 
is greater than AZ, which by the construction in xu. 16 it greater than AG. 

Draw AX perpendicular to the plane BPSK. 
Then AX* + XBS = AX* + XK' = AX* + XS' = AX' + XP> = AB1, 

whence XB=XK=XS= XP, 
or (2) the quadrilateral BPSK is inscribable in a circle with X as centre and 
radius XB. 

Now BK> VW 
> PS; 

therefore in the quadrilateral BPSK three sides BK, BP, KS are equal, but 
PS is less. 

Consequently the angles about X are three equal angles and one smaller 
angle; 



We have therefore to prove that, if ABCD, A'B'C'D are two quadrilaterals 
inscribable in circles, and 

AD = BC= A'D = BC, 
while AB is not greater than AD, A'B' = CD, and AB>CD> CD, 
then the radius OA of the circle circumscribing the first quadrilateral is greater 
than the radius OA' of the circle circumscribing the second. 

Clavius, and Simson after him, prove this by reductio ad absurdum. 
(1) UOA = OA; 

it follows that L s AOD, BOC, A'CD, BOC are all equal. 
Also LAOB> LA'OB1, 

L COD > L COD, 
whence the four angles about 0 are together greater than the four angles 
about O, i.e. greater than four right angles ; 
which is impossible. 

therefore any one of the equal angles is greater than a right angle, i.e. L BXK 
is obtuse. 

Therefore (3) BK2>zBX\ [11. 12] 
Next, consider the semicircle BKD with KZ drawn perpendicular to BD. 
We have BD < 2DZ, 

so that DB.BZ< zDZ.ZB, 
or BK- < 2KZ2; 
therefore, a fortiori, [by (3) above] 

(4) BX* < KZ2. 
Now AK' h AB1 • 

therefore AZ2 + ZK2 = AX2 + XB2. 
And BX*<KZ*; 

therefore AX2>AZ\ 
or (5) AX> AZ. 

But, by the construction in xn. 16, AZ>AG; therefore, a fortiori, 
AX> AG. 

And, since the perpendicular AX is the shortest distance from A to the 
plane BPSK, 
(6) the plane BPSK does not anywhere meet the inner sphere. 

Euclid omits to prove that, a fortiori, the other quadrilaterals PQTS, 
QRUT, and the triangle ROU, do not anywhere meet the inner sphere. 

For this purpose it is only neeessary to show that the radii of the circles 
circumscribing BPSK, PQTS, QRUT and ROU are in descending order of 
magnitude. 

O^—iT-^a DJ J}' 
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(2) If OA'> OA, 
cut off from OA, OB, OC, O'D lengths equal to OA, and draw the inner 
quadrilateral as shown in the figure (XYZW). 

Then AB>A'B»XY, 
CD> CD>ZW, 
AD = A'D > WX, 
BC=BC> YZ. 

Consequently the same absurdity as in (1) follows a fortiori. 
Therefore, since OA is neither equal to nor less than OA', 

OA > OA'. 
The fact is also sufficiently clear if we draw MO, NO bisecting DA, DC 

perpendicularly and therefore meeting in O, the centre of the circumscribed 
circle, and then suppose the side DA with the perpendicular MO to turn 
inwards about D as centre. Then the intersection of MO and NO, as P, will 
gradually move towards N. 

Simson gives his proof as "Lemma 11." immediately before xn. 17. 
He adds to the Porism some words explaining how we may construct a 
similar polyhedron in another sphere and how we may prove that the 
polyhedra are similar. 

The Porism is of course of the essence of the matter because it is the 
porism which as much as the construction is wanted in the next proposition. 
It would therefore not have been amiss to include the Porism in the enuncia
tion of xn. 17 so as to call attention to it 

PROPOSITION 1 8 . 

Spheres are to one another in the triplicate ratio of their 
respective diameters. 

Let the spheres ABC, DEF be. conceived, 
and let BC, EFbe their diameters ; 
I say that the sphere ABC has to the sphere DEF the ratio 
triplicate of that which BC has to EE. 

Foi, if the sphere ABC has not to the sphere DEF the 
ratio triplicate of that which BC has to EE, 
then the sphere ABC will have either to some less sphere 
than the sphere DEF, or to a greater, the ratio triplicate of 
that which BC has to EE. 

First, let it have that ratio to a less sphere GHK, 
let DEF be conceived about the same centre with GHK, 
let there be inscribed in the greater sphere DEF a poly
hedral solid which does not touch the lesser sphere GHK at 
its surface, [xn. 17] 



therefore the polyhedral solid in ABC has to the polyhedral 
solid in DEF the ratio triplicate of that which BC has to EE. 

[xn. 17, Por.] 

But the sphere ABC also has to the sphere GHK the 
ratio triplicate of that which BC has to EE; 
therefore, as the sphere ABC is to the sphere GHK, so is 
the polyhedral solid in the sphere ABC to the polyhedral 
solid in the sphere DEE; 
and, alternately, as the sphere ABC is to the polyhedron in 
it, so is the sphere GHK to the polyhedral solid in the 
sphere DEE. [v. 16] 

But the sphere ABC is greater than the polyhedron in i t ; 
therefore the sphere GHK is also greater than the polyhedron 
in the sphere DEE. 

But it is also less, 
for it is enclosed by it. 

Therefore the sphere ABC has not to a less sphere than 
the sphere DEF the ratio triplicate of that which the diameter 
BC has to EE. 

and let there also be inscribed in the spnere ABC a poly
hedral solid similar to the polyhedral solid in the sphere DEF; 



Similarly we can prove that neither has the sphere DEF 
to a less sphere than the sphere ABC the ratio triplicate of 
that which EE has to BC. 

I say next that neither has the sphere ABC to any greater 
sphere than the sphere DEE the ratio triplicate of that which 
BC has to EE. 

For, if possible, let it have that ratio to a greater, LMN; 
therefore, inversely, the sphere LMN has to the sphere ABC 
the ratio triplicate of that which the diameter EE has to the 
diameter BC. 

But, inasmuch as LMN is greater than DEF, 
therefore, as the sphere LMN is to the sphere ABC, so is the 
sphere DEE to some less sphere than the sphere ABC, as 
was before proved. [xn. 2, Lemma] 

Therefore the sphere DEF also has to some less sphere 
than the sphere ABC the ratio triplicate of that which EE 
has to BC: 
which was proved impossible. 

Therefore the sphere ABC has not to any sphere greater 
than the sphere DEE the ratio triplicate of that which BC 
has to EE. 

But it was proved that neither has it that ratio to a less 
sphere. 

Therefore the sphere ABC has to the sphere DEF the 
ratio triplicate of thai which BC has to EE. 

Q. E. D. 

It is the method of this proposition which Legendre adopted for his proof 
of xn. 2 (see note on that proposition). 

The argument can be put very shortly. We will suppose S, S' to be the 
volumes of the spheres, and d, d' to be their diameters; and we will for brevity 
express the triplicate ratio of d to d' by d3: d'3. 

If d*:d'** Si?, 
then d3:d'3 = S-.r, 
where Tis the volume of some sphere either greater or less than S'. 

I. Suppose, if possible, that T< S'. 
Let ^ b e supposed concentric with S'. 
As in xn. 17, inscribe a polyhedron in S' such that its faces do not any

where touch T; 
and inscribe in S a polyhedron similar to that in S'. 



Then S:T=d3:d'3 

= (polyhedron in S) : (polyhedron in S'); 
or, alternately, 

5 : (polyhedron in S) = T: (polyhedron in S'). 
And S > (polyhedron in S); 

therefore T> (polyhedron in S'). 
But, by construction, T< (polyhedron in S'): 

which is impossible. 
Therefore S'. 
II. Suppose, if possible, that T > S'. 
Now d' :d'3 = S: T 

= X:S\ 
where X is the volume of some sphere less than S, [xn. 2, Lemma] 
or, inversely, d'' : d3 = S': X, 
where X < S. 

This is proved impossible exactly as in Part I. 
Therefore r > S'. 
Hence T, not being greater or less than S', is equal to it, and 

d3:d'3 = S: S'. 

• 

• 



BOOK XIII. 

HISTORICAL NOTE. 

I Wave already given, in the note to iv. io, the evidence upon which the 
construction of the five regular solids is attributed to the Pythagoreans. Some 
of them, the cube, the tetrahedron (which is nothing but a pyramid), and the 
octahedron (which is only a double pyramid with a square base), cannot but 
have been known to the Egyptians. And it appears that dodecahedra have 
been found, of bronze or other material, which may belong to periods earlier 
than Pythagoras' time by some centuries (for references see Cantor's Geschichte 
der Mathematik l„ pp. 175—6). 

It is true that the author of the scholium No. 1 to Eucl. xm. says that the 
Book is about "the five so-called Platonic figures, which however do not 
belong to Plato, three of the aforesaid five figures being due to the Pythagoreans, 
namely the cube, the pyramid and the dodecahedron, while the octahedron 
and the icosahedron are due to Theaetetus." This statement (taken probably 
from Geminus) may perhaps rest on the fact that Theaetetus was the first to 
write at any length about the two last-mentioned solids. We are told indeed 
by Suidas (s. v. ©carnfro?) that Theaetetus " first wrote on the ' five solids' as 
they are called." This no doubt means that Theaetetus was the first to write 
a complete and systematic treatise on all the regular solids; it .does not 
exclude the possibility that Hippasus or others had already written on the 
dodecahedron. The fact that Theaetetus wrote upon the regular solids agrees 
very well with the evidence which we possess of his contributions to the 
theory of irrationals, the connexion between which and the investigation of 
the regular solids is seen in Euclid's Book xm. 

Theaetetus flourished about 380 B.C., and his work on the regular solids 
was soon followed by another, that of Aristaeus, an elder contemporary of 
Euclid, who also wrote an important book on Solid Loci, i.e. on conies treated 
as loci. This Aristaeus (known as "the elder") wrote in the period about 
320 B.C. We hear of his Comparison of the five regular solids from Hypsicles 
(2nd cent B.C.), the writer of the short book commonly included in the editions 
of the Elements as Book xiv. Hypsicles gives in this Book some six proposi
tions supplementing Eucl. XIII . ; and he introduces the second of the 
propositions (Heiberg's Euclid, Vol. v. p. 6) as follows: 

" The same circle circumscribes both the pentagon of the dodecahedron and the 
triangle of the icosahedron when both are inscribed in the same sphere. This is 
proved by Aristaeus in the book entitled Comparison of the five figures." 



Hypsicles proceeds (pp. 7 sqq.) to give a proof of this theorem. Allman 
pointed out (Greek Geometry from Thales to Euclid, 1889, pp. 201—2) that this 
proof depends on eight theorems, six of which appear in Euclid's Book xm. 
(in Propositions 8, 10, 12, 15, 16 with Por., 1 7 ) ; two other propositions not 
mentioned by Allman are also used, namely XIII. 4 and 9. This seems, as 
Allman says, to confirm the inference of Bretschneider (p. 171) that, as 
Aristaeus' work was the newest and latest in which, before Euclid's time, this 
subject was treated, we have in Eucl. xm. at least a partial recapitulation of 
the contents of the treatise of Aristaeus. 

After Euclid, Apollonius wrote on the comparison of the dodecahedron 
and the icosahedron inscribed in one and the same sphere. This we also 
learn from Hypsicles, who says in the next words following those about 
Aristaeus above quoted: " But it is proved by Apollonius in the second 
edition of his Comparison of the dodecahedron with the icosahedron that, as the 
surface of the dodecahedron is to the surface of the icosahedron [inscribed 
in the same sphere], so is the dodecahedron itself [i.e. its volume] to the 
icosahedron, because the perpendicular is the same from the centre of the 
sphere to the pentagon of the dodecahedron and to the triangle of the 
icosahedron." 



BOOK XIII. PROPOSITIONS. 

PROPOSITION I . 

M,< 

If a straight line be cut in extreme and mean ratio, the 
square on the greater segment added to the half of the whole 
is five times the square on the half. 

For let the straight line AB be cut in extreme and mean 
ratio at the point C, 
and let A Che the greater segment; 
let the straight line AD be pro
duced in a straight line with CA, 
and let AD be made half of AB; 
I say that the square on CD is 
five times the square on AD. 

For let the squares AE, DF 
be described on AB, DC, 
and let the figure in DF be drawn ; 
let EC be carried through to G. 

Now, since AB has been cut in 
extreme and mean ratio at C, 
therefore the rectangle AB, BC is 
equal to the square on AC. 

[vi. Def. 3, vi. 17] 
And CE is the rectangle AB, BC, and EH the square 

on AC; 
therefore CE is equal to FH. 

And, since BA is double of AD, 
while BA is equal to KA, and AD to AH, 
therefore KA is also double of AH. 

But, as KA is to AH, so is CK to CH; [vi. 1] 
therefore CK is double of CH. 

But LH, HC are also double of CH. 
Therefore KC is equal to LH, HC. 



But CE was also proved equal to HE; 
therefore the whole square AE is equal to the gnomon MNO. 

And, since BA is double of AD, 
the square on BA is quadruple of the square on AD, 
that is, AE is quadruple of DH. 

But AE is equal to the gnomon MNO; 
therefore the gnomon MNO is also quadruple of AP; 
therefore the whole DF is five times AP. 

And DF is the square on DC, and AP the square on DA; 
therefore the square on CD is five times the square on DA. 

Therefore etc. 
Q. E. D. 

The first five propositions are in the nature of lemmas, which are required 
for later propositions but are not in themselves of much importance. 

It will be observed that, while the method of the propositions is that of 
Book ii., being strictly geometrical and not algebraical, none of the results of 
that Book are made use of (except indeed in the Lemma to xm. 2, which is 
probably not genuine). It would therefore appear as though these propositions 
were taken from an earlier treatise without being revised or rewritten in the 
light of Book 11. It will be remembered that, according to Proclus (p. 67, 6), 
Eudoxus " greatly added to the number of the theorems which originated with 
Plato regarding the section " (i.e. presumably the "golden section "); and it is 
therefore probable that the five theorems are due to Eudoxus. 

That, if AB is divided at C in extreme and mean ratio, the rectangle 
AB, BC is equal to the square on AC is inferred from vi. 17. 

AD is made equal to half AB, and we have to prove that 
(sq. on CD) = 5 (sq. on AD). 

The figure shows at once that 
£7 CB = £7 HL, 

so that CJ CH+ CD HL = 2 (CJ CH) 
= CJAG. 

Also sq. HF= (sq. on AC) 
= rect. AB, BC 
= CE. 

By addition, 
(gnomon MNO) = sq. on AB 

= 4 (sq. on AD); 
whence, adding the sq. on AD to each, we have 

(sq. on CD) = 5 (sq. on AD). 
The result here, and in the next propositions, 

is really seen more readily by means of the figure 
of 11. 1 1 . 

In this figure SR = AC+\AB, by construction; 
and we have therefore to prove that 

(sq. on SB) = 5 (sq. on AB). 
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This is obvious, for 
(sq. on SB) = (sq. on BB) 

- sum of sqs. on AB, AB 
= S (sq. on AB). 

The MSS. contain a curious addition to xm. i—5 in the shape of analyses 
and syntheses for each proposition prefaced by the heading: 

" What is analysis and what is synthesis. 
" Analysis is the assumption of that which is sought as if it were admitted 

<and the arrival > by means of its consequences at something admitted to 
be true. 

"Synthesis is an assumption of that which is admitted <and the arrival> 
by means of its consequences at something admitted to be true." 

There must apparently be some corruption in the text; it does not, in the 
case of synthesis, give what is wanted. B and V have, instead of " something 
admitted to be true," the words " the end or attainment of what is sought." 

The whole of this addition is evidently interpolated. To begin with, the 
analyses and syntheses of the five propositions are placed all together in four 
MSS. ; in P, q they come after an alternative proof of xm. 5 (which alternative 
proof P gives after xm. 6, while q gives it instead of xm. 6), in B (which has 
not the alternative proof of xm. 5) after xm. 6, and in b (in which xm. 6 is 
wanting, and the alternative proof of xm. 5 is in the margin, in the first hand) 
after XIII. 5, while V has the analyses of 1—3 in the text after xm. 6 and 
those of 4—5 in the same place in the margin, by the second hand-. Further, 
the addition is altogether alien from the plan and manner of the Elements. 
The interpolation took place before Theon's time, and the probability is that 
it was originally in the margin, whence it crept into the text of P after xm. 5. 
Heiberg (after Bretschneider) suggested in his edition (Vol. v. p. lxxxiv.) that 
it might be a relic of analytical investigations by Theaetetus or Eudoxus, and 
he cited the remark of Pappus (v. p. 410) at the beginning of his 
" comparisons of the five [regular solid] figures which have an equal surface," 
to the effect that he will not use "the so-called analytical investigation by 
means of which some of the ancients effected their demonstrations." More 
recently (Paralipomena zu Euklid in Hermes xxxvm., 1903) Heiberg con
jectures that the author is Heron, on the ground that the sort of analysis and 
synthesis recalls Heron's remarks on analysis and synthesis in his commentary 
on the beginning of Book 11. (quoted by an-Nairizi, ed. Curtze, p. 89) and his 
quasi-algebraical alternative proofs of propositions in that Book. 

To show the character of the interpolated matter I need only give the 
analysis and synthesis of one proposition. In the case of xm. 1 it is in 
substance as follows. The figure is a mere 
straight line. D A C B 

Let AB be divided in extreme and mean 1 1 1 1 

ratio at C, AC being the greater segment; 
and let AD=\AB. 

I say that (sq. on CD) = 5 (sq. on AD). 
(Analysis.) 
"For, since (sq. on CD) = 5 (sq. on AD)" 

and (sq. on CD) = (sq. on CA) + (sq. on AD) + 2 (rect. CA, AD), 
therefore (sq. on CA) + 2 (rect. CA, AD) = 4 (sq. on AD). 

But rect. BA.AC=2 (rect. CA. AD), 
and (sq. on CA) = (rect. AB, BC). 



Therefore 
(rect. BA, AC) + (rect. AB, BC) = 4 (sq. on AB), 

or (sq. on AB) = 4 (sq. on AD): 
and this is true, since AD =\AB. 

(Synthesis.) 
Since (sq. on AB) = 4 (sq. on AD), 

and (sq. on AB) = (rect. BA, AC) + (rect. AB, BC), 
therefore 4 (sq. on AD) = 2(rect. DA, AC) + sq. on ^4C. 

Adding to each the square on AD, we have 
(sq. on CD) = 5 (sq. on AD). 

PROPOSITION 2. 

If the square on a straight line be five times the square on 
a segment of it, then, when the double of the said segment is cut 
in extreme and mean ratio, the greater segment is the remaining 
part of the original straight line. 

For let the square on the straight line AB be five times 
the square on the segment AC 
of it, 
and let CD be double of AC; 
I say that, when CD is cut in extreme 
and mean ratio, the greater segment 
is CB. 

Let the squares AF, CG be de
scribed on AB, CD respectively, 
let the figure in AF be drawn, 
and let BE be drawn through. 

Now, since the square on BA is 
five times the square on AC, 
AF is five times AH. 

Therefore the gnomon MNO is 
quadruple of AH. 

And, since DC is double of CA, 
therefore the square on DC is quadruple of the square on CA, 
that is, CG is quadruple of AH. 

But the gnomon MNO was also proved quadruple of AH; 
therefore the gnomon MNO is equal to CG. 

And, since DC is double of CA, 
while DC is equal to CK, and AC to CH, 
therefore KB is also double of BH. [vi. 1]. 
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But LH, HB are also double of HB ; 
therefore KB is equal to LH, HB, 

But the whole gnomon MNO was also proved equal to 
the whole CG ; 
therefore the remainder HF is equal to BG. 

And BG is the rectangle CD, DB, 
for CD is equal to DG; 
and HF is the square on CB ; 
therefore the rectangle CD, DB is equal to the square on CB. 

Therefore, as DC is to CB, so is CB to BD. 
But DC is greater than CB; 

therefore CB is also greater than BD. 
Therefore, when the straight line CD is cut in extreme and 

mean ratio, CB is the greater segment. 
Therefore etc. 

Q. E. D. 

LEMMA. 

That the double of AC is greater than BC is to be proved 
thus. 

If not, let BC be, if possible, double of CA. 
Therefore the square on BC is quadruple of the square 

on CA ; 
therefore the squares on BC, CA are five times the square 
on CA. 

But, by hypothesis, the square on BA is also five times 
the square on CA ; 
therefore the square on BA is equal to the squares on BC, CA: 
which is impossible. [it. 4] 

Therefore CB is not double of AC. 
Similarly we can prove that neither is a straight line less 

than CB double of CA ; 
for the absurdity is much greater. 

Therefore the double of A C is greater than CB. 
Q. E. D. 

This proposition is the converse of Prop. I. We have to prove that, if 
AB be so divided at C that 

(sq. on AB) = 5 (sq. on AC), 
and if CD =2AC, 
then (rect. CD, DB) = (sq. on CB). 



Subtract from each side the sq. on AC; 
then (gnomon MNO) = 4 (sq. on A C) 

= (sq. on CD). 
Now, as in the last proposition, 

O CE= 2(CJBH) 
= CJBH + a HL. 

Subtracting these equals from the equals, the square on CD and the 
gnomon MNO respectively, we have 

CJ BG = (square HF), 
i.e. (rect. CD, DB) = (sq. on CB). 

Here again the proposition can readily be proved by means of a figure 
similar to that of 11. 1 1 . 

Draw CA through C at right angles to CB and of length equal to CA in 
the original figure; make CD double of CA; 
produce A C to R so that CR = CB. 

Complete the squares on CB and CD, and 
join AD. 

Now we are given the fact that 
(sq. on AR) = 5 (sq. on CA). 

But 
5 (sq. on AC) = (sq. on AC) + (sq. on CD) 

= (sq. on AD). 
Therefore 

(sq. on AR) = (sq. on AD), 
or AR = AD. 

Now 
(rect KR, RC) + (sq. on ^ C ) = (sq. on 

= (sq. on AD) 
= (sq. on AC) + (sq. on C73). 

Therefore (rect. KR. RC) = (sq. on CD). 
That is, (rectangle RE) = (square CG). 
Subtract the common part CE, 

and (rect. BG) = (sq. RB), 
or rect. CD, DB = (sq. on CB). 

Heiberg, with reason, doubts the genuineness of the Lemma following this 
proposition. 

B 0 

PROPOSITION 3. 

If a straight line be cut in extreme and mean ratio, the 
square on the lesser segment added to the half of the greater 
segment is five times the square on the half of the greater 
segment. 
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For let any straight line AB be cut in extreme and mean 
ratio at the point C, 
let AC be the greater segment, A D O B 
and let AC be bisected at D ; 
I say that the square on BD is 
five times the square on DC. 

For let the square AE be 
described on AB, 
and let the figure be drawn 
double. t 

Since AC is double of DC, 
therefore the square on AC is 
quadruple of the square on DC, 
that is, RS is quadruple of EG. 

And, since the rectangle AB, BC is equal to the square 
on AC, 
and CE is the rectangle AB, BC, 
therefore CE is equal to RS. 

But RS is quadruple of EG; 
therefore CE is also quadruple of EG. 

Again, since AD is equal to DC, 
HK is also equal to KF. 

Hence the square GF is also equal to the square HL. 
Therefore GK is equal to KL, that is, MN to NE ; 

hence ME is also equal to EE. 
But ME is equal to CG; 

therefore CG is also equal to EE. 
Let CN be added to each ; 

therefore the gnomon OPQ is equal to CE. 
But CE was proved quadruple of GF; 

therefore the gnomon OPQ is also quadruple of the square EG. 
Therefore the gnomon OPQ and the square EG are 

five times EG. 
But the gnomon OPQ and the square EG are the 

square DN. 
And DN is the square on DB, and GF the square on DC. 
Therefore the square on DB is five times the square 

on DC. Q. E. D. 



In this case we have 
(sq. on BD) = (sq. BG) + (rect. CG) + (rect. CN) 

= (sq. BG) + (rect. BE) + (rect. CN) 
= (sq. EG) + (rect. CE) 
= (sq. EG) + (rect. AB, BC) 
= (sq. BG) + (sq. on A C), by hypothesis, 
= 5 (sq. on .DC). 

The theorem is still more obvious if the figure 
of I I . I I be used. Let C ^ b e divided in extreme 
and mean ratio at E, by the method of it. ft. 

Then, since 
(rect. AB, BC) + (sq. on CD) 

= sq. on BD 
= sqs. on CD, CB, 

(rect. AB, BC) = (sq. on CB) 
= (sq. on CA), 

and AB is divided at C in extreme and mean ratio. 
And (sq. on BD) = (sq. on DB) 

= 5 (sq. on CD). 

PROPOSITION 4. 

If a straight line be cut in extreme and mean ratio, the 
square on the whole and the square on the lesser segment together 
are triple of the square on the greater segment. 

Let AB be a straight line, 
let it be cut in extreme and mean ratio at C, 
and let A Che the greater segment; 
I say that the squares on AB, BC are 
triple of the square on CA. 

For let the square ADEB be de
scribed on AB, 
and let the figure be drawn. 

Since then AB has been cut in extreme 
and mean ratio at C, 
and A C is the greater segment, 
therefore the rectangle AB, BC is equal to the square on AC. 

[vi. Def. 3, vi. 17] 
And AK is the rectangle AB, BC, and HG the square 

on AC; 
therefore AK is equal to HG. 
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And, since AF is equal to F£, 
let CK be added to each ; 
therefore the whole AK is equal to the whole CE ; 
therefore AK, CE are double of AK. 

But AK, CE are the gnomon LMN and the square CK; 
therefore the gnomon LMN and the square CK are double 
of AK. 

But, further, AK was also proved equal to HG; 
therefore the gnomon LMN and the squares CK, LIG are 
triple of the square HG. 

And the gnomon LMN and the squares CK, HG are 
the whole square AE and CK, which are the squares on 
AB, BC, 
while HG is the square on AC. 

Therefore the squares on AB, BC are triple of the square 
on AC. 

Q. E. D. 
Here, as in the preceding propositions, the results are proved de novo by 

the method of Book II., without reference to that Book. Otherwise the proof 
might have been shorter. 

For, by n. 7, 
(sq. on AB) + (sq. on BC) = 2 (rect. AB, BC) + (sq. on AC) 

= 3 (sq. on A C). 

PROPOSITION 5. 

If a straight line be cut in extreme and mean ratio, and 
there be added to it a straight line equal to the greater segment, 
the whole straight line has been cut in extreme and mean ratio, 
and the original straight line is the greater segment. 

For let the straight line AB be cut in extreme and mean 
ratio at the point C, 
let AC be the greater segment, 
and let AD be equal to AC. 

I say that the straight line 
DB has been cut in extreme and 
mean ratio at A, and the original 
straight line AB is the greater 
segment. 

For let the square AE be described on AB, 
and let the figure be drawn. 

L H 
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Since AB has been cut in extreme and mean ratio at C, 
therefore the rectangle AB, BC is equal to the square on AC. 

[vi. Def. 3, vi. 17] 
And CE is the rectangle AB, BC. and CH the square 

an AC; 
therefore CE is equal to HC. 

But HE is equal to CE, 
and DH is equal to HC; 
therefore DH is also equal to HE. 

Therefore the whole DK is equal to the whole AE. 
And DK is the rectangle BD, DA, 

for AD is equal to DL ; 
and AE is the square on AB ; 
therefore the rectangle BD, DA is equal to the square 
on AB. 

Therefore, as DB is to BA, so is BA to AD. [vi. 17] 
And DB is greater than BA ; 

therefore BA is also greater than AD. [v. 14] 
Therefore DB has been cut in extreme and mean ratio at 

A, and AB is the greater segment. 
Q. E. D. 

We have (sq. DH) = (sq. HC) 
= (rect. CE), by hypothesis, 
= (rect. HE). 

Add to each side the rectangle AK, and 
(rect. DK) = (sq. AE), 

or (rect. BD, DA) = (sq. on AB). 
The result is of course obvious from 11. 1 1 . 
There is an alternative proof given in P after xm. 6, which depends on 

Book v. 
By hypothesis, BA : AC = AC . CB, 

or, inversely, A C : AB = CB : A C. 
Component, (AB + AC): AB = AB : AC, 

or DB : BA = BA : AD. 

PROPOSITION 6. 

If a rational straight line be cut in extreme and mean ratio, 
each of the segments is the irrational straight line called 
apotome. 
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Let AB he a. rational straight line, 
let it be cut in extreme and mean 
ratio at C, ° * ? » 
and let AC he the greater segment; 
I say that each of the straight lines A C, CB is the irrational 
straight line called apotome. 

For let BA be produced, and let AD he made half of BA. 
Since then the straight line AB has been cut in extreme 

and mean ratio, 
and to the greater segment AC is added AD which is half 
of AB, 
therefore the square on CD is five times the square on DA. 

[xm. i] 
Therefore the square on CD has to the square on DA the 

ratio which a number has to a number; 
therefore the square on CD is commensurable with the square 
on DA. [x. 6] 

But the square on DA is rational, 
for DA is rational, being half of AB which is rational; 
therefore the square on CD is also rational; [x. Def. 4] 
therefore CD is also rational. 

And, since the square on CD has not to the square on 
DA the ratio which a square number has to a square number, 
therefore CD is incommensurable in length with DA ; [x. 9] 
therefore CD, DA are rational straight lines commensurable 
in square only; 
therefore A C is an apotome. [x. 73] 

Again, since AB has been cut in extreme and mean ratio, 
and AC is the greater segment, 
therefore the rectangle AB, BC is equal to the square on AC. 

[vi. Def. 3, vi. 17] 

Therefore the square on the apotome AC, if applied to 
the rational straight line AB, produces BC as breadth. 

But the square on an apotome, if applied to a rational 
straight line, produces as breadth a first apotome ; [x. 97] 
therefore CB is a first apotome. 
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And CA was also proved to be an apotome. 
Therefore etc. 

It seems certain that this proposition is an interpolation. P has it, but the 
copyist (or rather the copyist of its archetype) says that " this theorem is not 
found in most copies of the new recension, but is found in those of the old." 
In the first place, there is a scholium to xm. 17 in P itself which proves the 
same thing as xm. 6, and which would therefore have been useless if XIII. 6 
had preceded. Hence, when the scholium was written, this proposition had 
not yet been interpolated. Secondly, P has it before the alternative proof of 
xm. 5 ; this proof is considered, on general grounds, to be interpolated, and 
it would appear that it must have been a later interpolation (xm. 6) which 
divorced it from the proposition to which it belonged. Thirdly, there is cause 
for suspicion in the proposition itself, for, while the enunciation states that 
each segment of the straight line is an apotome, the proposition adds that the 
lesser segment is a first apotome. The scholium in P referred to has not this 
blot. What is actually wanted in xm. 17 is the fact that the greater segment 
is an apotome. It is probable that Euclid assumed this fact as evident enough 
from xm. 1 without further proof, and that he neither wrote xm. 6 nor the 
quotation of its enunciation in xm. 17. 

PROPOSITION 7. 

If three angles of an equilateral pentagon, taken either in 
order or not in order, be equal, the pentagon zvill be equiangular. 

For in the equilateral pentagon A BCDE let, first, three 
angles taken in order, those at A, B, C, 
be equal to one another; A 
I say that the pentagon A BCDE is 
equiangular. 

For let AC, BE, FD be joined. 
Now, since the two sides CB, BA 

are equal to the two sides BA, AE 
respectively, 
and the angle CBA is equal to the o 0 
angle BAE, 
therefore the base AC is equal to the base BE, 
the triangle ABC is equal to the triangle ABE, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend, [1. 4] 
that is, the angle BCA to the angle BEA, and the angle 
ABE to the angle CAB; 
hence the side AFis also equal to the side BE. [1. 6] 



But the whole AC was also proved equal to the whole BE; 
therefore the remainder EC is also equal to the remainder EE. 

But CD is also equal to DE. 
Therefore the two sides EC, CD are equal to the two 

sides EE, ED; 
and the base ED is common to them ; 
therefore the angle ECD is equal to the angle FED. [i. 8] 

But the angle BCA was also proved equal to the angle 
AEB; 
therefore the whole angle BCD is also equal to the whole 
angle A ED. 

But, by hypothesis, the angle BCD is equal to the angles 
at A, B; 
therefore the angle AED is also equal to the angles at A, B. 

Similarly we can prove that the angle CDE is also equal 
to the angles at A, B, C; 
therefore the pentagon A BCDE is equiangular. 

Next, let the given equal angles not be angles taken in 
order, but let the angles at the points A, C, D be equal; 
I say that in this case too the pentagon A BCDE is equiangular. 

For let BD be joined. 
Then, since the two sides BA, AE are equal to the two 

sides BC, CD, 
and they contain equal angles, 
therefore the base BE is equal to the base BD, 
the triangle ABE is equal to the triangle BCD, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; [i . 4] 
therefore the angle AEB is equal to the angle CDB. 

But the angle BED is also equal to the angle BDE, 
since the side BE is also equal to the side BD. [1. 5] 

'Therefore the whole angle AED is equal to the whole 
angle CDE. 

But the angle CDE is, by hypothesis, equal to the angles 
at A, C; 
therefore the angle AED is also equal to the angles at A, C. 



For the same reason 
the angle ABC is also equal to the angles at A, C, D. 

Therefore the pentagon A BCDE is equiangular. 
Q. E . D . 

This proposition is required in xm. 17. 
The steps of the proof may be shown thus. 
I. Suppose that the angles at A, B, C are all equal. 
Then the isosceles triangles BAE, ABC are equal in all respects; 

thus BE = AC, LBCA = LBEA, LCAB = LEBA. 
By the last equality, BA = BB, 

so that, since BE = AC, BC= BE. 
The A s BED, BCD are now equal in all respects, [1. 8, 4] 

and L BCD = L BED. 
But LACB = L AEB, from above, 

whence, by addition, L BCD - L AED. 
Similarly it may be proved that L CDE is also equal to any one of the 

angles at A, B, C. 
II. Suppose the angles at A, C, D to be equal. 
Then the isosceles triangles ABE, CBD are equal in all respects, and 

hence BE = BD (so that L BDE = i. BED), 
and L CDB = L. AEB. 

By addition of the equal angles, 
LCDE = LDEA. 

Similarly it may be proved that L ABC is also equal to each of the angles 
at A, C, D. 

PROPOSITION 8. 

If in an equilateral and equiangular pentagon straight 
lines subtend two angles taken in order, they cut one another 
in extreme and mean ratio, and their greater segments are equal 
to the side of the pentagon. 

For in the equilateral and equiangular pentagon ABCDE 
let the straight lines AC, BE, cutting 
one another at the point H, subtend 
two angles taken in order, the angles 
at A, B; 
I say that each of them has been 
cut in extreme and mean ratio at 
the point H, and their greater seg
ments are equal to the side of the 
pentagon. 

For let the circle ABCDE be 
circumscribed about the pentagon ABCDE. [iv. 14] 



Then, since the two straight lines EA, AB are equal to 
the two AB, BC, 
and they contain equal angles, 
therefore the base BE is equal to the base A C, 
the triangle ABE is equal to the triangle ABC, 
and the remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend. [\. $\ 

Therefore the angle BAC is equal to the angle ABE; 
therefore the angle A HE is double of the angle BAH. [i. 32] 

But the angle EAC is also double of the angle BAC, 
inasmuch as the circumference EDC is also double of the 
circumference CB ; [m. 28, vi. 33] 
therefore the angle HAE is equal to the angle A HE; 
hence the straight line HE is also equal to EA, that is, to AB. 

And, since the straight line BA is equal to AE, 
the angle ABE is also equal to the angle AEB. [1. 5] 

But the angle ABE was proved equal to the angle BAH; 
therefore the angle BE A is also equal to the angle BA H. 

And the angle ABE is common to the two triangles ABE 
and ABH; 
therefore the remaining angle BAE is equal to the remaining 
angle AHB; [1 .32] 

therefore the triangle ABE is equiangular with the triangle 
ABH; 
therefore, proportionally, as EB is to BA, so is AB to BH. 

[vi. 4] 
But BA is equal to EH; 

therefore, as BE is to EH, so is EH to HB. 
And BE is greater than EH; 

therefore EH is also greater than HB. [v. 14] 
Therefore BE has been cut in extreme and mean ratio at 

H, and the greater segment HE is equal to the side of the 
pentagon. 

Similarly we can prove that AC has also been cut in 
extreme and mean ratio at H, and its greater segment CH 
is equal to the side of the pentagon. 

Q. E. D. 



In order to prove this theorem we have to show (i) that the As AEB, 
HAB are similar, and (2) that EH= EA (= AB). 

To prove (2) we have 
A s AEB, BAC equal in all respects, 

whence EB -AC, 
and LBAC = LABE. 

Therefore L A HE = 2 L BAC 
= LEAC, 

so that £H=£A 
= AB. 

To prove (1) we have, in the As AEB, HAB, 
LBAH = LEBA 

= L AEB, 
and L A BE is common , 
therefore the third L S AHB, EAB are equal, 
and As AEB, HAB are similar. 

Now, since these triangles are similar, 
EB : BA = BA : BH, 

or (rect. EB, BH) = (sq. on BA) 
= (sq. on EH), 

so that EB is divided in extreme and mean ratio at H. 
Similarly its equal, CA, is divided in extreme and mean ratio at H. 

PROPOSITION 9. 

If the side of the hexagon and that of the decagon inscribed 
in the same circle be added together, the whole straight line 
has been cut in extreme and mean ratio, and its greater segment 
is the side of the hexagon. 

Let ABC be a circle ; 
of the figures inscribed in the circle ABC let BC be the side 
of a decagon, CD that of a hexagon, 
and let them be in a straight line ; 
I say that the whole straight line 
BD has been cut in extreme and 
mean ratio, and CD is its greater 
segment. 

For let the centre of the circle, 
the point E, be taken, 
let EB, EC, ED be joined, 
and let BE be carried through to A. D 

Since BC is the side of an equilateral decagon, 



therefore the circumference ACB is five times the circum
ference BC; 
therefore the circumference AC is quadruple of CB. 

But, as the circumference AC is to CB, so is the angle 
A EC to the angle CEB; [vi. 33] 
therefore the angle A EC is quadruple of the angle CEB. 

And, since the angle EBC is equal to the angle ECB, [1. 5] 
therefore the angle A EC is double of the angle ECB. [1. 32] 

And, since the straight line EC is equal to CD, 
for each of them is equal to the side of the hexagon inscribed 
in the circle ABC, [iv. 15, Por.] 
the angle CED is also equal to the angle CDE; [1. 5] 
therefore the angle ECB is double of the angle EDC. [1. 32] 

But the angle A EC was proved double of the angle ECB; 
therefore the angle A EC is quadruple of the angle EDC. 

But the angle AEC was also proved quadruple of the 
angle BEC; 
therefore the angle EDC is equal to the angle BEC. 

But the angle EBD is common to the two triangles BEC 
and BED; 
therefore the remaining angle BED is also equal to the 
remaining angle ECB ; [1. 32] 
therefore the triangle EBD is equiangular with the triangle 
EBC. 

Therefore, proportionally, as DB is to BE, so is EB to BC. 
[vi- 4] 

But EB is equal to CD. 
Therefore, as BD is to DC, so is DC to CB. 
And BD is greater than DC; 

therefore DC is also greater than CB. 
Therefore the straight line BD has been cut in extreme 

and mean ratio, and DC is its greater segment. 
Q. E. D. 

BC is the side of a regular decagon inscribed in the circle; CD is the 
side of the inscribed regular hexagon, and is therefore equal to the radius BE 
or EC. 

Therefore, in order to prove our theorem, we have only to show that the 
triangles EBC, DBE are similar. 



Since BC is the side of a regular decagon, 
(arc BCA) = 5 (arc BC), 

so that (arc CFA) m 4 (arc BC), 
whence L CEA = 4LBEC. 

But LCEA = ILECB. 
Therefore LECB=2UBEC (1). 
But, since CD = CE, 

LCDE = LCED, 
so that LECB = 2L CDE. 

It follows from (1) that LBEC=LCDE. 
Now, in the As EBC, DBE, 

LBEC= LBDE, 
and LEBC is common, 
so that LECB = LDEB, 
and As EBC, DBE are similar. 

Hence DB : BE = EB : BC, 
or (rect. DB, BC) = (sq. on EB) 

= (sq. on CD), 
and DB is divided at C in extreme and mean ratio. 

To find the side of the decagon algebraically in terms of the radius we 
have, if x be the side required, 

(r + x)x = r>, 

whence * = - ( N / 5 - 1 ) -

PROPOSITION IO. 

If an equilateral pentagon be inscribed in a circle, the 
square on the side of the pentagon is equal to the squares on 
the side of the hexagon and on that of the decagon inscribed in 
the same circle. 

Let ABCDE be a circle, 
and let the equilateral pentagon ABCDE be inscribed in the 
circle ABCDE. 

I say that the square on the side of the pentagon ABCDE 
is equal to the squares on the side of the hexagon and on 
that of the decagon inscribed in the circle ABCDE. 

For let the centre of the circle, the point F, be taken, 
let AF be joined and carried through to the point G, 
let FB be joined, 
let FH be drawn from ^perpendicular to AB and be carried 
through to K, 

2 
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let AK, KB be joined, 
let FL be. again drawn from F perpendicular to AK, and be 
carried through to M, 
and let KN be joined. 

Since the circumference 
ABCG is equal to the circum
ference AEDG, 
and in them ABC is equal to 
AED, 
therefore the remainder, the 
circumference CG, is equal to 
the remainder GD. 

But CD belongs to a pen
tagon ; 
therefore CG belongs to a 
decagon. 

And, since FA is equal to EB, 
and EH is perpendicular, 
therefore the angle AFK is also equal to the angle KEB. 

[i. s, i. 26] 
Hence the circumference AK is also equal to KB ; [111. 26] 

therefore the circumference AB is double of the circumference 
BK; 
therefore the straight line AK is a side of a decagon. 

For the same reason 
AK is also double of KM. 

Now, since the circumference AB is double of the circum
ference BK, 
while the circumference CD is equal to the circumference AB, 
therefore the circumference CD is also double of the circum
ference BK. 

But the circumference CD is also double of CG ; 
therefore the circumference CG is equal to the circumference 
BK. 

But BK is double of KM, since KA is so also ; 
therefore CG is also double of KM. 
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But, further, the circumference CB is also double of the 
circumference BK, 
for the circumference CB is equal to BA. 

Therefore the whole circumference GB is also double 
of BM; 
hence the angle GFB is also double of the angle BFM. [vi. 33] 

But the angle GFB is also double of the angle FAB, 
for the angle FAB is equal to the angle ABF. 

Therefore the angle BFN is also equal to the angle FAB. 
But the angle ABF is common to the two triangles ABF 

and BFN; 
therefore the remaining angle AFB is equal to the remaining 
angle BNF; [1. 3 2 ] 
therefore the triangle ABF is equiangular with the triangle 
BFN. 

Therefore, proportionally, as the straight line AB is to BF, 
so is FB to BN; [vi. 4] 

therefore the rectangle AB, BN is equal to the square on BF. 
[vi. 17] 

Again, since AL is equal to LK, 
while LN is common and at right angles, 
therefore the base KN is equal to the base AN; [1. 4] 
therefore the angle LKN is also equal to the angle LAN. 

But the angle LAN is equal to the angle KBN; 
therefore the angle LKN is also equal to the angle KBN. 

And the angle at A is common to the two triangles A KB 
and AKN. 

Therefore the remaining angle AKB is equal to the 
remaining angle KNA ; [1. 32] 
therefore the triangle KBA is equiangular with the triangle 
KNA. 

Therefore, proportionally, as the straight line BA is to 
AK, so is KA to AN; [vi. 4] 

therefore the rectangle BA, AN is equal to the square on AK. 
[vi- 17] 

But the rectangle AB, BN was also proved equal to the 
square on BF; 



therefore the rectangle AB, BN together with the rectangle 
BA, AN, that is, the square on BA [it 2], is equal to the 
square on BF together with the square on AK. 

And BA is a side of the pentagon, BF of the hexagon 
[iv. 15, Por.], and AK of the decagon. 

Therefore etc. 
Q. E. D. 

ABCDE being a regular pentagon inscribed in a circle, and AG the 
diameter through A, it follows that 

(arc CG) = (arc GD), 
and CG, GD are sides of an inscribed regular decagon. 

FHK being drawn perpendicular to AB, it follows, by 1. 26, that 
L s AFK, BEK axe equal, and BK, KA are sides of the regular decagon. 

Similarly it may be proved that, ELM being perpendicular to AK, 
AL = LK, 

and (arc AM) = (arc MK). 
The main facts to prove are that 

(1) the triangles ABF, FBN are similar, and (2) the triangles ABK, AKN 
are similar. 

(1) 2 (arc cG) = (arc CD) 
= (arc AB) 
= 2 (arc BK), 

or (arc CG) = (arc BK) = (arc AK) 
= 2 (arc KM). 

And (arc CB) = 2 (arc AST). 
Therefore, by addition, 

(arc BCG) = 2 (arc BKM). 
Therefore L BFG = 2L BFN. 
But L BFG =2L BAB, 

so that L FAB = L BEN. 
Hence, in the As ABF, FBN, 

L FAB = L BFN, 
and i. ABF is common; 
therefore L AFB = L BNF, 
and A s ABF, FBN are similar. 

(2) Since AL = LK, and the angles at L are right, 
AN=NK, 

and t TVX^ = L NAK 
= LKBA. 

Hence, in the As ABK, AKN, 
^ABK=LAKN, 

and L KAN is common, 
whence the third angles are equal; 
therefore the triangles ABK, AKN axe similar. 
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Now from the similarity of A s ABF, FBN it follows that 
AB : BB= BB: BN, 

or (rect. AB, BN) = (sq. on BF). 
And, from the similarity of ABK, AKN, 

BA : AK= AK: AN, 
or (rect. BA, AN) = (sq. on AK). 

Therefore, by addition, 
(rect. AB, BN) + (rect. BA, AN) = (sq. on BF) + (sq. on AK), 

that is, (sq. on AB) = (sq. on BF) + (sq. on AK). 

If r be the radius of the circle, we have seen (xm. 9, note) that 

AK=-2U5-i). 

Therefore (side of pentagon)8 = r* + - (6 - 2 ^ 5 ) 
4 

» 7 ( « o - « V s ) . 4 

so that (side of pentagon) = - \ / io - 2 J$. 

PROPOSITION I I . 

If in a circle which has its diameter rational an equilateral 
pentagon be inscribed, the side of the pentagon is the irrational 
straight line called minor. 

For in the circle ABCDE which has its diameter rational 
let the equilateral pentagon ABCDE be inscribed ; 
I say that the side of the pentagon is the irrational straight 
line called minor. 

For let the centre of the circle, the point F, be taken, 
let AF, EB be joined and carried through to the points, G, H, 
let AC be joined, 
and let EK be made a fourth part of AF. 

Now AF is rational ; 
therefore EK is also rational. 

But BF is also rational; 
therefore the whole BK is rational. 

And, since the circumference A CG is equal to the circum
ference ADG, 
and in them ABC is equal to AED, 
therefore the remainder CG is equal to the remainder GD. 



And, if we join AD, we conclude that the angles at L 

Since then the angle ALC is equal to the angle AMF, 
and the angle LAC is common to the two triangles ACL 
and AMF, 
therefore the remaining angle ACL is equal to the remaining 
angle MFA ; [i. 32] 
therefore the triangle ACL is equiangular with the triangle 

therefore, proportionally, as LC is to CA, so is MF to FA. 
And the doubles of the antecedents may be taken ; 

therefore, as the double of LC is to CA, so is the double of 
MFlo FA. 

But, as the double of MF is, to FA, so is MF to the half 

therefore also, as the double of LC is to CA, so is MF to the 
half of FA. 

And the halves of the consequents may be taken ; 
therefore, as the double of LC is to the half of CA, so is MF 
to the fourth of FA. 

are right, 
and CD is double of CL. 

For the same reason 
the angles at M are also right, 
and AC is double of CM. 

AMF; 

of FA ; 
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And DC is double of LC, CM is half of CA, and FK a 
fourth part of FA ; 
therefore, as DC is to CM, so is MF to FK. 

Componendo also, as the sum of DC, CM is to CM, so is 
MK to KF; [v. 18] 
therefore also, as the square on the sum of DC, CM is to the 
square on CM, so is the square on MK to the square on KF. 

And since, when the straight line subtending two sides of 
the pentagon, as AC, is cut in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon, that is, 
to DC, [xm. 8] 

while the square on the greater segment added to the half 
of the whole is five times the square on the half of the 
whole, [xm. 1] 
and CM is half of the whole A C, 
therefore the square on DC, CM taken as one straight line is 
five times the square on CM. 

But it was proved that, as the square on DC, CM taken 
as one straight line is to the square on CM, so is the square 
on MK to the square on KF; 
therefore the square on MK is five times the square on KF. 

But the square on KF is rational, 
for the diameter is rational; 
therefore the square on MK is also rational; 
therefore MK is rational 

And, since BF is quadruple of FK, 
therefore BK is five times KF; 
therefore the square on BK is twenty-five times the square 
on KF. 

But the square on MK is five times the square on KF; 
therefore the square on BK is five times the square on KM; 
therefore the square on BA" has not to the square on KM 
the ratio which a square number has to a square number; 
therefore BK is incommensurable in length with KM. [x. 9] 

And each of them is rational. 
Therefore BK, KM are rational straight lines commen

surable in square only. 



But, if from a rational straight line there be subtracted a 
rational straight line which is commensurable with the whole 
in square only, the remainder is irrational, namely an apotome; 
therefore MB is an apotome and MK the annex to it. [x. 73] 

I say next that MB is also a fourth apotome. 
Let the square on N be equal to that by which the square 

on BK is greater than the square on KM; 
therefore the square on BK is greater than the square on KM 
by the square on N. 

And, since KF is commensurable with FB, 
componendo also, KB is commensurable with FB. [x. 15] 

But BF is commensurable with BH; 
therefore BK is also commensurable with BH. [x. I2] 

And, since the square on BK is five times the square 
on KM, 
therefore the square on BK has to the square on KM the 
ratio which 5 has to 1. 

Therefore, convertendo, the square on ^ A ' h a s to the square 
on N the ratio which 5 has to 4 [v. 19, Por.], and this is not the 
ratio which a square number has to a square number ; 
therefore BK is incommensurable with N; [x. 9] 
therefore the square on BK is greater than the square on KM 
by the square on a straight line incommensurable with BK. 

Since then the square on the whole BK is greater than 
the square on the annex KM by the square on a straight line 
incommensurable with BK, 
and the whole BK is commensurable with the rational straight 
line, BH, set out, 
therefore MB is a fourth apotome. [x. Deff. m. 4] 

But the rectangle contained by a rational straight line and 
a fourth apotome is irrational, 
and its square root is irrational, and is called minor. [x. 94] 

But the square on AB is equal to the rectangle HBtBM, 
because, when AH is joined, the triangle ABH is equiangular 
with the triangle ABM, and, as HB is to BA, so is AB 
to BM. 
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Therefore the side AB of the pentagon is the irrational 
straight line called minor. 

Q. E. D. 

Here we require certain definitions and propositions of Book x. 
First we require the definition of an apotome [see x. 73], which is a straight 

line of the form (p ~ Jh. p), where p is a " rational" straight line and k is any 
integer or numerical fraction, the square root of which is not integral or 
expressible in integers. The lesser of the straight lines p, \jk. p is the annex. 

Next we require the definition of the fourth apotome [x. l)eff. 111. (after 
x. 84)], which is a straight line of the form (x-y), where x, y (being both 
rational and comme able in square only) are also such that Jx2-y2 is 
incommensurable wiu. x, while x is commensurable with a given rational 
straight line p. As shown on x. 88 (note), the fourth apotome is of the form 

Lastly the minor (straight line) is the irrational straight line defined in 
X. 76. It is of the form (x —y), where x, y are incommensurable in square, 
and (x2 +y') is ' rational,' while xy is ' medial.' As shown in the note on 
x. 76, the minor irrational straight line is of the form 

-L.x/, + P - , / , 
V * V Ji+k2 n / 2 V Ji+k2 

The proposition may be put as follows. ABCDE being a regular 
pentagon inscribed in a circle, AG, BH trie diameters through A, B meeting 
CD in L and AC in M respectively, EK is made equal to \AF. 

Now, the radius AE(r) being rational, so are EK, BK. 
The arcs CG, GD are equal; 

hence L. S at L are right, and CD = 2 CL 
Similarly L S at Mare right, and AC =2CM. 
We have to prove 

(1) that BM is an apotome, 
(2) that BM is a fourth apotome, 
(3) that BA is a minor irrational straight line. 

Remembering that, if CA is divided in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon [xm. 8], and that accord 
ingly [xm. 1] (CD + \CA)' = $ (\CA)2, we work towards a proportion con
taining the ratio (CD + CM)2: CM2, thus. 

The A s ACL, ABM are equiangular and therefore similar. 
Therefore LC.CA = ME: BA, 

and accordingly 2LC: CA = ME: \FA ; 
thus 2LC:\CA = MF: \FA, 
or DC:CM=ME:FK; 
whence, eomponendo, and squaring, 

(DC + CM)1: CM2 = MK1: KB1. 
But (DC+ CM)' = s CM2; 

therefore MJC = 5KB1. 



PROPOSITION 1 2 . 

If an equilateral triangle be inscribed in a circle, the square 
on the side of the triangle is triple of the square on the radius 
of the circle. 

[This means that MK* = & r*, 

or MK = — r.] 
4 J 

It follows that, KF being rational, MK', and therefore MK, is rational. 
(1) To prove that BM is an apotome and .^fA" its annex. 
We have A F * 4 / ^ ; 

therefore BK= $FK, 
BK*=25FK* 

= $MK*, from above; 
therefore BK' has not to J J / A ' 2 the ratio of a square number to a square 
number; 
therefore BK, MK are incommensurable in length. 

They are therefore rational and commensurable in square only; 
accordingly BM is an apotome. 

[BK' = $MK' = f|r», and BK= fr. 
Consequently BK- MK = r- & rj.] 

(2) To prove that BM is a fourth apotome. 
First, since .#5 are commensurable, 

BK, BF are commensurable, i.e. BK is commensurable with BH, a given 
rational straight line. 

Secondly, if N' = BK' - KM', 
since BK* : KM* - 5 : 1, 
it follows that BK* : N' = 5 : 4, 
whence i?A!", iV are incommensurable. 

Therefore is a fourth apotome. 
(3) To prove that 2?.4 is a minor irrational straight line. 
If a fourth apotome form a rectangle with a rational straight line, the side 

of the square equivalent to the rectangle is minor [x. 94]. 
Now BA' = HB. BM, 

HB is rational, and BM is a fourth apotome; 
therefore BA is a minor irrational straight line. 

[_BA = r ^ . J ^ - ^ = r - J W ^ . 

If this is separated into the difference between two straight lines, we have 

BA - 5 Vs + 2 Js - z Js - 2 N/S-] 
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Let ABC be a circle, 
and let the equilateral triangle ABC be inscribed in i t ; 
I say that the square on one side of 
the triangle ABC is triple of the square 
on the radius of the circle. 

For let the centre D of the circle 
ABC be taken, 
let AD be joined and carried through 
to E, 
and let BE be joined. 

Then, since the triangle ABC is 
equilateral, 
therefore the circumference BEC is a third part of the circum
ference of the circle ABC. 

Therefore the circumference BE is a sixth part of the 
circumference of the circle; 
therefore the straight line BE belongs to a hexagon ; 
therefore it is equal to the radius DE. [iv. 15, Por.] 

And, since AE is double of DE, 
the square on AE is quadruple of the square on ED, that is, 
of the square on BE. 

But the square on AE is equal to the squares on AB, BE; 
[m. 31,1. 47] 

therefore the squares on AB, BE are quadruple of the square 
on BE. 

Therefore, separando, the square on AB is triple of the 
square on BE. 

But BE is equal to DE; 
therefore the square on AB is triple of the square on DE. 

Therefore the square on the side of the triangle is triple 
of the square on the radius. 

Q. E. D. 
• 

PROPOSITION 1 3 . 

To construct a pyramid, to comprehend it in a given sphere, 
and to prove that the square on the diameter of the sphere is 
one and a half times the square on the side of the pyramid. 



Let the diameter AB of the given sphere be set out, 
and let it be cut at the point C so that A C is double of CB ; 
let the semicircle ADB be described on AB, 
let CD be drawn from the point C at right angles to AB, 
and let DA be joined ; 
let the circle EFG which has its radius equal to DC be 
set out, 
let the equilateral triangle EFG be inscribed in the circle EFG, 

[iv. 2] 
let the centre of the circle, the point H, be taken, [m. 1] 
let EH, HF, HG be joined ; 
from the point H let HK be set up at right angles to the plane 
of the circle EFG, [xi. 12] 
let HK equal to the straight line AC be cut off from HK, 
and let KE, KF, KG be joined. 

Now, since KH is at right angles to the plane of the 
circle EFG, 
therefore it will also make right angles with all the straight 
lines which meet it and are in the plane of the circle EFG. 

[xi. Def. 3] 
But each of the straight lines HE, HF, HG meets it : 

therefore HK is at right angles to each of the straight lines 
HE, HF, HG. 

And, since A C is equal to HK, and CD to HE, 
and they contain right angles, 
therefore the base DA is equal to the base KE. [1. 4] 



For the same reason 
each of the straight lines KF, KG is also equal to DA ; 
therefore the three straight lines KE, KF, KG are equal to 

And, since AC is double of CB, 
therefore AB is triple of BC. 

But, as AB is to BC, so is the square on AD to the square 
on DC, as will be proved afterwards. 

Therefore the square on AD is triple of the square on DC. 
But the square on FE is also triple of the square on EH, 

[xm. 12] 
and DC is equal to EH; 
therefore DA is also equal to EF. 

But DA was proved equal to each of the straight lines 

therefore each of the straight lines EF, FG, GE is also equal 
to each of the straight lines KE, KF, KG; 
therefore the four triangles EFG, KEF, KFG, KEG are 
equilateral. 

Therefore a pyramid has been constructed out of four 
equilateral triangles, the triangle EFG being its base and the 
point K its vertex. 

It is next required to comprehend it in the given sphere 
and to prove that the square on the diameter of the sphere 
is one and a half times the square on the side of the pyramid. 

For let the straight line HL be produced in a straight 
line with KH, 
and let HL be made equal to CB. 

Now, since, as A C is to CD, so is CD to CB, [vi. 8, Por.] 
while AC is equal to KH, CD to HE, and CB to HL, 
therefore, as KH is to HE, so is EH to HL ; 
therefore the rectangle KH, HL is equal to the square on 

And each of the angles KHE. EHL is right; 
therefore the semicircle described on KL will pass through 

one another. 

KE, KF, KG; 

EH. [vi. 17] 

£ also. [cf. vi. 8, m. 31] 



If then, KL remaining fixed, the semicircle be carried round 
and restored to the same position from which it began to be 
moved, it will also pass through the points F, G, 
since, if FL, LG be joined, the angles at F, G similarly become 
right angles; 
and the pyramid will be comprehended in the given sphere. 

For KL, the diameter of the sphere, is equal to the 
diameter AB of the given sphere, inasmuch as KH was 
made equal to AC, and HL to CB. 

I say next that the square on the diameter of the sphere 
is one and a half times the square on the side of the 
pyramid 

For, since AC is double of CB, 
therefore AB is triple of BC; 
and, convertendo, BA is one and a half times AC. 

But, as BA is to AC, so is the square on BA to the square 
on AD. 

Therefore the square on BA is also one and a half times 
the square on AD. 

And BA is the diameter of the given sphere, and AD is 
equal to the side of the pyramid. 

Therefore the square on the diameter of the sphere is 
one and a half times the square on the side of the pyramid. 

It is to be proved that, as AB is to BC, so is the square 
on AD to the square on DC. 

and let the parallelogram FB be 
completed. 

Since then, because the tri
angle DAB is equiangular with 
the triangle DAC, 
as BA is to AD, so is DA to A C, E-

[vi. 8, vi. 4] 

Q. E. D. 

LEMMA. 

For let the figure of the semi
circle be set out, 
let DB be joined, 
let the square EC be described 
on AC, 

D 



therefore the rectangle BA, AC is equal to the square on AD. 
[vi. 17] 

And since, as AB is to BC, so is EB to BE, [vi. 1] 
and EB is the rectangle BA, AC, for EA is equal to AC, 
and BE is the rectangle A C, CB, 
therefore, as AB is to BC, so is the rectangle BA, AC to the 
rectangle ^ 4 C , Ci?. 

And the rectangle BA, AC is equal to the square on AD, 
and the rectangle AC, CB to the square on DC, 
for the perpendicular DC is a mean proportional between the 
segments AC, CB of the base, because the angle ADB is 
right. [vi. 8, Por.] 

Therefore, as AB is to BC, so is the square on AD to 
the square on DC. 

Q. E, D. 

The Lemma is with reason suspected. Euclid commonly takes more 
difficult theorems for granted in the stereometrical Books. It is also clumsy 
in itself, while, from a gloss in the proposition rejected as an interpolation, it 
is clear that the interpolator of the gloss had not the Lemma. With the 
Lemma should disappear the words " as will be proved afterwards " (p. 469). 

In the figure of the proposition, the semicircle really represents half of 
a section of the sphere through its centre and one edge of the inscribed 
tetrahedron (AD being the length of that edge). 

The proof is in three parts, the object of which is to prove 
(1) that KEFG is a tetrahedron with all its edges equal to AD, 
(2) that it is inscribable in a sphere of diameter equal to AB, 
(3) that AB* = %AD*. 

To prove (1) we have to show 
(a) that KE = KF= KG = AD, 
(b) that AD = EF. 

(a) Since HE = HE= HG = CD, 
KH=AC, 

and L s A CD, KHE, KHF, KHG are right, 
A s A CD, KHE, KHF, KHG are equal in all respects; 

therefore KE = KF= KG = AD. 
(b) Since AB = 3BC, 

and AB : BC= AB. AC: AC. CB 
=• AD*: CD*, 

it follows that AD* = 3CD*. 
But [xm. 12] EF' = 3EH'; 

and EH= CD, by construction 



Therefore AD = EF. 
Thus EFGK is a regular tetrahedron. 

(2) We now observe the usefulness of Euclid's description of a sphere 
[in xi. Def. 14]. 

Producing KH{=AC) to L so that HL = CB, 
we have KL equal to AB; 
thus KL is a diameter of the sphere which should circumscribe our tetra
hedron, 
and we have only to prove that E, B, G lie on semicircles described on 'KL 
as diameter. 

E.g. for the point E, 
since AC: CD= CD : CB, 
while AC=KH, CD = HE, CB = HL, 
we have KH: HE = HE : HL, 
or KH. HL = HE', 
whence, the angles KHE, EHL being right, 
EKL is a triangle right-angled at E [cf. vi. 8]. 

Hence E lies on a semicircle on KL as diameter. 
Similarly for F, G. 
Thus a semicircle on KL as diameter revolving round KL passes 

successively through E, F, G. 

(3) 
therefore 

And 

Therefore BA' = \AD'. 
If r be the radius of the circumscribed sphere, 

2 12 
(edge of tetrahedron) = —7— . r = . r. 

v 3 
It will be observed that, although in these cases Euclid's construction is 

equivalent to inscribing the particular regular solid in a given sphere, he does 
not actually construct the solid in the sphere but constructs a solid which a 
sphere equal to the given sphere will circumscribe. Pappus, on the other 
hand, in dealing with the same problems, actually constructs the respective 
solids in the given spheres. His method is to find circular sections in the 
given spheres containing a certain number of the angular points of the given 
solids. His solutions are interesting, although they require a knowledge of 
some properties of a sphere which are of course not found in the Elements 
but belonged to treatises such as the Sphaerica of Theodosius. 

Pappus' solution of the problem of Euc l . X I I I . 13. 

In order to inscribe a regular pyramid or tetrahedron in a given sphere, 
Pappus (in. pp. 142—144) finds two circular sections equal and parallel to one 
another, each of which contains one of two opposite edges as its diameter. In 
this and the other similar problems he proceeds in the orthodox manner by 

AB=iBC; 
BA = \AC. 

BA.AC^BA'-.BA.AC 
= BA*:AD\ 



analysis and synthesis. The following is a reproduction of his solution of 
this case. 

Analysis. 
Suppose the problem solved, A, B, C, D being the angular points of the 

required pyramid. 
Through A draw EF parallel to CD; this will make equal angles with 

AC, AD; and, since AB does so too, EF 
is perpendicular to AB [Pappus has a lemma 
for this, p. 140, 12—24], and is therefore a 
tangent to the sphere (for EF is parallel to 
CD, the base of the triangle A CD, and 
therefore touches the circle circumscribing 
it, while it also touches the circular section 
AB made by the plane passing through AB 
and ZT-r7 perpendicular to it). 

Similarly GH drawn through D parallel 
to AB touches the sphere. 

And the plane through GH, CD makes 
a circular section equal and parallel to AB. 

Through the centre AT of that circular 
section, and in the plane of the section, draw LM perpendicular to CD and 
therefore parallel to AB. Join BL, BM. 

BM is then perpendicular to AB, LM, and LB is a diameter of the sphere. 
Join MC. 
Then LM*=2MC*, 

and BC = AB = LM, 
so that BC*=2MC*. 

And BM, being perpendicular to the plane of the circle LM, is perpen
dicular to CM, 
whence BC* = BM* + MC*, 
so that BM= MC. 

But BC= LM; 
therefore LM* = 2BMK 

And, since the angle LMB is right, 
BL'=LM* + MB* = £ LM*. 

Synthesis. 
Draw two parallel circular sections of the sphere with diameter a", 

such that 
a"* = y*, 

where d is the diameter of the sphere. 
[This is easily done by dividing BL, any diameter of the sphere, at B, so 

that LB= 2BB, and then drawing PM at right angles to LB meeting the 
great circle LMB of the sphere in M. Then LM*: LB* = LP: LB = 2 : 3.] 

Draw sections through M, B perpendicular to MB, and in these sections 
respectively draw the parallel diameters LM, AB. 

Lastly, in the section LM draw CD through the centre K perpendicular 
to LM. 

ABCD is then the required regular pyramid or tetrahedron. 



as in the preceding case; and to prove that the square on the 
diameter of the sphere is double of the square on the side of the 
octahedron. 

Let the diameter AB of the given sphere be set out, 
and let it be bisected at C; 
let the semicircle ADB be described on AB, 
let CD be drawn from C at right angles to A B, 
let DB be joined ; 
let the square EFGH, having each of its sides equal to DB, 
be set out, 
let HF, EG be joined, 
from the point A ' l e t the straight line KL be set up at rigat 
angles to the plane of the square EFGH [xi. 12], and let it be 
carried through to the other side of the plane, as KM; 
from the straight lines KL, KM let KL, KM be respectively 
cut off equal to one of the straight lines EK, FK, GK, HK, 
and let LE, LF, LG, LH, ME, MF, MG, MH be joined. 

Then, since KE is equal to KH, 
and the angle EKH is right, 
therefore the square on HE is double of the square on EK. 

[1. 4 ' 
Again, since LK is equal to KE, 

and the angle LKE is right, 
therefore the square on EL is double of the square on EK. 

L 

[,*] 



But the square on HE was also proved double of the 
square on EK; 
therefore the square on LE is equal to the square on EH; 
therefore LE is equal to EH. 

For the same reason 
LH is also equal to HE ; 
therefore the triangle LEH is equilateral. 

Similarly we can prove that each of the remaining tri
angles of which the sides of the square EFGH are the bases, 
and the points L, M the vertices, is equilateral; 
therefore an octahedron has been constructed which is con
tained by eight equilateral triangles. 

It is next required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
double of the square on the side of the octahedron. 

For, since the three straight lines LK, KM, KE are equal 
to one another, 
therefore the semicircle described on LM will also pass 
through E. 

And for the same reason, 
if, LM remaining fixed, the semicircle be carried round and 
restored to the same position from which it began to be 
moved, 
it will also pass through the points E, G, H, 
and the octahedron will have been comprehended in a sphere. 

I say next that it is also comprehended in the given sphere. 
For, since LK is equal to KM, 

while KE is common, 
and they contain right angles, 
therefore the base LE is equal to the base EM. [1. 4] 

And, since the angle LEM is right, for it is in a semicircle, 
['». 31] 

therefore the square on LM is double of the square on LE. 
['• 47] 

Again, since AC is equal to CB, 
AB is double of BC. 



But, as AB is to BC, so is the square on AB to the square 
on BD; 
therefore the square on AB is double of the square on BD. 

But the square on LM was also proved double of the 
square on LE. 

And the square on DB is equal to the square on LE, for 
EH was made equal to DB. 

Therefore the square on AB is also equal to the square 
on LM; 
therefore AB is equal to LM. 

And AB is the diameter of the given sphere ; 
therefore LM is equal to the diameter of the given sphere. 

Therefore the octahedron has been comprehended in the 
given sphere, and it has been demonstrated at the same time 
that the square on the diameter of the sphere is double of the 
square on the side of the octahedron. 

Q . E . o. 

I think the accompanying figure will perhaps be clearer than that in 
Euclid's text. 

EBGH being a square with side equal to BD, it follows that KE, KF, 
KG, KH are all equal to CB. 

So are KL, KM, by construction ; 
hence LE, LF, LG, LH and ME, MF, MG, MHare all equal to EF or BD. 

Thus (1) the figure is made up of eight equilateral triangles and is therefore 
a regular octahedron. 

(2) Since KE - KL = KM, 
the semicircle on LM in the plane LKE passes through E. 

Similarly F, G, HWe. on semicircles on LM as diameter. 
Thus all the vertices of the tetrahedron lie on the sphere of which LM is 

a diameter. 
(3) LE = EM= BD; 

therefore LM* = 2ED = 2BD' 
= AB\ 

or LM=AB. 
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(4) AB* = 2BD* 
= 2BB3. 

If r be the radius of the circumscribed sphere, 
(edge of octahedron) = ̂ 2 .r. 

Pappus ' method. 
Pappus (111. pp. 148—150) finds the two equal and parallel sections of the 

sphere which circumscribe two opposite faces of the octahedron thus. 

Analysis. 
Suppose the octahedron inscribed, A, B, C; £>, E, F being the vertices. 
Through ABC, DEF describe planes 

making the circular sections ABC, DEF. 
Since the straight lines DA, DB, DE, DF 

are equal, the points A, E,F, B lie on a circle 
of which D is the pole. 

Again, since AB, BF, EE, EA are equal, 
ABBE is a square inscribed in the said circle, 
and AB, EFsxe. parallel. 

Similarly DE is parallel to BC, and DF 
to AC. 

Therefore the circles through D, E, Fax\A 
A, B, C are parallel; and they are also equal 
because the equilateral triangles inscribed in 
them are equal. 

Now, ABC, DEFbeing equal and parallel circular sections, and AB, EF 
equal and parallel chords " not on the same side of the centres," 

AF is a diameter of the sphere. 
[Pappus has a lemma for this, pp. 136—138]. 
And AE = EF, so that AF* = 2FE*. 
But, if d' be the diameter of the circle DEF, 

d'* = $EF*. [cf. xm. 12] 
Therefore, if d be the diameter of the sphere, 

d*:d" = l-.2. 
Now d is given, and therefore d' is given; hence the circles DEF, ABC 

are given. 

Synthesis. 
Draw two equal and parallel circular sections with diameter d', such that 

J% _ 8 J'l 

u . . , .. , , , ™ * where d is the diameter of the sphere. 
Inscribe an equilateral triangle ABC in either circle (ABC). 
In the other circle draw EF equal and parallel to AB but on the opposite 

side of the centre, and complete the inscribed equilateral triangle DEF. 
ABCDEFis the octahedron required. 
It will be observed that, whereas in the problem of xm. 13 Euclid first 

finds the circle circumscribing a face and Pappus first finds an edge, in this 
problem Euclid finds the edge first and Pappus the circle circumscribing 
a face. 
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PROPOSITION 1 5 . 

To construct a cube and comprehend it in a sphere, like the 
pyramid; and to prove that the square on the diameter of the 
sphere is triple of the square on the side of the cube. 

Let the diameter AB of the given sphere be set out, 
and let it be cut at C so that A C is double of CB; 
let the semicircle ADB be described on AB, 
let CD be drawn from C at right angles to AB, 
and let DB be joined ; 
let the square EFGH having its side equal to DB be set out, 
from E, F, G, H let EK, EL, GM, HN be drawn at right 
angles to the plane of the square EFGH, 
from EK, EL, GM, HN let EK, EL, GM, HN respectively 
be cut off equal to one of the straight lines EE, EG, 
GH, HE, 
and let KL, LM, MN, NK be joined ; 
therefore the cube FN has been constructed which is contained 
by six equal squares. 

E H • 

y \ Y 

V G 
M 

It is then required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
triple of the square on the side of the cube. 

For let KG, EG be joined. 
Then, since the angle KEG is right, because KE is also 

at right angles to the plane EG and of course to the straight 
line EG also, [xi. Def. 3] 
therefore the semicircle described on KG will also pass through 
the point E. 

Again, since GF is at right angles to each of the straight 
lines EL, EE, 
GF is also at right angles to the plane FK; 
hence also, if we join FK, GF will be at right angles to FK; 
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and for this reason again the semicircle described on GK will 
also pass through F. 

Similarly it will also pass through the remaining angular 
points of the cube. 

If then, KG remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, 
the cube will be comprehended in a sphere. 

I say next that it is also comprehended in the given 
sphere. 

For, since GF is equal to FE, 
and the angle at F is right, 
therefore the square on EG is double of the square on EF. 

But EF is equal to EK; 
therefore the square on EG is double of the square on EK; 
hence the squares on G£, EK, that is the square on GK[\. 47], 
is triple of the square on EK. 

And, since AB is triple of BC, 
while, as AB is to BC, so is the square on AB to the square 
on BD. 
therefore the square on AB is triple of the square on BD. 

But the square on GKwas also proved triple of the square 
on KE. 

And KE was made equal to DB; 
therefore KG is also equal to AB. 

And AB is the diameter of the given sphere ; 
therefore KG is also equal to the diameter of the given 
sphere. 

Therefore the cube has been comprehended in the given 
sphere; and it has been demonstrated at the same time that 
the square on the diameter of the sphere is triple of the square 
on the side of the cube. 

Q. E. D. 

AB is divided so that AC - 2CB; CD is drawn at right angles to AB, 
and BD is joined. 

KG is, by construction, a cube of side equal to BD. 
To prove (1) that it is inscribable in a sphere. 
Since KE is perpendicular to EH, EE, 

KE is perpendicular to EG. 



Thus, KEG being a right angle, E lies on a semicircle with diameter KG. 
The same thing is proved in the same way of the other vertices 

E, H, L, M, N. 
Thus the cube is inscribed in the sphere of which KG is a diameter. 

Also 
while 

therefore 
But 

therefore 

(3) 

KG* = KE* + EG* 
= KE* + 2EB* 
= 3EK*. 

AB = iBC, 
:BC = AB*: AB. BC 

= AB*: BD* j 

AB* = iBD*. 
BD = EK; 
KG = AB. 
AB' = iBD* 

= 3KE*. 
If r be the radius of the circumscribed sphere, 

(edge of cube) * -f-. r= 
v 3 

Pappus' solution. 
In this case too Pappus (til. pp. 144—148) gives the full analysis and 

synthesis. 
Analysis. 
Suppose the problem solved, and let the vertices of the cube be 

A, B, C, D, E, E, G, H. 
Draw planes through A, B, C, D and 

E, F, G, H respectively; these will produce 
parallel circular sections, which are also equal 
since the inscribed squares are equal. 

And CE will be a diameter of the sphere. 
Join EG. 
Now, since EG* = 2EH* - 2GC, 

and the angle CGE is right, 
CE* = GC*+ EG* = §£G*. 

But CE* is given; 
therefore EG* is given, so that the circles 
EFGH, ABCD, and the squares inscribed in them, are given 

Synthesis. 
Draw two parallel circular sections with equal diameters a", such that 

d*=%a"*, 
where d is the diameter of the given sphere. 

Inscribe a square in one of the circles, as ABCD. 
In the other circle draw EG equal and parallel to BC, and complete the 

square on BG inscribed in the circle EFGH. 
The eight vertices of the required cube are thus determined. 



PROPOSITION 1 6 . 

To construct an icosahedron and comprehend it in a sphere, 
like the aforesaid figures; and to prove that the side of the 
icosahedron is the irrational straight line called minor. 

Let the diameter AB of the given sphere be set out, 
and let it be cut at C so that AC is quadruple of CB, 
let the semicircle ADB be described on AB, 
let the straight line CD be drawn from C at right angles 
to AB, 
and let DB be joined ; 

let the circle EFGHK be set out and let its radius be equal 
to DB, 
let the equilateral and equiangular pentagon EFGHK be 
inscribed in the circle EFGHK, 
let the circumferences EF, EG, GH, HK, KE be bisected at 
the points L, M, N, O, P, 
and let LM, MN, NO, OP, PL, EP be joined. 



of the decagon inscribed in the same circle. [xm. 10] 

For the same reason 
PU is also a side of a pentagon. 

But Q U also belongs to a pentagon ; 
therefore the triangle QPU is equilateral. 

For the same reason 
each of the triangles QLR, RMS, SNT, TO U is also equi
lateral. 

Therefore the pentagon LMNOP is also equilateral, 
and the straight line EP belongs to a decagon. 

Now from the points E, E, G, H, K let the straight lines 
EQ, EE, GS, HT, KU be set up at right angles to the plane 
of the circle, and let them be equal to the radius of the circle 
EFGHK, 
let QR, RS, ST, TU, UQ, QL, LR, RM, MS, SN, NT, 
TO, OU, UP, PQ be joined. 

Now, since each of the straight lines EQ, KU is at right 
angles to the same plane, 
therefore EQ is parallel to KU. [xi. 6] 

But it is also equal to i t ; 
and the straight lines joining those extremities of equal and 
parallel straight lines which are in the same direction are equal 
and parallel. [1. 33] 

Therefore Q U is equal and parallel to EK. 
But EK belongs to an equilateral pentagon ; 

therefore QU&\so belongs to the equilateral pentagon inscribed 
in the circle EFGHK. 

For the same reason 
each of the straight lines QR, RS, ST, TU also belongs to 
the equilateral pentagon inscribed in the circle EFGHK; 
therefore the pentagon QRSTU is equilateral. 

And, since QE belongs to a hexagon, 
and EP to a decagon, 
and the angle QEP is right, 
therefore QP belongs to a pentagon ; 
for the square on the side of the pentagon is equal to the 
square on the side of the hexagon and the square on the side 



And, since each of the straight lines QL, QP was proved 
to belong to a pentagon, 
and LP also belongs to a pentagon, 
therefore the triangle QLP is equilateral. 

For the same reason 
each of the triangles LRM, MSN, NTO, OUP is also equi
lateral. 

Let the centre of the circle EFGHK. the point V, be 
taken; 
from V let VZ be set up at right angles to the plane of the 
circle, 
let it be produced in the other direction, as VX, 
let there be cut off VW, the side of a hexagon, and each of 
the straight lines VX, WZ, being sides of a decagon, 
and let QZ, Q W, UZ, EV, LV, LX, XM be joined. 

Now, since each of the straight lines VW, QE is at right 
angles to the plane of the circle, 
therefore VW is parallel to QE. [xi. 6] 

But they are also equal ; 
therefore EV, QWare also equal and parallel. [1. 33] 

But E V belongs to a hexagon ; 
therefore Q W also belongs to a hexagon. 

And, since Q W belongs to a hexagon, 
and WZ to a decagon, 
and the angle Q WZ is right, 
therefore QZ belongs to a pentagon. [xm. 10] 

For the same reason 
UZ also belongs to a pentagon, 
inasmuch as, if we join VK, WU, they will be equal and 
opposite, and VK, being a radius, belongs to a hexagon ; 

[iv. 15, Por.] 
therefore WU also belongs to a hexagon. 

But WZ belongs to a decagon, 
and the angle U WZ is right; 
therefore UZ belongs to a pentagon. [xm. 10] 

But Q U also belongs to a pentagon ; 
therefore the triangle QUZ is equilateral. 



For the same reason 
each of the remaining triangles of which the straight lines 
QR, RS, ST, TU are the bases, and the point Z the vertex, 
is also equilateral. 

Again, since VL belongs to a hexagon, 
and VX to a. decagon, 
and the angle L VX is right, 
therefore LX belongs to a pentagon. [xm. 10] 

For the same reason, 
if we join MV, which belongs to a hexagon, 
MX is also inferred to belong to a pentagon. 

But LM also belongs to a pentagon; 
therefore the triangle LMX is equilateral. 

Similarly it can be proved that each of the remaining 
triangles of which MN, NO, OP, PL are the bases, and the 
point X the vertex, is also equilateral. 

Therefore an icosahedron has been constructed which is 
contained by twenty equilateral triangles. 

• 

It is next required to comprehend it in the given sphere, 
and to prove that the side of the icosahedron is the irrational 
straight line called minor. 

For, since VW belongs to a hexagon, 
and WZ to a decagon, 
therefore VZ has been cut in extreme and mean ratio at W, 
and VW is its greater segment; [xm. 9] 
therefore, an ZVis to VW, so is VWto WZ. 

But VWis equal to VE, and WZ to VX; 
therefore, as ZV is to VE, so is EV to VX. 

And the angles Z VE, E VX are right; 
therefore, if we join the straight line EZ, the angle XEZ 
will be right because of the similarity of the triangles XEZ, 
VEZ. 

For the same reason, 
since, as ZVis to VW, so is VW to WZ, 
and ZV is equal to XW, and VWto WQ, 
therefore, as XW is to WQ, so is QW to WZ. 



And for this reason again, 
if we join QX, the angle at Q will be right; [vi. 8] 
therefore the semicircle described on XZ will also pass 
through Q, [m. 31] 

And if, XZ remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, it will also pass through Q and the remaining 
angular points of the icosahedron, 
and the icosahedron will have been comprehended in a 
sphere. 

I say next that it is also comprehended in the given sphere. 
For let VW be bisected at A'. 
Then, since the straight line VZ has been cut in extreme 

and mean ratio at W, 
and ZW is its lesser segment, 
therefore the square on ZW added to the half of the greater 
segment, that is WA', is five times the square on the half 
of the greater segment; [xm. 3] 
therefore the square on ZA' is five times the square on 
A'W. 

And ZX is double of ZA', and r edouble of A'W; 
therefore the square on ZX is five times the square on 
WV. 

And, since AC is quadruple of CB, 
therefore AB is five times BC. 

But, as A B is to BC, so is the square on AB to the square 
on BD ; [vi. 8, v. Def. 9] 
therefore the square on AB is five times the square on BD. 

But the square on ZX was also proved to be five times 
the square on VW. 

And DB is equal to VW, 
for each of them is equal to the radius of the circle EFGHK; 
therefore AB is also equal to XZ. 

And AB is the diameter of the given sphere; 
therefore XZ is also equal to the diameter of the given sphere. 

Therefore the icosahedron has been comprehended in the 
given sphere 



I say next that the side of the icosahedron is the irrational 
straight line called minor. 

For, since the diameter of the sphere is rational, 
and the square on it is five times the square on the radius 
of the circle EFGHK, 
therefore the radius of the circle EFGHK is also rational ; 
hence its diameter is also rational. 

But, if an equilateral pentagon be inscribed in a circle 
which has its diameter rational, the side of the pentagon is 
the irrational straight line called minor. [xm. n] 

And the side of the pentagon EFGHK is the side of the 
icosahedron. 

Therefore the side of the icosahedron is the irrational 
straight line called minor. 

PORISM. From this it is manifest that the square on the 
diameter of the sphere is five times the square on the radius 
of the circle from which the icosahedron has been described, 
and that the diameter of the sphere is composed of the side 
of the hexagon and two of the sides of the decagon inscribed 
in the same circle. 

Q. E. D. 

Euclid's method is 
(1) to find the pentagons in the two parallel circular sections of the sphere, 
the sides of which form ten (five in each circle) of the edges of the icosahedron, 
(2) to find the two points which are the poles of the two circular sections, 
(3) to prove that the triangles formed by joining the angular points of the 
pentagons which are nearest to one another two and two are equilateral, 
(4) to prove that the triangles of which the poles are the vertices and the 
sides of the pentagons the bases are also equilateral, 
(5) that all the angular points Other than the poles lie on a sphere the 
diameter of which is the straight line joining the poles, 
(6) that this sphere is of the same size as the given sphere, 
(7) that, if the diameter of the sphere is rational, the edge of the icosahedron 
is the minor irrational straight line. 

I have drawn another figure which will perhaps show the pentagons, and 
the position of the poles with regard to them, more clearly than does Euclid's 
figure. 
(1) If AB is the diameter of the given sphere, divide AB at C so that 

AC=\CB; 
draw CD at right angles to AB meeting the semicircle on AB in D. 

Join BD. 



BD is the radius of the circular sections containing the pentagons. 
[If r is the radius of the sphere, 

since AB : BC=AB': AB. BC 
= AB':BD', 

while AB= $£C, 
it follows that AB' = $BD\ 
or (radius of section)' = $r*. 

Thus [xm. 10, note] (side of pentagon)1 = - (10 - 2,^/5).] 

Inscribe the regular pentagon EBGHK in the circle EFGHK of radius 
equal to BD. 

Bisect the arcs EF, EG, so forming a decagon in the circle. 
Joining successive points of bisection, we obtain another regular pentagon 

LMNOB. 
LMNOP is one of the pentagons containing five edges of the icosahedron. 
The other circle and inscribed pentagon are obtained by drawing perpen

diculars from E, F, G, H, K to the plane of the circle, as EQ, FB, GS, 
HT, KU, and making each of these perpendiculars equal to the radius of the 
circle, or, as Euclid says, the side of the regular hexagon in it. 

QRSTU is the second pentagon (of course equal to the first) containing five, 
edges of the icosahedron. 

Joining each angular point of one of the two pentagons to the two nearest 
angular points in the other pentagon, we complete ten triangles each of which 
has for one side a side of one or other of the two pentagons. 

V, W are the centres of the two circles, and VW is of course perpen
dicular to the planes of both. 
(2) Produce VW in both directions, making VX and WZ both equal to 
a side of the regular decagon in the circle (as EL). 

Joining X, Z to the angular points of the corresponding pentagons, we 



have five more triangles formed with the sides of each pentagon as bases, ten 
more triangles in all. 

Now we come to the proof. 
(3) Taking two adjacent perpendiculars, EQ, KU, to the plane of the circle 
EFGHK, we sea that they are parallel as well as equal; 
therefore QU, EK are equal and parallel. 

Similarly for QR, EF etc. 
Thus the pentagons have their sides equal. 
To prove that the triangles QPL etc., are equilateral, we have, e.g. 

QL* = LE* + EQ* 
= (side of decagon)2 + (side of hexagon)2 

= (side of pentagon)2, [xm. 10] 
i.e. QZ = ^side of pentagon in circle) 

= LP. 
Similarly QP = LP, 

and A QPL is equilateral. 
So for the other triangles between the two pentagons. 

(4) Since VW, EQ are equal and parallel, 
VE, WQ are equal and parallel. 

Thus WQ is equal to the side of a regular hexagon in the circles. 
Now the angle ZWQ is right; 

therefore ZQ* = ZW"- + WQ* 
= (side of decagon)2 + (side of hexagon)2 

= (side of pentagon)2. [xm. 10] 
Thus ZQ, ZR, ZS, ZT, ZU are all equal to QR, RS etc.; and the 

triangles with Z as vertex and bases QR, RS etc. are equilateral. 
Similarly for the triangles with X as vertex and LM, MN etc. as bases. 
Hence the figure is an icosahedron, being contained by twenty equal 

equilateral triangles. 
(5) To prove that all the vertices of the icosahedron lie on the sphere 

which has XZ for diameter. 
VW being equal to the side of a regular hexagon, and WZ to the side of 

a regular decagon inscribed in the same circle, 
KZis divided at Win extreme and mean ratio. [xm. 9] 

Therefore ZV: VW = VW : WZ, 
or, since VW = VE, WZ= VX, 

ZV: VE= VE : VX. 
Thus E lies on the semicircle on ZX as diameter. [vi. 8] 
Similarly for all the other vertices of the icosahedron. 
Hence the sphere with diameter XZ circumscribes it. 
(6) To prove XZ--AB. 
Since VZ is divided in extreme and mean ratio at W, and VW is 

bisected at A', 
A'Z* = sA'W*. [xm. 3] 

Taking the doubles of A'Z, A' W, we have 
XZ*=5VW* 

= AB*. [see under (1) above] 



That is, XZ = AB. 
[If r is the radius of the sphere, 

VW=BD=~r, 

VX= (side of decagon in circle of radius BD) 

= — ( V 5 - i ) [xm. 9, note] 
2 

Consequently XZ= VW \ 2 VX 

= 2r.\ 

(6) The radius of the circle EFGHK is equal to <j- r, and is therefore 
" rational" in Euclid's sense. 

Hence the side of the inscribed pentagon is the irrational straight line 
called minor. [xm. n ] 

[The side of this pentagon is the edge of the icosahedron, and its value is 
(note on xm. 10) 

BD 1 —r-
— J10 - 2J5 

v s 

= ^ x o ( S - V s ) - ] 
Pappus' solution. 
This solution (Pappus, m. pp. 150—6) differs considerably from that of 

Euclid. Whereas Euclid uses two circular sections of the sphere (those-
circumscribing the pentagons of his construction), Pappus finds four parallel 
circular sections each passing through three of the vertices of the icosahedron; 
two of the circles are small circles circumscribing two opposite triangular 
faces respectively, and the other two circles are between these two circles, 
parallel to them and equal to one another. 

Analysts. 
Suppose the problem solved, the vertices of the icosahedron being A, B, C; 

D, E, F; G, H, K; L, M, N. 
Since the straight lines BA, BC, BF, BG, BE drawn from B to the 

surface of the sphere are equal, 
A, C, F, G, E are in one plane. 

And AC, CE, EG, GE, EA are equal; 
therefore ACFGE is an equilateral and equiangular pentagon. 

So are the figures KEBCD, DHFBA, AKLGB, AKNHC, and 
CHMGB. 

Join EF, KH. 
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Now AC will be parallel to EF (in the pentagon ACFGE) and to KH 
(in the pentagon AKNHC), so that EF, KH axe also parallel; 
and further KH is parallel to LM (in the pentagon LKDHM). 

• 

Similarly BC, ED, GH, LN axe all parallel; 
and likewise BA, ED, GK, MNaxe all parallel. 

Since BC is equal and parallel to LN, and BA to MN, the circles ABC, 
LMN axe equal and parallel. 

Similarly the circles DEF, KGH axe equal and parallel; for the triangles 
inscribed in them are equal (since each of the sides in both is the chord 
subtending an angle of equal pentagons), and their sides are parallel re
spectively. 

Now in the equal and parallel circles DEF, KGH the chords EF, KH 
are equal and parallel, and on opposite sides of the centres; 
therefore FK is a diameter of the sphere [Pappus' lemma, pp. 136—8], and the 
angle FEKis right [Pappus' lemma, p. 138, 20—26]. 

[The diameter FK is not actually drawn in the figure.] 
In the pentagon GEA CF, if EF be divided in extreme and mean ratio, 

the greater segment is equal to AC. [Eucl. xm. 8] 
Therefore EF: AC= (side of hexagon) : (side of decagon in same circle). 

[xm. 9] 
And EF> + AC' = EE* + EK* = d°, 

where d is the diameter of the sphere. 
Thus FK, EF, A C are as the sides of the pentagon, hexagon and decagon 

respectively inscribed in the same circle. [xm. 10] 
But FK, the diameter of the sphere, is given ; 

therefore EF, AC axe given respectively; 
thus the radii of the circles EFD, ACB are given (if r, / are their radii, 
t* = \EF*,r" = \AC). 



Hence the circles are given • 
and so are the circles KHG, LMN which are equal and parallel to them 
respectively. 

Synthesis. 
If d be the diameter of the sphere, set out two straight lines x, y, such 

that d, x, y are in the ratio of the sides of the pentagon, hexagon and decagon 
respectively inscribed in one and the same circle. 

Draw (i) two equal and parallel circular sections in the sphere, with radii 
equal to r, where r* = \x*, as DEF, KGH, 
and (a) two equal and parallel circular sections as ABC, LMN, with radius r1 

such that r'' = j y . 
In the circles (i) draw EF, KHas sides of inscribed equilateral triangles, 

parallel to one another, and on opposite sides of the centres; 
and in the circles (2) draw AC, LM as sides of inscribed equilateral triangles 
parallel to one another and to EF, KH, and so that AC, EFaxe on opposite 
sides of the centres, and likewise KH, LM. 

Complete the figure. 
The correctness of the construction is proved as in the analysis. 
It follows also (says Pappus) that 

(diam. of sphere)2 = 3 (side of pentagon in DEF)*. 
For, by construction, KF: EE =p : h, 

where / , h are the sides of the pentagon and hexagon inscribed in the same 
circle DEF. 

And FE : h = the ratio of the side of an equilateral triangle to that of a 
hexagon inscribed in the same circle; 
that is, FE : h= J3 : 1, 
whence KF: p = J3 : 1, 
or KF* = 3 / . 

Another construction. 
Mr H. M. Taylor has a neat construction for an icosahedron of edge a. 
Let / be the length of the diagonal of a regular pentagon with side equal 

to a. 
Then (figure of xm. 8), by Ptolemy's theorem, 

P = la + a*. 
Construct a cube with edge equal to /. 
Let O be the centre of the cube. 
From 0 draw OL, OM, CW perpendicular to three adjacent faces, and in 

these draw BP, QQ, BK parallel to AB, AD, AE respectively. 
Make LB, LP', MQ, MQ, NB, NB! all equal to ha. 
Let / , / ' , q, q, r, r' be the reflexes of P, P', Q, Q', B, R' respectively. 
Then will B, B', Q, Q, R, A", p, p', q, q, r, r be the vertices of a regular 

icosahedron. 
The projections of BQ on AB, AD, AE are equal to J (I—a), \a, \l 

respectively. 
Therefore BQ* = \ (1'-a)' + {a* + \P 

= i(/*~ai + a') 
= d*. 



Therefore PQ = a. 
Similarly it may be proved that every other edge is equal to a. 
All the angular points lie on a sphere with radius OP, and 

OP1 = \{a> + P). 

• 

Each solid pentahedral angle is composed of five equal plane angles, each 
ot which is the angle of an equilateral triangle. 

Therefore the icosahedron is regular. 
[d1 = 40P*-l\ 

And, from the equation P = la + a*, we derive 

Therefore, if rbe the radius of the sphere, 
Us + 

whence 

as above.] 

a = 4r/Vlo + 2N/5 
= 4r s / i o - 2JS/J&0 

• T 5 ^ ° - ^ s 

^ 1 0 ( 5 - 7 5 ) , 



xm. 1 7 J PROPOSITIONS 16, 17 493 

PROPOSITION I 7. 

To construct a dodecahedron and comprehend it in a sphere, 
like the aforesaid figures, and to prove that the side of the 
dodecahedron is the irrational straight line called apotome. 

Let ABCD, CBEF, two planes of the aforesaid cube at 
right angles to one another, be set out, 
let the sides AB, BC, CD, DA, EF, EB, FC be bisected at 
G, H, K, L, M, N, O respectively, 
let GK, HL, MH, NO be joined, 
let the straight lines NP, PO, HQ be cut in extreme and 
mean ratio at the points R, S, T respectively, 
and let RP, PS, TQ be their greater segments ; 
from the points R, S, Tlet RU, SV, TlVbe set up at right 
angles to the planes of the cube towards the outside of the 
cube, 
let them be made equal to RP, PS, TQ, 
and let UB, BW, JVC, CV, VU be joined. 

M 

V 

w z 

I say that the pentagon UBWCV is equilateral, and in 
one plane, and is further equiangular. 

For let RB, SB, VB be joined. 



BOOK XIII [xm. 17 

Then, since the straight line NP has been cut in extreme 
and mean ratio at R, 
and RP is the greater segment, 
therefore the squares on PN, NR are triple of the square 
on RP. [xm. 4J 

But PN is equal to NB, and PR to RU; 
therefore the squares on BN, NR are triple of the square 
on RU. 

But the square on BR is equal to the squares on BN, NR; 
['• 47] 

therefore the square on BR is triple of the square on RU; 
hence the squares on BR, RU are quadruple of the square 
on RU. 

But the square on B U is equal to the squares on BR, R U; 
therefore the square on BUis quadruple of the square on RU; 
therefore BU is double of RU. 

But VU is also double of UR, 
inasmuch as SR is also double of PR, that is, of RU; 
therefore BU is equal to UV. 

Similarly it can be proved that each of the straight lines 
BW, JVC, CV is also equal to each of the straight lines 
BU, UV 

Therefore the pentagon BUVCW'is equilateral. 

I say next that it is also in one plane. 
For let PX be drawn from P parallel to each of the 

straight lines RU, SV and towards the outside of the cube, 
and let XH, HW be joined ; 
I say that XHWis a straight line. 

For, since HQ has been cut in extreme and mean ratio at 
T, and Q T is its greater segment, 
therefore, as HQ is to QT, so is QT to TH. 

But HQ is equal to HP, and QT to each of the straight 
lines TW, PX; 
therefore, as HP is to PX, so is WT to TH. 

And HP is parallel to TW, 
for each of them is at right angles to the plane BD; [xi. 6] 
and TH is parallel to PX, 
for each of them is at right angles to the plane BF. [»•] 



But if two triangles, as XPH, HTIV, which have two 
sides proportional to two sides be placed together at one 
angle so that their corresponding sides are also parallel, 
the remaining straight lines will be in a straight line; [vi. 32] 
therefore XH is in a straight line with HJV. 

But every straight line is in one plane ; [xi. 1] 
therefore the pentagon UB JVC V is in one plane. 

I say next that it is also equiangular. 
For, since the straight line NP has been cut in extreme 

and mean ratio at R, and PR is the greater segment, 
while PR is equal to PS, 
therefore NS has also been cut in extreme and mean ratio 

therefore the squares on NS, SP are triple of the square 

But NP is equal to NB, and PS to SV; 
therefore the squares on NS, SV are triple of the square 
on NB; 
hence the squares on VS, SN, NB are quadruple of the square 

But the square on SB is equal to the squares on SN, NB; 
therefore the squares on BS, S V, that is, the square on B V 

therefore VB is double of BN. 
But BC is also double of BN; 

therefore BV is equal to BC. 
And, since the two sides BU, UV are equal to the two 

sides BW, JVC, 
and the base BV is equal to the base BC, 
therefore the angle BUV is equal to the angle BJVC. [1. 8] 

Similarly we can prove that the angle UVC is also equal 
to the angle B JVC; 
therefore the three angles BJVC, BUV, UVC are equal to 
one another. 

at P, 
and NP is the greater segment; [xm. s ] 

on NP. [xm. 4] 

on NB. 



But if in an equilateral pentagon three angles are equal to 
one another, the pentagon will be equiangular, [xm. 7] 
therefore the pentagon BUVCW'is equiangular. 

And it was also proved equilateral; 
therefore the pentagon BUVCW is equilateral and equi
angular, and it is on one side BC of the cube. 

Therefore, if we make the same construction in the case 
of each of the twelve sides of the cube, 
a solid figure will have been constructed which is contained 
by twelve equilateral and equiangular pentagons, and which is 
called a dodecahedron. 

It is then required to comprehend it in the given sphere, 
and to prove that the side of the dodecahedron is the irrational 
straight line called apotome. 

For let XP be produced, and let the produced straight 
line be XZ; 
therefore PZ meets the diameter of the cube, and they bisect 
one another, 
for this has been proved in the last theorem but one of the 
eleventh book. [xi. 38] 

Let them cut at Z; 
therefore Z is the centre of the sphere which comprehends 
the cube, 
and ZP is half of the side of the cube. 

Let UZ be joined. 
Now, since the straight line NS has been cut in extreme 

and mean ratio at P, 
and NP is its greater segment, 
therefore the squares on NS, SP are triple of the square 
on NP. [xm. 4] 

But NS is equal to XZ, 
inasmuch as NP is also equal to PZ, and XP to PS. 

But further PS is also equal to XU, 
since it is also equal to RP; 
therefore the squares on ZX, XU are triple of the square 
on NP. 

But the square on UZ is equal to the squares on ZX, XU; 
therefore the square on UZ is triple of the square on NP. 



But the square on the radius of the sphere which compre
hends the cube is also triple of the square on the half of the 
side of the cube, 
for it has previously been shown how to construct a cube and 
comprehend it in a sphere, and to prove that the square on 
the diameter of the sphere is triple of the square on the side 
of the cube. [xm. 15] 

But, if whole is so related to whole, so is half to half also; 
and NP is half of the side of the cube ; 
therefore UZ is equal to the radius of the sphere which com
prehends the cube. 

And Z is the centre of the sphere which comprehends the 
cube ; 
therefore the point U is on the surface of the sphere. 

Similarly we can prove that each of the remaining angles 
of the dodecahedron is also on the surface of the sphere ; 
therefore the dodecahedron has been comprehended in the 
given sphere. 

I say next that the side of the dodecahedron is the irrational 
straight line called apotome. 

For since, when NP has been cut in extreme and mean 
ratio, RP is the greater segment, 
and, when PO has been cut in extreme and mean ratio, PS 
is the greater segment, 
therefore, when the whole NO is cut in extreme and mean 
ratio, RS is the greater segment. 

[Thus, since, as NP is to PR, so is PR to RN, 
the same is true of the doubles also, 
for parts have the same ratio as their equimultiples ; [v. 15] 
therefore as NO is to RS, so is RS to the sum of NR, SO. 

But NO is greater than RS; 
therefore RS is also greater than the sum of NR, SO; 
therefore NO has been cut in extreme and mean ratio, 
and RS is its greater segment.] 

But RS is equal to UV; 
therefore, when NO is cut in extreme and mean ratio, UV is 
the greater segment 



And, since the diameter of the sphere is rational, 
and the square on it is triple of the square on the side of the 
cube, 
therefore NO, being a side of the cube, is rational. 

[But if a rational line be cut in extreme and mean ratio, 
each of the segments is an irrational apotome.] 

Therefore UV, being a side of the dodecahedron, is an 
irrational apotome. [xm. 6] 

PORISM. From this it is manifest that, when the side of 
the cube is cut in extreme and mean ratio, the greater segment 
is the side of the dodecahedron. 

Q. E. D. 

In this proposition we find Euclid using two propositions which precede 
but are used nowhere else, notably vi. 32, which some authors, in consequence 
of their having overlooked its use here, have been hard put to it to explain. 

Euclid's construction in this case is really identical with that given by 
Mr H. M. Taylor, and also referred to by Henrici and Treutlein under " crystal-
formation." 

Euclid starts from the cube inscribed in a sphere, as in xm. 15, and then 
finds the side of the regular pentagon in which the side of the cube is a 
diagonal. 

Mr Taylor takes / to be the diagonal of a regular pentagon of side a, 
so that, by Ptolemy's theorem, 

l* = at+a', 
constructs a cube of wnich / is the edge, and gets the side of the pentagon 
by drawing ZX from Z, the centre of the cube, perpendicular to the face BF 
and equal to J (/+ a), then drawing UV through X parallel to BC, and 
making UX, XV both equal to \a. 

Euclid finds UVtims. 
Draw NO, MH bisecting pairs of opposite sides in the square BF and 

meeting in P. 
Draw GK, HL bisecting pairs of opposite sides in the square BD and 

meeting in Q. 
Divide PN, PO, QH respectively in extreme and mean ratio at R, S, T 

(PB, PS, QT being the greater segments); draw BU, SV, TW outwards 
perpendicular to the respective faces of the cube, and all equal in length 
to PB, PS, TQ. 

Join BU, UV, VC, CW, WB. 
Then BUVCW is one of the pentagonalfaces of the dodecahedron; 

and the others can be constructed in the same way. 
Euclid now proves 
(1) that the pentagon BUVCW is equilateral, 
(2) that it is in one plane, 
(3) that it is equiangular, 



(4) that the vertex U is on the sphere which circumscribes the cube, and 
hence 

(5) that all the other vertices lie on the same sphere, 
and (6) that the side of the dodecahedron is an apotome. 

(1) To prove that the pentagon BUVCW is equilateral. 
We have 

Therefore 

BU* = BR* + RU' 
= (BN' + NB1) + BP* 
= (PN* + NR*) + RP' 
= $RP' + RP' 
= 4RP' 
= UV. 

BU= UV. 

[xm. 4] 

Similarly it may be proved that BW, WC, CV are all equal to UV 
or BU. 

[Mr Taylor proceeds in this way. With his notation, the projections of 
BU on BA, BC, BE are respectively \a, \ (I-a), \l. 

Therefore BtP-\* + \{l-eit+\P 
= J ( / • - « / + a*) 
= a'. 

Similarly for BW, WC etc.] 
(2) To prove that the pentagon BUVCW is in one plane. 
Draw BX parallel to BUox S V meeting UV'm X. 
Join XH, HW. 



Then we have to prove that XH, HW are in one straight line. 
Now HB, WT, being both perpendicular to the face BD, are parallel. 
For the same reason XB, HT are parallel. 
Also, since QHis divided at Tin extreme and mean ratio, 

QH: QT= QT: TH. 
And QH= HP, QT= WT= PX. 
Therefore HB : BX = WT: TH. 
Consequently the triangles HPX, WTH satisfy the conditions of vi. 32; 

hence XHW is a straight line. 
[Mr Taylor proves this as follows : 
The projections of WH, WX on BE are \a and \ (a +1), 

and the projections of WH, WX on BA are \(l-a) and \l; 
and a : (a + /) = (/ - a) : I, 
since al = P - a*. 

Therefore WHX is a straight line.] 
(3) To prove that the pentagon BUVCW'is equiangular. 
We have BV* = BS* + SV 

= (BN* + NS*) + SB1 

= BN* + (NS* + SP*) 
= PN* + 3 PN\ 

since NS is divided in extreme and mean ratio at P [xm. 5], so that 
NS* + SP* = 3PN*. [xm. 4] 

Consequently BV* = 4PN* 
= BC*, 

or BV=BC. 
The As UBV, WBCaie therefore equal in all respects, 

and LBUV= LBWC. 
Similarly LCVU^ LBWC. 
Therefore the pentagon is equiangular. [xm. 7] 
(4) To prove that the sphere which circumscribes the cube also circum

scribes the dodecahedron we have only to prove that, if Z be the centre of 
the sphere, ZU = ZB, for example. 

Now, by xi. 38, XP produced meets the diagonal of the cube, and the 
portion of XP produced which is within the cube and the diagonal bisect 
one another. 

And ZU* = ZX* + XU* 
= NS*+PSt 

as before. 
Also (cf. xm. 15) 

ZB*=>ZP* + PB> 
= ZP* + PN* + NB* 
= 3 PN*. 

Hence ZU= ZB. 
• 

(5) Similarly for ZV, ZWetc. 



(6) Since PN is divided in extreme and mean ratio at B, 
NP:PR = PR: RN. 

Doubling the terms, we have 
NO:RS~RS: (NR + SO), 

so that, if NO is divided in extreme and mean ratio, the greater segment 
is equal to RS. 

Now, since the diameter of the sphere is rational, 
and (diam. of sphere)2 = 3 (edge of cube)2, 
the edge of the cube (i.e. NO) is rational. 

Consequently RS is an apotome. 
[This is proved in the spurious XIII. 6 above; Euclid assumes it, and the 

words purporting to quote the theorem are probably interpolated, like xm. 6 
itself.] 

As a matter of fact, with Mr Taylor's notation, 
/2 = la + a2, 

and a-*/*-1 I. 
2 

Since, if r is the radius of the circumscribing sphere, f== V3 • ~> 

Pappus' solution. 

Here too Pappus (ill. pp. 156—162) finds four circular sections of the 
sphere all parallel to one another and all passing through five of the vertices 
of the dodecahedron. 

• 

Analysis. 
Suppose (he says) the problem solved, and let the vertices of the 

dodecahedron be A, B, C, Z>, E; F, G, H, K, L; M, N, O, P, Q; 
R, S, T, U, V. 

Then, as before, ED is parallel to EL, and AE to EG; therefore the 
planes ABCDE, FGHKL are parallel. 

But, since BA is parallel to BH, and BH to OC, BA is parallel to OC; 
and they are equal; therefore PO, AC are parallel, so that ST, ED are also 
parallel. 

Similarly RS, DC are parallel, and likewise the pairs (TU, EA), 
(UV, AB), (VB, BC). 

Therefore the planes ABCDE, BSTUV are parallel; and the circles 
ABCDE, BSTUV are equal, since the inscribed pentagons are equal. 

Similarly the circles FGHKL, MNOBQ are equal, since the pentagons 
inscribed in them are equal. 

Now CL, OU are parallel beciuse each is parallel to KN; 
therefore L, C, 0, U are in one plane. 

And LC, CO, OU, UL are all equal, since they subtend angles of equal 
pentagons. 

Also L, C, O, U are on a plane section, i.e. a circle ; 
therefore LCOU is a square. 

Therefore 0L' = 2LC*=2 LE2 

(for LC, LB subtend angles of equal pentagons). 



And the angle OLE is right; for PO, LF are equal and parallel chords 
in two equal and parallel circular sections of a sphere [Pappus' lemma, p. 138, 
20—26]. 

Therefore OF* = OL* + FL* = $FL*. [from above] 
And OF is a diameter of the sphere; for PO, FL are on opposite sides 

of the centres of the circles in which they are [Pappus' lemma, pp. 136—8]. 

Now suppose /, h to be the sides of an equilateral pentagon, triangle 
and hexagon in the circle FGHKL, d the diameter of the sphere. 

Then d : EL = : 1 [from above] 
= t: h; [Eucl. xm. 12] 

and it follows alternando (since FL -p) that 
d:t=p-.h. 

Now let d', p', h' be the sides of a regular decagon, pentagon and hexagon 
respectively inscribed in any one circle. 

Since, if FL be divided in extreme and mean ratio, the greater segment is 
equal to ED, [xm. 8] 

FL : ED - fi : d". [vi. Def. 3, xm. 9] 
And FL : ED is the ratio of the sides of the regular pentagons inscribed 

in the circles FGHKL, ABCDE, and is therefore equal to the ratio of the 
sides of the equilateral triangles inscribed in the same circles. 

Therefore / : (side of A in ABCDE) = K : d'. 
But d:t=p:h 

=p':K; 
therefore, ex aequali, d : (side of A in ABCDE) = p' : d'. 

Now d is given; 
therefore the sides of the equilateral triangles inscribed in the circles ABCDE, 
FGHKL respectively are given, whence the radii of those circles are also 
given. 



Thus the two circles are given, and so accordingly are the equal and 
parallel circular sections. 

Synthesis. 
Set out two straight lines x, y such that d, x, y are in the ratio of the sides 

of a regular pentagon, hexagon and decagon respectively inscribed in one and 
the same circle. 

Find two circular sections of the sphere with radii r, r', where 
r> = \x\ r» = \f. 

Let these be the circles FGHKL, ABCDE respectively, and draw the 
equal and parallel circles on the other side of the centre, namely MNOBQ, 
BSTUV. 

In the first two circles inscribe regular pentagons with their sides respec
tively parallel, ED being parallel to BL. 

Draw equal and parallel chords (on the other sides of the centres) in the 
other two circles, namely ST equal and parallel to ED, and PO equal and 
parallel to PL; and complete the regular pentagons on ST, PO inscribed in 
the circles. 

Thus all the vertices of the dodecahedron are determined. 
The proof of the correctness of the construction is clear from the analysis. 
Pappus adds that the construction shows that the circles containing five 

vertices of the dodecahedron are the same respectively as those containing 
three vertices of the icosahedron, and that the same circle circumscribes the 
triangle of the icosahedron and the pentagonal face of the dodecahedron in 
the same sphere. 

PROPOSITION 1 8 . 

To set out the sides of the five figures and to compare them 
with one another. 

Let AB, the diameter of the given sphere, be set out, 
and let it be cut at C so that 
AC is equal to CB, and at D 
so that AD is double of DB ; 
let the semicircle AEB be de
scribed on AB, 
from C, D let CE, DFhe drawn 
at right angles to AB, 
and let AE, EB, EB be joined. 

Then, since AD is double 
of DB, 
therefore AB is triple of BD. A K 0 D L 

Convertendo, therefore, BA is one and a half times AD. 



But, as BA is to AD, so is the square on BA to the 
square on AF, [v. Def. 9, vi. 8] 
for the triangle AFB is equiangular with the triangle AFD; 
therefore the square on BA is one and a half times the square 
on AF. 

But the square on the diameter of the sphere is also one 
and a half times the square on the side of the pyramid. 

[xm. 13] 
And AB is the diameter of the sphere ; 

therefore AF is equal to the side of the pyramid. 

Again, since AD is double of DB, 
therefore AB is triple of BD. 

But, as AB is to BD, so is the square on AB to the square 
on BF; [vi. 8, v. Def. 9] 
therefore the square on AB is triple of the square on BF. 

But the square on the diameter of the sphere is also triple 
of the square on the side of the cube. [xm. 15] 

And AB is the diameter of the sphere ; 
therefore BF is the side of the cube. 

And, since AC is equal to CB, 
therefore AB is double of BC. 

But, as AB is to BC, so is the square on AB to the square 
on BE; 
therefore the square on AB is double of the square on BE. 

But the square on the diameter of the sphere is also double 
of the square on the side of the octahedron. [xm. 14] 

And AB is the diameter of the given sphere; 
therefore BE is the side of the octahedron. 

Next, let AG be drawn from the point A at right angles 
to the straight line AB, 
let AG be made equal to AB, 
let GC be joined, 
and from / / l e t HK be drawn perpendicular to AB. 

Then, since GA is double of AC, 
for GA is equal to AB, 
and, as GA is to A C, so is HK to KC, 
therefore HK is also double of KC. 



Therefore the square on HK is quadruple of the square 
on KC; 
therefore the squares on HK, KC, that is, the square on HC, 
is five times the square on KC. 

But HC is equal to CB; 
therefore the square on BC is five times the square on CK. 

And, since AB is double of CB, 
and, in them, AD is double of DB, 
therefore the remainder BD is double of the remainder DC. 

Therefore BC is triple of CD ; 
therefore the square on BC is nine times the square on CD. 

But the square on BC is five times the square on CK; 
therefore the square on CK is greater than the square on CD; 
therefore CK is greater than CD. 

Let CL be made equal to CK, 
from L let LM be drawn at right angles to AB, 
and let MB be joined. 

Now, since the square on BC is five times the square 
on CK, 
and AB is double of BC, and KL double of CK, 
therefore the square on AB is five times the square on KL. 

But the square on the diameter of the sphere is also five 
times the square on the radius of the circle from which the 
icosahedron has been described. [xm. 16, Por.] 

And AB is the diameter of the sphere ; 
therefore KL is the radius of the circle from which the icosa
hedron has been described; 
therefore KL is a side of the hexagon in the said circle. 

[iv. 15, Por.] 
And, since the diameter of the sphere is made up of the 

side of the hexagon and two of the sides of the decagon 
inscribed in the same circle, [xm. 16, Por.] 
and AB is the diameter of the sphere, 
while KL is a side of the hexagon, 
and AK is equal to LB, 
therefore each of the straight lines AK, LB is a side of the 
decagon inscribed in the circle from which the icosahedron 
has been described. 
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And, since LB belongs to a decagon, and ML to a 
hexagon,, 
for ML is equal to KL, since it is also equal to HK, being 
the same distance from the centre, and each of the straight 
lines HK, KL is double of KC, 
therefore MB belongs to a pentagon. [xm. i o ] 

But the side of the pentagon is the side of the icosa
hedron ; [xm. 16] 
therefore MB belongs to the icosahedron. 

Now, since FB is a side of the cube, 
let it be cut in extreme and mean ratio at N, 
and let NB be the greater segment; 
therefore NB is a side of the dodecahedron. [xm. 17, Por.] 

And, since the square on the diameter of the sphere was 
proved to be one and a half times the square on the side AF 
of the pyramid, double of the square on the side BE of the 
octahedron and triple of the side FB of the cube, 
therefore, of parts of which the square on the diameter of the 
sphere contains six, the square on the side of the pyramid 
contains four, the square on the side of the octahedron three, 
and the square on the side of the cube two. 

Therefore the square on the side of the pyramid is four-
thirds of the square on the side of the octahedron, and double 
of the square on the side of the cube ; 
and the square on the side of the octahedron is one and a half 
times the square on the side of the cube. 

The said sides, therefore, of the three figures, I mean the 
pyramid, the octahedron and the cube, are to one another in 
rational ratios. 

But the remaining two, I mean the side of the icosa
hedron and the side of the dodecahedron, are not in rational 
ratios either to one another or to the aforesaid sides; 
for they are irrational, the one being minor [xm. 16] and the. 
other an apotome [xm. 17]. 

That the side MB of the icosahedron is greater than the 
side NB of the dodecahedron we can prove thus. 

For, since the triangle FDB is equiangular with the 
triangle FAB, [vi. 8] 
proportionally, as DB is to BF, so is BF to BA. [vi. 4] 



And, since the three straight lines are proportional, 
as the first is to the third, so is the square on the first to the 
square on the second ; [v. Def. 9, vi. 20, Por.] 
therefore, as DB is to BA, so is the square on DB to the 
square on BF; 
therefore, inversely, as AB is to BD, so is the square on FB 
to the square on BD. 

But AB is triple of BD ; 
therefore the square on FB is triple of the square on BD. 

But the square on AD is also quadruple of the square 
on DB, 
for AD is double of DB ; 
therefore the square on AD is greater than the square on FB; 
therefore AD is greater than FB ; 
therefore AL is by far greater than FB. 

And, when AL is cut in extreme and mean ratio, 
KL is the greater segment, 
inasmuch as LK belongs to a hexagon, and KA to a decagon; 

[xm. 9] 
and, when FB is cut in extreme and mean ratio, NB is the 
greater segment; 
therefore KL is greater than NB. 

But KL is equal to LM; 
therefore LM is greater than NB. 

Therefore MB, which is a side of the icosahedron, is by 
far greater than NB which is a side of the dodecahedron. 

Q. E. D 

I say next that no other figure, besides the said Jive figures, 
can be constructed which is contained by equilateral and equi
angular figures equal to one another. 

For a solid angle cannot be constructed with two triangles, 
or indeed planes. 

With three triangles the angle of the pyramid is constructed, 
with four the angle of the octahedron, and with five the angle 
of the icosahedron ; 
but a solid angle cannot be formed by six equilateral and equi
angular triangles placed together at one point, 



for, the angle of the equilateral triangle being two-thirds of a 
right angle, the six will be equal to four right angles: 
which is impossible, for any solid angle is contained by angles 
less than four right angles. [xi. 21] 

For the same reason, neither can a solid angle be con
structed by more than six plane angles. 

By three squares the angle of the cube is contained, but 
by four it is impossible for a solid angle to be contained, 
for they will again be four right angles. 

By three equilateral and equiangular pentagons the angle 
of the dodecahedron is contained ; 
but by four such it is impossible for any solid angle to be 
contained, 
for, the angle of the equilateral pentagon being a right angle 
and a fifth, the four angles will be greater than four right 
angles: 
which is impossible. 

Neither again will a solid angle be contained by other 
polygonal figures by reason of the same absurdity. 

Therefore etc. 
Q. E. D. 

LEMMA. 

But that the angle of the equilateral and equiangular 
pentagon is a right angle and a fifth we must prove thus. 

Let ABCDE be an equilateral and equiangular 
pentagon, 
let the circle ABCDE be cir
cumscribed about it, 
let its centre F be taken, 
and let FA, FB, FC, FD, FE 
be joined. 

Therefore they bisect the 
angles of the pentagon at A, 
B, C, D, E. 

And, since the angles at F 
are equal to four right angles 
and are equal, 



(edge of icosahedron) = ̂  «/io (5 - J5), 

(edge of dodecahedron) = ^ (Vis - ^3)-

Euclid here exhibits the edges of all the five regular solids in one figure. 
(1) Make AD equal to 2DB. 
Thus BA = \AD, 

and BA : AD = BA* : AB*; 
therefore BA* = \AF*. 

Thus AB= J%. 2r = f , / 6 . r = (edge of tetrahedron). 
(2) AB* : BF* = AB : BD 

= 3 : 1 . 
Therefore BE* = ̂ AB*, 

2 2 
or BE=-r.r = -j3.r=(edgeofcube). 

v3 3 
(3) AB* = 2BE*. 
Therefore BE = ^ 2 . r - (edge of octahedron). 
(4) Draw AG perpendicular and equal to AB. Join GC, meeting the 

semicircle in H, and draw HK perpendicular to AB. 
Then GA = 2 AC; 

therefore, by similar triangles, HK= 2KC. 
Hence HK* = 4KC*, 

and therefore 5KC* = HK* + KC* 
= HC 
= CB*. 

Again, since AB = iCB, and AD = 2DB, 
by subtraction, BD = 2DC, 
or BC= 3DC. 

therefore one of them, as the angle AFB, is one right angle 
less a fifth ; 
therefore the remaining angles FAB, ABF consist of one 
right angle and a fifth. 

But the angle FAB is equal to the angle FBC; 
therefore the whole angle ABC of the pentagon consists of 
one right angle and a fifth. 

Q. E. D. 

We have seen in the preceding notes that, if r be the radius of the sphere 
circumscribing the five solid figures, 

(edge of tetrahedron) = %j6.r, 
(edge of octahedron) = J2.r, 

(edge of cube) = | ^3 • r> 



Also AK=r-CK=r(i--j^j. 

Thus BM* = HK} + AK* 
.4 

= 5 ^ ( ; - J - 5 ) 

= r* ( R I 

s 

= y (10 -2V5) , 

and BM= - « / i o (5 - ^5) = (edge of icosahedron).'] 

(5) Cut BB (the edge of the cube) in extreme and mean ratio at N. 
Then, if BN be the greater segment, 

BN= (edge of dodecahedron). [xm. 17] 
[Solving, we obtain 

BN= * 5 J L I . BF 
2 

2 'Ws' 

= (A&V of dodecahedron).] 

Therefore 9DC* = BC* 
= $KC*. 

Hence KC> CD. 
Make CL equal to KC, draw LM at right angles to AB, and join 

AM, MB. 
Since CB* = sKC*, 

AB2 = sKL'. 

It follows that KL (= J$. r) is the radius of, or the side of the regular 
hexagon in, the circle containing the pentagonal sections of the icosahedron. 

[xm. 16] 
And, since 

zr = (side of hexagon) + 2 (side of decagon in same circle) 
[xm. 16, Por.] 

AK = LB = (side of decagon in the said circle). 
But LM = HK= KL = (side of hexagon in circle). 
Therefore LM* + LB1 (= BM*) = (side of pentagon in circle)* [xm. 10] 

= (edge of icosahedron)', 
and BM= (edge of icosahedron). 

[More shortly, HK= 2KC, 
whence HK* = 4KC*, 
and SKC* = HC' = r*. 

' Js 



(6) If t, o, c are the edges of the tetrahedron, octahedron and cube 
respectively, 

4r* = \t*=20* = zc*. 
If each of these equals is put equal to X, 

4r* = X, 

o* = \.X, 
= X, 

whence 4r* : t* : d* : c* = 6 : 4 : 3 : 2, 
and the ratios between tr, t, 0, c are all rational (in Euclid's sense). 

The ratios between these and the edges of the icosahedron and the 
dodecahedron are irrational. 

(7) To prove that 
(edge of icosahedron) > (edge of dodecahedron), 

Le. that MB > NB. 
By similar As FDB, AFB, 

DB :BF=BF: BA, 
DB : BA = DB1 : BF*. 

But 2,DB = BA; 
therefore BB* = 3DB*. 

By hypothesis, AD* = 4DB*; 
therefore AD > BF, 
and, a fortiori, AL > BB. 

Now LK is the side of a hexagon, and AK the side of a decagon in the 
same circle; 
therefore, when AL is divided in extreme and mean ratio, KL is the greater 
segment. 

And, when BF is divided in extreme and mean ratio, BN is the greater 
segment. 

Therefore, since AL > BF, 
KL > BN, 

or LM> BN. 
And therefore, a fortiori, MB > BN. 



APPENDIX. 

I. THE CONTENTS OF THE SO-CALLED BOOK XIV. 
BY HYPSICLES. 

This supplement to Euclid's Book xm. is worth reproducing for the sake 
not only of the additional theorems proved in it but of the historical notices 
contained in the preface and in one or two later passages. Where I translate 
literally from the Greek text, I shall use inverted commas; except in such 
passages I reproduce the contents in briefer form. 

I have already quoted from the Preface (Vol. I. pp. S-1-6), but I will 
repeat it here. 

" Basilides of Tyre, O Protarchus, when he came to Alexandria and met 
my father, spent the greater part of his sojourn with him on account of the 
bond between them due to their common interest in mathematics. And on 
one occasion, when looking into the tract written by Apollonius about the 
comparison of the dodecahedron and icosahedron inscribed in one and the 
same sphere, that is to say, on the question what ratio they bear to one 
another, they came to the conclusion that Apollonius' treatment of it in this 
book was not correct; accordingly, as I understood from my father, they 
proceeded to amend and rewrite it. But I myself afterwards came across 
another book published by Apollonius, containing a demonstration of the 
matter in question, and I was greatly attracted by his investigation of the 
problem. Now the book published by Apollonius is accessible to all; for it 
has a large circulation in a form which seems to have been the result of later 
careful elaboration. 

"For my part, I determined to dedicate to you what "I deem to be 
necessary by way of commentary, partly because you will be able, by reason 
of your proficiency in all mathematics and particularly in geometry, to pass an 
expert judgment upon what I am about to write, and partly because, on 
account of your intimacy with my father and your friendly feeling towards 
myself, you will lend a kindly ear to my disquisition. But it is time to have 
done with the preamble and to begin my treatise itself. 

[Prop, i.] " The perpendicular drawn from the centre of any circle to the 
side of the pentagon inscribed in the same circle is half the sum of the side of the 
hexagon and of the side of the decagon inscribed in the same circle." 



Let ABC be a circle, and BC the side of the inscribed regular pentagon. 
Take D the centre of the circle, draw DE from D perpendicular to BC, 

and produce DE both ways to meet the circle in E, A. 
I say that DE is half the sum of the side of the hexagon and of the side 

of the decagon inscribed in the same circle. 
Let DC, CE be joined; make GE equal to EF, and join GC. 
Since the circumference of the circle is five 

times the arc BBC, 
and half the circumference of the circle is the arc 
ACE, 
while the arc BC is half the arc BBC, 
therefore (arc ACE) = 5 (arc EC) 
or (arc AC) = 4 (sac CE). 

Hence L ADC • 4 L CDF, 
and therefore LAFC=I L CDF. 

Thus L CGF= L. AFC= 2 (. CDF; 
therefore [1. 32] LCDG = LDCG, 
so that DG=GC=CF. 

And GE = EF; 
therefore DE = EF + EC. 

Add DE to each ; 
therefore 2DE = DF+ EC. 

And DFis the side of the regular hexagon, and EC the side of the regular 
decagon, inscribed in the same circle. 

Therefore etc. 

"Next it is manifest from the theorem [12] in Book xm. that the perpen
dicular drawn from the centre of the circle to the side of the equilateral triangle 
[inscribed in it] is half of the radius of the circle. 

[Prop. 2.] " The same circle circumscribes both the pentagon of the dodeca
hedron and the triangle of the icosahedron inscribed in the same sphere. 

" This is proved by Aristaeus in his work entitled Comparison of the five 
figures. But Apollonius proves in the second edition of his comparison of the 
dodecahedron with the icosahedron that, as the surface of the dodecahedron 
is to the surface of the icosahedron, so also is the dodecahedron itself to the 
icosahedron, because the perpendicular from the centre of the sphere to the 
pentagon of the dodecahedron and to the triangle of the icosahedron is the 
same. 

" But it is right that I too should prove that 
[Prop. 2] The same circle circumscribes both the pentagon of the dodecahedron 
and the triangle of the icosahedron inscribed in the same sphere 

"For this I need the following 
Lemma. 
" If an equilateral and equiangular pentagon be inscribed in a circle, the sum 

of the squares on the straight line subtending hvo sides and on the side of the 
pentagon is five times the square on the radius." 



Let ABC be a circle, AC the side of the pentagon, D the centre ; 
draw DF perpendicular to AC and produce it to 
B,£; 
join AB, AE. 

I say that 
BA* + AC* = SDE*. 

For, since BE = 2ED, 
BE? = 4ELV. 

And BE* = BA* + AE*; 
therefore BA* + AE* + ED* - 5 E D . 

But AC* = DE* + EA*; 
[Eucl. xm. 10] 

therefore BA* + AC* = $DE*. 

" This being proved, it is required to prove that the same circle circum
scribes both the pentagon of the dodecahedron and the triangle of the 
icosahedron inscribed in the same sphere." 

Let AB be the diameter of the sphere, and let a dodecahedron and an 
icosahedron be inscribed. 

Let CDEFG be one pentagon of the dodecahedron, and KLH one 
triangle of the icosahedron. 

I say that the radii of the circles circumscribing them are equal. 
Join DG; then DG is the side of a cube inscribed in the sphere. 

[Eucl. XIII, 17] 
Take a straight line MN such that AB* = $MN*. 
Now the square on the diameter of the sphere is five times the square on 

the radius of the circle from which the icosahedron is described. 
[xm. 16, Por.] 

Therefore MN is equal to the radius of the circle passing through the five 
vertices of the icosahedron which form a pentagon. 

Cut MN in extreme and mean ratio at O, MO being the greater segment. 
Therefore MO is the side of the decagon in the circle with radius MN. 

[xm. 9 and 5, converse] 
Now $MN*=AB*=$DG*. [xm. 15] 
But 3DG* : 3CG*=SMN* : sMO* 

(since, if DG is cut in extreme and mean ratio, the greater segment is equal 
to CG, and, if two straight lines are cut- in extreme and mean ratio, their 
segments are in the same ratio : see lemma later, op. 518—9). 



And 5MO + 5MN* = t,KL\ 
[This follows from xm. i o , since KL is, by the construction of xm. 16, the 
side of the regular pentagon in the circle with radius equal to MN, that is, the 
circle in which MN is the side of the inscribed hexagon and MO the side of 
the inscribed decagon.] 

Therefore 5 KL1 = 3 CG* + 3DG*. 
But 5KL* = 15 (radius of circle about KLBTf, [xm. 12] 

and $DG* + sCG* = 15 (radius of circle about CDEFGf. 
[Lemma above] 

Therefore the radii of the two circles are equal. 
Q. E. D. 

[Prop. 3.] " If there be an equilateral and equiangular pentagon and a 
circle circumscribed about it, and if a perpendicular be drawn from the centre to 
one side, then 

30 times the rectangle contained by the side and the perpendicular is equal to 
the surface of the dodecahedron." 

Let ABCDE be the pentagon, B the centre of the circle, EG the 
perpendicular on a- side CD. 

I say that A 
30CD. EG - 12 (area of pentagon). 

Let CE, ED be joined. 
Then, since 

CD.FG= 2(ACDE), 
5 CD. EG = 10 ( A CDF), 

whence 30CD. FG =12 (area of pentagon). 

Similarly we can prove that, 
[Prop. 4] If ABC be an equilateral triangle in a 
circle, D the centre, and DE perpendicular to BC, 

30BC. DE = (surface of icosahedron). 
For DE.BC=2(ADBC); 

therefore 3DE. BC=6(ADBC) 
= 2 ( A ABC), 

whence $oDE. BC= 20 (AABC). 
It follows that [Prop. 5] 

(surface of dodecahedron) : (surface of icosahedron) 
= (side of pentagon). (its perpendicular) : (side of triangle). (its perp.). 

" This being clear, we have next to prove that, 
[Prop. 6] As the surface of the dodecahedron is to the surface of the icosahedron, 
so is the side of the cube to the side of the icosahedron." 



H 

Let ABC be the circle circumscribing the pentagon of the dodecahedron 
and the triangle of the icosahedron, and let CD 
be the side of the triangle, AC that of the 
pentagon. 

Let E be the centre, and EF, EG perpen
diculars to CD, AC. 

Produce EG to meet the circle in B and 
join BC. 

Set out H equal to the side of the cube in
scribed in the same sphere. 

I say that 
(surface of dodecahedron) : (surface of icosahedron) 

= H: CD. 
For, since the sum of EB, BC is divided at B in extreme and mean ratio, 

and BE is the greater segment, [xm. 9] 
and EG = \ (EB + BC), [Prop. 1] 
while EF= \BE, [see p. 513 above] 
therefore, if EG is divided in extreme and mean ratio, the greater segment is 
equal to EB [that is to say, since EB is the greater segment of EB + BC 
divided in extreme and mean ratio, \EB is the greater segment of 
\ (EB + BC) similarly divided]. 

But, if H is also divided in extreme and mean ratio, the greater segment 
is equal to CA. [xm. 17, Por.] 

Therefore H : CA = EG : EF, 
or FE .H=CA. EG. 

And, since H: CD = FE. H: FE. CD, 
and FE .H=CA. EG, 
therefore H: CD = CA . EG : FE. CD 

= (surface of dodecahedron) : (surf, of icos.). 
[Prop. 5] 

Another proof of the same theorem. 
Preliminary. 
Let ABC be a circle and AB, A C sides of an inscribed regular pentagon. 
Join BC; take D the centre of the circle, join AD and produce it to 

meet the circle at E. Join BD. 
Let DF be made equal to \AD, and CH equal 

to \CG. 
I say that 

rect AF. BH= (area of pentagon). 
For, since AD = 2DF, 

AF= \AD. 
And, since GC= 3HC, 

GC = \GH. 
Therefore FA : AD = CG : GH, 

so that AF. GH=AD. CG 
= AD.BG 
= z(CxABD). 



io(AABD) - 2 (area of pentagon). 
Therefore 

5AF. GH= 
And GH= 2HC; 

therefore 5AF. HC = (area of pentagon), 
or AF. BH - (area o'f pentagon). 

Proof of theorem. 
This being clear, let the circle be set out which circumscribes the pentagon 

of the dodecahedron and the triangle of the icosahe
dron inscribed in the same sphere. 

Let ABC be the circle, and AB, A C two sides of 
the pentagon; join BC. 

Take E the centre of the circle, join AE and 
produce it to F. 

Let AE=2EG, KC = 3CH. 
Through G draw DM at right angles to AF 

meeting the circle at D, M; 
DM is then the side of the inscribed equilateral 
triangle. 

Join AD, AM, which are equal to DM. 
Now, since AG. BH = (area of pentagon), 

and AG . GD = (area of triangle), 
therefore BH: GD = (area of pentagon) : (area of triangle), 
and 12BH: 20GD = (surface of dod.) : (surface of icos.). 

But izBH=\oBC, since BH=$HC, and BC=6HC; 
and 2oGD= 10DM; 
therefore (surface of dodecahedron) : (surface of icosahedron) 

= (side of cube) : (side of icosahedron). 

" Next we have to prove that, 
[Prop. 7] If any straight line whatever be cut in extreme aud mean ratio, then, 
as is (1) the straight line the square on which is equal to the sum of the squares 
on the whole line and on the greater segment to (2) the straight line the square on 
which is equal to the sum of t/te squares on the whole and on the lesser segment, 
so is (3) the side of the cube to (4) the side of the icosahedron." 

Let AHB be the circle circumscribing both the pentagon of the dodeca
hedron and the triangle of the icosahedron inscribed 
in the same sphere, C the centre of the circle, and 
CB any radius divided at D in extreme and mean 
ratio, CD being the greater segment. 

CD is then the side of the decagon inscribed in 
the circle. [xm. 9 and 5, converse] 

Let E be the side of the icosahedron, F that of 
the dodecahedron, and G that of the cube, inscribed 
in the sphere. 

Then E, Fare the sides of the equilateral triangle 
and pentagon inscribed in the circle, and, if G is 
divided in extreme and mean ratio, the greater 
segment is equal to F. [xm. 17, Por.] 

E 

F -
G 



Thus E* = 3BC*, [xm. 12] 
and CB* + BD> = 3CD*. [xm. 4] 

Therefore E* : CB* = (CB* + BD*): CD, 
or £* : (CB* + BD) = CB* : CD* 

= G* : F*. 
Therefore, alternately and inversely, 

G* : £* = F* : (CB* + BD*). 
But B* = BC* + CD; for the square on the side of the pentagon is equal 

to the sum of the squares on the sides of the hexagon and decagon inscribed 
in the same circle. [xm. 10] 

Therefore G*:£* = (BC*+ CD) :(CB* + BD), 
which is the result required. 

It has now to be proved that 
[Prop. 8] (Side of cube) : (side of icosahedron) 

= (content of dodecahedron) ; (content of icosahedron). 
Since equal circles circumscribe the pentagon of the dodecahedron and 

the triangle of the icosahedron inscribed in the same sphere, 
and in a sphere equal circular sections are equally distant from the centre, 
the perpendiculars from the centre of the sphere to the faces of the two solids 
are equal; 
in other words, the pyramids with the centre as vertex and the pentagons of 
the dodecahedron and the triangles of the icosahedron respectively as bases 
are of equal height. 

Therefore the pyramids are to one another as their bases. 
Thus (12 pentagons) : (20 triangles) 

= (12 pyramids on pentagons): (20 pyramids on triangles), 
or (surface of dodecahedron) : (surface of icosahedron) 

= (content of dod.) : (content of icos.). 
Therefore 

(content of dodecahedron) : (content of icosahedron) 
= (side of cube) : (side of icosahedron). [Prop. 6] 

L e m m a . 
If two straight lines be cut in extreme and mean ratio, the segments of both 

are in one and the same ratio. 
Let AB be cut in extreme and mean ratio at C, AC being the greater 

segment; 
and let DE be cut in extreme and mean ratio at E, DF being the greater 
segment. 

I say that AB : AC = DE : DF. A <? B 
Since AB .BC=A C*, ~ 7 T ~ 

and DE. EF= DF*, E 
AB. BC : AC* = DE. EF: DF', 

and 4AB.BC:AC* = 4D£.EE:DF*. 



Componendo, 

or 
therefore 

Componendo, 

(4AB.BC+AC1):AC1 

(AB + BCf : AC1 

(AB + BC) : AC 

(4DE. EF+ DE1) : DE1, 
(DE + EE)1 : DF1; 
(DE + EF) : DF. 

[It 8] 

(AB + BC + AC) : AC 
zAB: AC 
AB : AC 

(DE + EF + DE) : DB, 
2DE : DF; 
DE : DF. 

Summary of results. 

If AB be any straight line divided at C in extreme and mean ratio, AC 
being the greater segment, and if we have a cube, a dodecahedron and an 
icosahedron inscribed in one and the same sphere, then: 
(1) (side of cube) : (side of icosahedron) = J (AB1 + AC1):J (AB1 + BC1); 
(2) (surface of dod.) : (surface of icos.) 

The second of the two Books added to the genuine thirteen is also 
supplementary to the discussion of the regular solids, but is much inferior 
to the first, "Book xiv." Its contents are of less interest and the exposition 
leaves much to be desired, being in some places obscure and in others 
actually inaccurate. It consists of three portions unequal in length. The 
first (Heiberg, Vol. v. pp. 40—48) shows how to inscribe certain of the 
regular solids in certain others, (a) a tetrahedron (" pyramid") in a cube, 
(b) an octahedron in a tetrahedron ("pyramid"), (c) an octahedron in a cube, 
(d) a cube in an octahedron and (e) a dodecahedron in an icosahedron. 
The second portion (pp. 48—50) explains how to calculate the number of 
edges and the number of solid angles in the five solids respectively. The 
third (pp. 50—66) shows how to determine the angle of inclination between 
faces meeting in an edge of any one of the solids. The method is to con
struct an isosceles triangle with vertical angle equal to the said angle of 
inclination; from the middle point of any edge two perpendiculars are drawn 
to it, one in each of the two faces intersecting in that edge; these perpen
diculars (forming an angle which is the inclination of the two faces to one 
another) are used to determine the two equal sides of an isosceles triangle, 
and the base of the triangle is easily found from the known properties of the 
particular solid. The rules for drawing the respective isosceles triangles are 
first given all together in general terms (pp. 50—52); and the special interest 
of the passage consists in the fact that the rules are attributed to " Isidorus 

(3) 

and (4) 

II. NOTE ON THE SO-CALLED "BOOK XV. 



our great teacher." This Isidorus is no doubt Isidorus of Miletus, the 
architect of the Church of St Sophia at Constantinople (about 532 a . d . ) , 

whose pupil Eutocius also' was; he is often referred to by Eutocius (Comm. 
on Archimedes) as 6 MiA^o-ios fiyxavticbs laiSoyjos yjiertpos SiScurKaXoc. Thus 
the third portion of the Book at all events was written by a pupil of Isidorus 
in the sixth century. Kluge (De Euclidis elemeniorum libris quifentntur XIV 
et XV, Leipzig, 1891) has closely examined the language and style of the 
three portions and conjectures that they may be the work of different authors; 
the first portion may, he thinks, date from the end of the third century (the 
time of Pappus), and the second portion too may be older than the third. 
Hultsch however (art. " Eukleides " in Pauly-Wissowa's Real-Encyclopadie der 
classischen Altertutnswissenschafl, 1907) does not think his arguments con
vincing. 

It may be worth while to set out the particulars of Isidorus' rules for 
constructing isosceles triangles with vertical angles equal respectively to 
the angles of inclination between faces meeting in an edge of the several 
regular solids. A certain base is taken, and then with its extremities as 
centres and a certain other straight line as radius two circles are drawn; 
their point of intersection determines the vertex of the particular isosceles 
triangle. In the case of the cube the triangle is of course right-angled; in 
the other cases the bases and the equal sides are as shown below. 

Base of isosceles triangle 
Equal sides of 

isosceles triangle 

For the tetrahedron the side of a triangular face the perpendicular from the 
vertex of a triangular face 
to its base 

ditto For the octahedron the diagonal of the square 
on one side of a triangular 
face 

For the icosahedron the chord joining two non-
consecutive angular points 
of the regular pentagon on 
an edge (the " pentagon of 
the icosahedron") 

ditto 

For the dodecahedron the chord joining two non-
consecutive angular points 
of a pentagonal face [BC 
in the figure of Eucl. x m . 
•7l 

the perpendicular from the 
middle point of the chord 
joining two non-consecu
tive angular points of a 
face to the parallel side of 
that face [//X in the figure 
of Eucl . x m . 17] 



G E N E R A L I N D E X 
A N D 

[The references are 

ayJjviov, angle-less (figure) I. 187 
ahvva.Tov : i) els rb dS. diraytiryt), ij Sid. tov dS. 

Stilts, i] els rb dd. dyovaa DIROOTI^I^ I, 136 
AJTI3O«5F/s, barb-like 1. 188 
Axpos, extreme (of numbers in a series) I I . 

328, 367: (els) dxpov ical fxioov \byov 
TCTFIFYROAI, " to be cut in extreme and 
mean ratio" 11. 189 

0X0705, having no ratio, irrational I I . 117—8: 
a relative term, resting on assumption or 
convention (Pythagoreans) 1ST. 1, 1 1 : use 
of term restricted in Euclid n i . 12 

DPL&\('ia (ywvla), obtuse (angle) I . 181 
6,FTFI\vydn/IOS, obtuse-angled 1. 187 
dfiep^s, indivisible I. 41 , 268 
&H<J>LKOT\OS (of curvilineal angles) I . 178 
dfupUvpros (of curvilineal angles) 1. 178 
dvaypdfaiv &tt6, to describe on, contrasted 

with to construct (ovvriio'a.oda.i) 1. 348 : 
peculiar use of active participle,' at l<ra 
rerpdyuva dvaypd<t>OVAAI = straight lines on 
which equal squares are described in . 13 

dvaho-yla, proportion: definitions of, inter
polated 11. 1 1 9 

dvdXoyov — dvd \byov, proportional or in pro
portion: used as indeclinable adj. and as 
adv. 11. 129, 1 6 5 : fxiarj dydXoyof, mean 
proportional (of straight line) 11. 129, 
similarly pioos dvdXoyov of numbers I I . 
295, 363 etc . : TPLRRJ (Tplros) dvdXoyov, 
third proportional I I . 214, 407-8; RERDPTT\ 
(rerapros) dvdXoyov, fourth proportional 
11. 215 , 409: i^ijs dvdXoyov, in continued 
proportion I I . 346 

dvaXvbfievos (T6TTO$), Treasury of Analysis^ 

I . 8, 10, 1 1 , 138 
dvdxoXiv (Xbyos), inverse (ratio), inversely I I . 

134 . . . 
dva.ATP4YPA.vn, convertendo, in proportions I I . 

1 3 5 : analogous use otherwise than in 
proportions I I I . 164 

dvavTpofyq Xbyov, "conversion" of a ratio n. 

135 
dvaarpoipucbs (species of locus) I. 330 

O F G R E E K W O R D S 
F O R M S . 

volumes and pages.] 

dviodmis DVTFFDKIS foot, unequal by unequal 
by equal (of solid numbers) = scalene, 
<Jip7)vi<TKQ<,, a<prjKit7K0S O r pWpUffKOS I I . 290 

&vop.otofx€PI)st non-uniform 1. 40, 1 6 1 - 2 
dvopotm rerayfiivuv tQv Xbyuv (of perturbed 

proportion} in Archimedes I I . 136 
DVTCWALPEFFTS, 1) aim), definition of same ratio 

in Aristotle (dvdwpatpeffis Alexander) I I . 
1 2 0 : terms explained I I . 131 

dvTureTTov8bTaffxhp-aTa-> reciprocal ( = recipro
cally related) figures, interpolated def. of, 
11. 189 

&VTT<TTPO<PI), conversion I . 256-7 : leading 
variety, t) TrpoTjyovfxivij or 7) Kvpltas, ibid. 

dviJTrapKTos, non-existent 1. 129 
Hd-UIV, axis I I I . 269 
DBPTFFTOS, indeterminate: (of lines or curves) 

1. 160: (of problems) I . 129 
diro/varyr), reduction I . 135:' ELS rb DBVVAROV 

I . 1 3 6 . 
Airupos, infinite: 7; îr' dir. 4tcfiaXKop.ivri of 

line or curve extending without limit and 
not "forming a figure" 1. 160—1 : ^T' dir. or 
ELS dir. adverbial I . 190: îr' Air. Siatpe7o-0at 
I . 268: Aristotle on rb diretpov I . 232-4 

dirXanJs, breadthless: in definition of a line, 
FXIJKOS dirXaWs, breadthless length I . 1 5 8 : 
(of prime numbers) 11. 285 

ATXOOS, simple: (of lines or curves) 1. 1 6 1 - 2 : 
(of surfaces) 1. 170 

drASeiftj, proof (one of necessary divisions of 
a proposition) 1. 129, 130 

DIROKARAARATLKBS, recurrent ( = spherical), of 
numbers I I . 291 

DIROTOP.-F}, apotome, a compound irrational, 
difference of two terms i l l . 7 : defined i n . 
1 5 8 - Q : piic-qs DIROTOFTI) IRPTBN) (BEVRIPA), 
first (second) apotome of a medial (straight 
line) i n . 7, defined I I I . 159-60 

SkiTTeadai, to meet, occasionally to touch 
(instead of e^dirreodat) 1. 57, I I . 2 : also 
= to pass through, to lie on 11. 79 

dpiO/j-os, number, definitions of, I I . 280 
&ppr<TOT, inexpressible; irrational: of Xbyos 
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I . 1 3 7 : dpprjTos btdfierpos TT/S repiiraSos, 
"irrational diameter of 5 " (Plato) = *J50, 
I . 399, H I . i'2, 525 

dpTidicts dpriob'fooLp.Qv (Nicomachus) 11. 282 
dprtaKts dpTtot, even-times even n. 281-2 
dpTidnis 7rep«r<r6y, even-times odd I I . 282-4 dpTiovipiTTos even-odd (Nicomachus etc.) I I . 

282 
fi/mos (dpidfibs), even (number) I I . 281 
dcO^aroi, incompatible I. 129 
dffvp.p.€Tpostincommensurable: d. pfjjKei {p,6vov) 

incommensurable in length (only), Svpdfiei 
" in square" Hi. 11 dffirfXTTTwTos, not-meeting, non-secant, asym
ptotic 1. 40, 161 , 203: (of parallel planes) 
i n . 265 

dffvv9€Tos, incomposite : (of lines) I . 160, 1 6 1 : 
(of surfaces) 1. 1 7 0 : (prime and) incom
posite (of numbers) I I . 284 

&TO.KTOS, unordered: (of problems) 1. 128 : 
(of irrationals) 1. 1 1 5 , Iff, to 

dro/xoi ypa.fip.at, "indivisible lilies" I . 268 

pddos, depth I . 158-9 
daxris, base I . 248-9 §€^7}Kivai, to stand (of angle standing on 

circumference) I I . 4 
fiwfilo-Kos, altar-shaped (of "scalene" solid 

numbers) 11. 290 

ytyovfrw (in constructions), "let it be {have 
been) m a d e " 11. 248 

ycyovbs av etrj rb eirtTax^v, " what was 
enjoined will have been done" 11. 80, 261 

yeypatpdw, " let it be (lit. have been) drawn " 
1. 242 

ytvbfievos, 6 4£ aiir&v, "their product" I I . 
316, 326 etc. : 6 4k tov evbs yevbfievos 
= "the square of the one" I I . 327 

yvwfiw, gnomon q.v.: Democritus trepi 8ta-
<t>opr)*} yptofiovos (71*^17$ or ywiijs ?) rj irtpi yf/avaios kvkXov koI fftpalpys I I . 4 0 : (of 
numbers) 11. 289 

ypap.p^, line (or curve) q.v. 
ypanfitKbs, linear (of numbers in one dimen

sion) 11. 287: (of prime numbers) I I . 285: 
ypap.fu.Kuis, graphically 1. 400 

ypd<pe<T$at, "to be proved" (Aristotle) I I . 120 

SeSoftivos, given, different senses 1. 132 -3 : 
Euclid's 5e8ofi4va or Data q.v. 

Selyp-ara, illustrations, of Stoics I . 329 
Stt 6r], "thus it is required" (or "is neces

sary"), introducing oiopio~p.6s 1. 293 
bevrtpos, secondary (of numbers): in Nico

machus and Iamblichus a subdivision of 
odd 11. 286, 287 

8tXbp.tvov, "admit t ing" (of segment of circle 
admitting or containing an angle) II. 5 

8idypap.p.a = proposition (Aristotle) I . 252 
Staiptiffdat (used of "separation" of ratios): 

btaipedivra, separando, opp. to avyKfifneva, 
componendo II . 168 

Sialpeais, point of division (Aristotle) 1. 165, 
170, 1 7 1 : method of division (exhaustion) 

I . 285: Euclid's xepl Staip4o~euif, On divi
sions {of figures) I . 8, 9, 18, 87, 1 1 0 : i W -
parts Xbyov, separation, literally division, 
of ratio 11. 135 

StdjifTpos, diameter: of a circle, parallelogram 
etc. I . 185, 325: of sphere in. 270 

Stao-rdaets, almost = " dimensions " I . 157, 
158, i n . 262 : Aristotle speaks of six I I I . 263 

diaararbv, extended, £<j> n> one way, iirl Sijq 
two ways, 4wl rpia three ways (of lines, 
surfaces and solids respectively) I . 158, 
170, in . 263 

biaojtfp.a, distance 1. 166, 167, 207 : (of radius 
of circle) I. 199: (of an angle) = divergence 

St€^€iryp.4pij (avaXoyla), disjoined = discrete 
(proportion) I I . 293 

8icX6t>Tt, separando, literally dividendo (of 
proportions) II, 135 

5ie£o8iK6s (of a class of loci) 1. 330 
5cQpT}ti4vT} (dva\oyta), discrete (proportion), i.e. 

in four terms, as distinct from continuous 
(ffwtxys, avvi}fj.pjfr>) in three terms I I . 131 , 

*93 
8n)x&<*}, "let it be drawn through" ( = pro

duced) or "across" [• 280, I I . 7 
6V t<rov, ex aequali (of ratios) 11. 136: 81 

tffov iv rerapayixivQ dvaXoyla, fiex aequali 
in perturbed proportion" n. 136 

diKbXovpos, twice-truncated (of pyramidal 
numbers) 11. 291 

8ioptff(Ms = {i) particular statement or defini
tion, one of the formal divisions of a pro
position 1. 1 2 9 : (2) statement of condition 
of possibility 1. 128, 129, 130, 131 , 234, 
^43. ^93 

8tirXd<Tios Xoyos, double ratio: SnrXaffluiv X670J, 
duplicate ratio, contrasted with, 11. 133 

86vap.ts, power: =-actual value of a sub-
multiple in units (Nicomachus) II . 282: 
= side of number not a complete square 
(i.e. root or surd) in Plato 11. 288, 290, 
in . 1, 2, 3 : =square in Plato 11. 294-5 

ovvaadai, " to be side of square equal t o " 
i l l . 13 : al Suvdfitvai atfrd, sides of squares 
equal to them lit . 1 3 : •>) BP TT)I A ficifov 
bvparat T# AZ, "the square on BC is 
greater than the square on A by the square 
on DPI* literally " BC is in power greater 
than A by DF" I I I . 43 

eXSos, figure 11. 234: =form 11. 254 
dffayujyr) dpfioftK-tj, Introduction to Harmony, 

by Cleonides I . 17 
Macros, each: curious use of, 11. 79 
€Kar4pa cKaWpa, meaning respectively I. 248, 

350 
£KfiefiXii<r$<i>ffav, use of, I . 244 
4k-(lyos = Euclid 1. 400 
i"K0e<rti, setting-out, one of formal divisions 

of proposition 1. 1 2 9 : may sometimes be 
omitted 1. 130 

inrbs, /card TO (of an exterior angle in sense 
of re-entrant) 1. 263: t) 4ktos ywvta, the 
exterior angle 1. 280 
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iXaaow, minor (irrational) straight line m . 
7 etc. 

A t K o t i S v J i , spiral-shaped I . 159 
I X X e t / i / i a , ' defect (in application of areas) I I .262 
4XXdwttv, "fall short" (in application of 

areas) I I . 262 
(XXei^it, falling short (in application of areas) 

i- 36. 343-5. 383-4 
IWwls rp6(S\7tfia, a deficient ( = indetermi

nate) problem 1. 129 
4jtirtTT€tv,fall in ( = be interpolated) II. 358 
lvaXXd£, alternately or (adjectivally) alternate 

I . 308: lraXXd£ Xo*yo*, alternate ratio, 
alternando I I . 134 

tva rXefw, "several ones" (def. of number) 
I I . 280 

iva.pfxi>£ctv, to fit in (active) Book I V . Def. 7 
and Prop. 1, I I . 79, 8O, 81 

fpfoia, notion, use of, I . 221 
harafftt, objection U 135 
4wt6s, within : (of internal contact of circles) 

I I . 13 : xard to 4vt6s or t) ivrbs (ywWa), of 
an interior angle I . 263, 280: if 4vrbs Kal 
ATcvavTiov ywvla, the interior and opposite 
angle 1. 280 

< 7̂?t foakoyov, in continued proportion (of 
terms in geometrical progression) 11. 346 

iTefc&xdwcav (4rt£evyi>vpu, join) I . 242 
{rtfwpto? Xoyot, superparticularis ratio = ratio 

(n + i):n, 11. 295 
iirlreSov, plane in Euclid, used for surface 

also in Plato and Aristotle I . 169, I I I . 263 
4tIt€oos (aptOfios), plane (number) 11. 287-8 
4wiTpoff0cu', ixlwpoodev cfrcu, to stand in 

front of (hiding from view), in Plato's 
definitions of straight line and plane I . 
165, 166 

Iwtipayeia, surface: in Euclid I . 1 6 9 : in 
Aristotle 111. 263 

iw6p.€va, consequents ( = "fol lowing" terms) 
in a proportion 11. 134, 238 

i7€pop.i)K7i%, oblong: 4rep6p.TiK€s, oblong (figure) 
I . 1 5 1 , 188: (of numbers) in Plato = irpo-
fj-rjKty, which however is distinguished from 
tTfpoprjKTjs by Nicomachus etc. I I . 289-90, 
' 9 3 

€v$u, to, the straight 1. 159: cv0e?a {ypap.ph)i 
straight line I . 165-9 

cudvypapLfUKos, rectilinear (term for prime 
numbers) II, 285 

€u0uypafiftos, rectilineal I . 1 8 7 : neuter as 
substantive 1. 346 

cuBvjifTpiicos, euthymetric (of prime numbers) 
I I . 285 

4<f>aTT€cr0at, to touch 1. 57 
itpapp.6^€tv, to coincide, £<f>apfi6£eo~datt to be 

applied to 1. 168, 224-5, 249 
t<p<iKTiKb$ (of a class of loci) I . 330 
tyttw, " in order " 1. 1 8 1 : of adjacent angles 

I . 181 , 278 

fjyovpeva, antecedents ("leading" terms) in 
a proportion I I . 134 

TjiTtp, than: construction after StirXaffluv etc. 
133 

Otu)pT)/ia, theorem, q.v. 
6vp€6s (shield) = ellipse I . 165 

l5iofirjK7]i, of square number (Iamblichus) I I . 

293 
hrirov r4$7f, hippopede (horse - fe t te r ) , name 

for a certain curve I . 162-3 , *f» 
Iffaxts tff&Kis foot, equal multiplied by equal 

and again by equal (of a c u b e number) 11. 
290, 291 

lo&Kts (aos, equal multiplied by equal (of a 
square number) 11. 291 

loams tffos tXaTrovaKts (fietfrvaKts), species of 
solid numbers, = w\iv0is (Souls or cmjXfs) 
11. 291 

to-opArpuv ffx^pATfav, irepl. On isometric 
figures (Zenodorus) 1. 26, 27, 333 

k&0£tos (evButa ypap.p,ij), perpendicular I . 
1 8 1 - 2 , 2 7 1 : " p l a n e " and " s o l i d " per
pendicular I . 272 

KVL0T)yjlTl)s I . 20 
KaXeia0to, " let it be called," indicating 

originality of a definition II. 129 
/co/inJXos, curved (of lines) 1. 159 
Ka-Tatitrpch', measure If, 1 1 5 : without re

mainder, "completely"(wXi?/>o(Wws)H. 280 
KaTOffKevd£(ot construct: ruv avru>v Kara-

<jK€\>aod(VTu)v, "wi th the same construc
tion" 11. 11 

KaracKivh, construction, or machinery, one 
of the divisions of a proposition 1. 129 : 
sometimes unnecessary 1. 130 

KaraTOfir) Kavbvos, Sectio canonis attributed to 
Euclid 1. 1 7 , 11. 295 

Kd<rdw, " l e t it be m a d e " 1. 269 
K€Kafjifj.4v7>, b e n t (of lines) I . 159, 176 
K4vrpov, centre 1 .183 , 184, 199: of sphere Hi. 

2 7 0 : 1) 4k tow K4vrpov=zradius I . 190. I I . 2 
K€paro€i8i}s (ywvta), horn-like (angle) I . 1 7 7 , 

178, 182, 11. 4, 39, 40 
kXw, to breakoff, deflect, o r inflect: KekXda0ai, 

def. of, alluded to by Aristotle 1 . 1 1 8 , 150, 
176, 178, I I . 4 7 : K€k\aapL4v7} ypafip-if, 
defined by Heron 1. 150, 159: KexXAaBta 
$}) T r d X i c I I . 47 

kX&o-is, breaking (of lines) 1. 176 
kXIois, inclination: (of line to line) I . 1 7 6 : 

(of straight line to plane or of plane to 
plane) I I I . 263-4: 6/j.oLus KfKXtaBai, to be 
similarly inclined I I I . 265 

KotXoydjvtov, hollow-angled (figure), in Zeno
dorus 1. 27, 188 

KQLval tvyoiat, Common Notions ( = axioms) 
I . 2 2 1 - 2 : called also to. kowA, xoival 56£ai 
(Aristotle) I . 120, 221 

kolvt) TrpoaKfiaOu!, 4nf>7fpyff0to, 1 ' let t h e r e be 
added to, subtracted f r o m , e a c h " I . 276 

koivt) to^, common section (of planes) I I I . 
263 

KbXoupos, truncated (of pyramidal number 
minus vertex) 11. 291 

KOpvtpi), vertex : Kara Kopv<pi}v, vertical (angles) 
1. 278 

KplKOs, ring (Heron) 1. 163 



kvk\ik6s, cyclic, a particular species of square 
number I I . 291 

KVXIVBPOS, cylinder I I I . 271 
kuvos, cone i n . 270 

\i)fj.fj.a, lemma (^something assumed, Xapt-
fiavofievov) I. 133-4 

Xbyos, ratio: meaning 11. 1 1 7 : definition of, 
H. 116—9: original meaning (of something 
expressed) accounts for use of AXoyos, 
having no ratio, irrational I I . 1 1 7 

Xottrbs, remaining: Xoitri) if A A Xotirij t £ BH 
tat} tarty I. 245 

fxelfav, major (irrational straight line) i l l . 7, 
87 -8 etc. 

fitfiov&adat, to be isolated, of /lords, unit 
(Theon of Smyrna) I I . 279 

pttpos, part: two meanings I I . 1 1 5 : generally 
=submultiple I I . 280: ptiptf, parts ( = proper 
fraction) 11. 1 1 5 , 280: pAptf (^direction) 
I . 190, 308, 323: ( = side) 1. 271 

fiiaij dvdXoyov (cvdcta), fiiaos dvdXoyov (dptd-
fios), mean proportional (straight line or 
number) M, 129, 295, 363 etc. 

ptiaos, "media l" (of a certain irrational 
straight line or area) I I I . 49, 5 0 : t) 4k Svo 
fi4awv Tpiim} (Sevr4pa), 1 1 the first (second) 
bimedial (straight line)" H i . 7, 84-6: 
fiiatfs dvorofiif irpibrij (Sevripa), " first 
(second) apotome of a medial (straight 
line)" I I I . 7, 1 5 9 - 6 2 : fttfrbv Kal fUaov 
bvvafUvtf, " side of (square equal to) the 
sum of a rational and a medial area" 
I I I . 7, 88-9: Svo fiiaa bwafiivt), "side of 
the sum of two medial areas" i n . 7, 
89-90 : if fiera ptfrov {ptaov) fitaov rb bXov 
irotovoa, "side of (square equal to) the 
difference between a medial and a rational 
(medial) area i n . 7, 164-7 

fitTfapos, elevated (above a plane) i n . 272 
ft*] YDP, " suppose it is not " 11. 7 
fxifKos, length 1. 158—9: in Plato = side of 

complete square or length commensurable 
with unit of length 11. 288, in . 3 : more 
generally, of number in one dimension 
I I . 287-8 

fiTjpoetb-ijs, lune-like (of angle) 1. 26, 201 : t o 

fiTfvoetbis (AXVR10-)} ' U N E *• 187 
fAtKrbs, "mixed" (of lines or curves) I . I 6 I ( 

162 : (of surfaces) 1. 170 
fj.ovd'!, unit, monad : supposed etymological 

connexion with p-bvos, solitary, p.ovi), rest 
I I . 279 : p-ovds trpoaXaplovaa diotv, definition 
of a point I . 155 

fiovoarpotpos 2Xi£, " single-turn spiral " I . 1 2 2 -
3 w., 164-5 : in Pappus = cylindrical helix 
1. 165 

vevaets, inclinations, a class of problems 
1. 150-1 : VWTTW, to verge I. 118 , 150 

£wrpo«5IJS, scraper-like (of angle) I . 178 

bjj.Q(t8Jf$, " o f the same form" I . 250 

bptotouep-ifs, uniform (of lines or curves) I . 40, 
1 6 1 - 2 

B/jLotos, similar: (of rectilineal figures) 11. 188: 
(of angles) = equal (Thales, Aristotle) I . 
2 5 2 : (of segments of circles) I I . 5 ; (of 
plane and solid numbers) 1. 357, I I . 293 

bptoibrrfs Xbytav, "similarity of ratios" (inter
polated def. of proportion) I I . 1 1 9 

ofxoXoyos, homologous, corresponding 1 1 . 1 3 4 : 
exceptionally " in the same ratio with" 

^ 11. 238 
ovofta, name or term, in such expressions as 

77 4k boo bvo/xdruv, the binomial (straight 
line) i n . 7 etc. 

d^FTA (ytavla), acute (angle) I . 181 
6%vy&vtos, acute-angled 1. 187 
Strep IStt 5(T£AI (or vovqaot) Q.E.D. (or F . ) I. 57 
dpdoyuivtos, right-angled : as used of quadri

laterals — rectangular 1. 188-9 
bptaptbs, definition 1. 143 
6'por, definition 1. 143 : original meaning of, 

I. 1 4 3 : = boundary, limit I . 1 8 2 : —term 
in a proportion 11. 131 

OF IS, visual r a y 1. 166 

trdvrif p.£raXafi(2av6ricvai, " taken together in 
any manner" 1. 282 

trapapdXXttv, to apply (an area): vapafidXXetv 
dirb used, exceptionally, instead of xapa-
(HdXXetv irapa O r dvaypd<f>Ctv airb I I . 262 

irapafioXt) rdv ^ w p ^ y , application of areas 
I . 36, 343-5 : contrasted with inrepploXi) 
(exceeding) and £XXEIFT5 (falling-short) I . 
343 : trapa^oXt) contrasted with avaraatt 
(construction) I . 343 : application of terms 
to conies b y Apollonius I. 344-5 

irapdSo^oi t 6 t o $ , 6, The Treasury of Para
doxes 1. 329 

i r a p a X X d T T u , "fall beside," "s ideways" or 
" awry " I . 262, I I . 54 

irapa\X7)\etritreSos (adj.), parallelepipedal = 
"with parallel planes or faces": arepebv 
trapaXXrjXetrl-irebov = " parallelepipedal 
solid," not "solid parallelepiped" in . 326 

irapa\Xr)XbypafjLp.os, parallelogrammic (= pa
rallel-lined) : 7rapaXX7iXo7pap;/io*' Jffitjim 
"parallelogrammic area," shortened to 
TrapaXXi'Xbypafj.fiov, parallelogram I. 325 

trapatrXtfpwp.a, complement (of a parallelo
gram) q.v. 

Trevrdypafj.fj.ov I I . 99 
wepatvovaa troabr-qs, " limiting quantity" 

(Thymaridas' definition of unit) I I . 279 
Wpas, extremity I . 165, 182 : tripos avyKXtiov 

(Posidonius' definition of figure) 1. 183 
trepuxofUvtf (of angle), weptexb/Mvov (of rect

angle), contained I . 370: rb 51s trepttx0' 
tievov, twice the rectangle contained 1. 380: 
(of figure) contained or bounded 1. 182, 
183, 184, 186, 187 

ircptaadKts dprios, odd-times even 11. 282-4 
irepicraaKts treptaabs, odd-times odd 11. 284 
treptaadpnos, odd-even (Nicomachus etc.) 

I I . 283 
trtpiaabs, odd (number) I I . 281 
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r€pt(F>€p€IA, circumference (includes arc) 1. 184 
TefHtpepijs, circular I . 159 
Tepuf^pbypapLpLos, contained by a circum

ference of a circle or by arcs of circles 
I. 182, 184 

mjXUos, how great: refers to continuous 
(geometrical) magnitude as iroobt to discrete 
(multitude) 11. 1 1 6 - 7 

WT/XwcoTTfj, used in v . Def. 3 and VI. Def. 5 : 
— size (not quantuplicity as it is translated 
by De Morgan) 11. 1 1 6 - 7 , 189 -90 : sup
posed multiplication of rrjXtKOTT'Tes ( V I . 
Def. 5) 11. 1 3 2 : distinction between 
TT/XIKOTTJS and pAyc&os 11. 1 1 7 

r X d r o y , breadth 1. 1 5 8 - 9 : (ofnumbers) 11. 288 
t\€ov&£qv (wpd/SXTj/aa), " (problem) in excess " 

I . 129 
wXevpd, side : (of factors of *' plane " and 

"so l id" numbers) 11. 288 
T\r)0ot dpiap.ivo» or weirepao-pivov, denned 

or finite multitude (definition of number) 
I I . 280: 4k povdbwv ovyKttfxtvov JTXT}0OS 
(Euclid's def.) I I . 280 

woXKairXairtd^eiv, multiply: defined I I . 287 
ToXXairXaatatrju.d?, multiplication: «a6" 6TOI-

ovovv ToXXaTrXafftaa/iic," (arising) from any 
multiple whatever" 11. 120 

xoXXmrXdo-tos, multiple: Iffdnis iroXXcnrXdffta, 
equimultiples I I . 120 etc. 

wSXos, a mathematical instrument 1. 370 
TO\VIR\evpov, multilateral, many-sided figure 

I . 187: excludes Ttrpd-wktvpov, quadri
lateral I I . 239 

ropto-ao-dai, to " f ind" or "furnish" 1. 125, 
I I . 248 

Toptffput, porism q.v. 
Tov&Ktt woodtut IRO<roi, " so many times so 

many times so many" (of solid numbers, 
in Aristotle) II. 286, 200 

Toadfcij xocol, " so many times so many " (of 
plane numbers, in Aristotle) 11. 286 

wwrov, quantity, in Aristotle II. 1 1 5 : refers 
to multitude as tijKIkov to magnitude 11. 
116—7 

TPTFFPUI, prism i n . 268 
vp6p\i)fui, pfoblem q.v. 
WPORJYOVFMVOS, leading', (of conversion) = 

complete I . 256-7 : Trpoiryo&ptevov (6Vi&p7j/ia), 
leading (theorem), contrasted with converse 

TpopJ\Krfi% oblong (of numbers) : in Plato 
— iTepopL^K-tji, but distinguished from it by 
Nicomachus etc. II. 289-90, 293 

rpbs, in geometry, various meanings of, 1. 277 
rpoffavaypdipat, to draw on to: (of a circle) to 

complete, when segment is given I I . 56 
rpoffappLofavtra (effl eta) = " annex," the straight 

line which, when added to a compound ir
rational straight line formed by subtraction, 
makes up the greater "term," i.e. the 
negative "term l i t 159 

rpoaevpeip, to find in addition (of finding 
third and fourth proportionals) 11. 214 

rp6rAC 11, enunciation I. 129-30 
•wpoTdvb), to propound I . 128 

•wpoTidivai, to propose: t) TrporeeViixa evdc'IA, 
any assigned straight line I I I . 11 

wputrot irpos dXXiJXouy, (numbers) prime to 
one another II. 285-6 

jrpwros, prime': two senses of, 1. 146: 11. 284-5 
iTTWiy, case I . 134 
TRVPAPIS, pyramid I I I . 268 

£T/T6$, rational (literally "expressible") I . 
137, I I . 1 1 7 , I I I . 1 : a relative term, un
like daijfxpL€Tpm (incommensurable) which 
is a natural kind (Pythagoreans) I I I . 1 : 
P'ijtt} Stdpierpos 7-7/s •wep.irdbos, " rational 
diameter of 5 " ( = 7, as approximation to 
^ 5 ° ) I* 399I H I . I ' I 525 : p'rprbv xal plaov 
Swa/ieVrj ( = side of square equal to sum of 
a rational and a medial area) etc. i n . 7 

ffijpLeiov, point 1. 1 5 5 - 6 
o-rddpLT], a mathematical instrument I. 371 
arepebs, solid I I I . 2 6 2 - 3 : of solid numbers 

I I . 290-r : oreped yutvla, solid angle I I I . 
2 6 7 - 8 : Sfiota oreped o'xhpLaTat similar 
solid figures I I I . 265-7 

ffTtyp,-fi, point 1. 156 
o-TOLXEIOV, element 1. 1 1 4 - 6 
arpoyy6\op, rb, the round (circular), in Plato 

i- 159- L 8 4 
o-Tpoyyv\BT7}i, roundness I . 182 
avp.p.€Tpo%, commensurable : pujKtt, in length, 

Suvdp.€t p.BVOV, in square only I I I . n 
o-vfiiripourpLa. conclusion (of a proposition) 

I . 129, 130 
ff6vcvo-ts, convergence 1. 282 avvexfyi continuous: owexh* dvaXoyla, 

"continuous proportion" (in three terms) 
I I . 131 

jvvt}fip.ivq dva\oyla,connected (i.e. continuous) 
proportion I I . 1 3 1 , 2 9 3 : ovv7)p.fx4vos of 
compound ratio in Archimedes 11. 133 

OVVQTVTI, componendo I I . 134-5 
ffOv0e<Tts \byov, "composition of a ratio," 

distinct from compounding of ratios 11. 

o-6v0€tos, composite: (of lines or curves) 
I . 160: (of surfaces) 1. 1 7 0 : (of numbers), 
in Nicomachus and Iamblichus a sub
division of odd 11. 286 

ffvvtffTacBat, construct,: special connotation 
I. 259. 289: with ivrbs I . 289: contrasted 
with 7ropaj8dXXeti' (apply) I . 343 : oO o w r a -
0r)ff€Tat, ffvoTaBi)aovTai, " there cannot be 
constructed " I . 259, n. 53 

avyTl0rfput ouyKeipat (of ratios) I I . 135, 1 8 9 -
9 0 : <rvyK€tpi€va and tStaipetfeVra (com-
Ponendo and separando) used relatively to 
one another I I . 168, 170 

FFOFFTTIFIA pLovdStov, " collection of units " (def. 
of number) II. 280 

avo'Tiip.a.TiKbs, collective I I . 279 
oipdipa, sphere i n . 269 oipaiptKbSy spherical (of a particular species of 

cube number) I I . 291 
ATP7}Ki<TK0Z or efavlo-Kos, of solid number with 

all three sides unequal ( = scalene) I I . 200 
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ffx^ffts, ''relation": void exacts, " a sort of 
relation" (in def. of ratio) I I . 1 1 6 - 7 

ffXTffiaToypcufxlv, o~x,i}fxaToypa<f>la, representing 
(numbers) by figures of like shape 1. 359 

o'xVfiaTOiroto^ffa
 o r GXVf10- votovoa, " forming 

a figure" (of a line or curve) 1. 160-1 

Tai>Top.T)Ktjs, of square number (Nicomachus) 

t c u > t 6 t t j s X6yw, "sameness of ratios I I . 1 1 9 
WXetos, perfect (of a class of numbers) I I , 

*93"4 
reraypie'vos,"ordered : rerayp^vov vpSpXijpLa, 

"ordered" problem 1. 1 2 8 : reroiypivt) 
avaXoyla, "ordered" proportion I I . 137 

TtrapayiUvr) dvaXoyta,, perturbed proportion 
I I . 136 

TcTpayupto-pdis, squaring, definitions of, 1.149-
So, 4 1 0 

Tcrpdytovov, square : sometimes (but not in 
Euclid) any four-angled figure I . 188 

TerpdwXevpov, quadrilateral 1. 1 8 7 : not a 
" p o l y g o n " I I . 239 

rpirjfia kijkXov, segment of a circle: rp.i)p.a.Tos 
ywvla, angle of a segment I I . 4 : iv Tftfamn 
yuvta, angle in a segment 11. 4 

ropLeds (kOkXov), sector (of a circle): ffKVToro-
Pukos rofieiis, "shoemaker's knife" I I . 5 

tojutJ, section, =point of section 1. 170, 1 7 1 , 
2 7 8 : koivt) ropLi), "common section" i n . 
263 

ropLO€tot)s (of figure), sector-like I I . 5 
ToiriKbv deufpTfpLa, locus-theorem 1. 329 
ro>o$, locus I. 329-31 : =room or space 

I . 23 n.: place (where things may be 
found), thus t o t t o s dva.Xv6fj.£vo*i, Treasury 
of Analysis I . 8, 10, vapdSo^os t 6 t o s , 
Treasury of Paradoxes, 1. 329 

rdpvoty instrument for drawing a circle I . 371 
roaavraxXdoiop, " the same multiple" I i . 146 
rplyupov, triangle : t o rparXovv, t6 6T dXAif-

Xav, triple, interwoven triangle, = penta
gram I I . 99 

TpirXdffios, triple, rpiirXaoiwv, triplicate (of 
ratios) U . 133 

TplwXevpov, three-sided figure 1. 187 
Tvyx&Wi happen: rvxbv vypulov, any point 

at random I . 2 5 2 : rvxoi>o~a, ywvta, "any 
angle" 11. 212 : AXXa, d trvx€P, Urdxtt woX-
XarXdVta, "other, chance, equimultiples" 

143-4 

inrtpfloXi), exceeding, with reference to method 
of application of areas I . 36, 343-51 
386-7 

forepTeAi)* or forcprYXetoj, "over-perfect" (of 
a class of numbers) 11. 293-4 

BV6, in expressions for an angle (?) M BAT 
yavla) I . 249, and a rectangle I. 370 

OirodiwXao-ios, sub-duplicate, = half (Nico
machus) 11. 280 

irtroKftpLevos, laid down or assumed: t 6 uto-
Ktlnavov 4RLVE8OT>, the plane of reference 
I I I . 272 

vw6ic€LTa,t, "is by hypothesis" I . 303, 31A 
vroroX\a*Xdffiost submultiple (Nicomachus) 

11. 280 
inroTtlvew, subtend, with acc or inrd and ace. 

I . 249, 283, 350 
v\f/os, height 11. 189 

X^piov, area 11. 254 

uptafiivrf ypapLpLi), determinate line (curve), 
"forming a figure" I . 160 
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al-'Abbas b. Sa'ld al-Jauhari I. 8J 
" Abthiniathus" (or " Anthisathus") I. 203 
A b u '1 'Abbas al-Fadl b. Hatim, see an-

Nairizi 
Abu 'Abdallah Muh. b. M u a d h al-Jayyani 

I . 00 
Abu Al l al-Basri I. 88 
Abu 'Al l al-Hasan b. a!- Hasan b. al-IIaitham 

I . 88, 89 
Abu Da'ud Sulaiman b. 'Uqba I. 85, 90 
Abu Ja'far al-Khazin 1. 77, 85 
Abu Ja'far Muh. b. Muh. b. al-Hasan 

Naslraddin at-Tusi, see Nasiraddin 
Abu Muh. b. Abdalbaqi al-Bagdadi al-Farad! 

I . 8 M . , 90 
Abu Muh. al-Hasan b. 'Ubaidallah b. Sulai

man b.' Wah'b I. 87 
Abu Nasr Gars al-Na'ma 1. 90 
Abu Nasr Mansur b. 'All b. 'Iraq 1. 90 
Abu Nasr Muh. b. Muh. b. Tarkhan b. 

Uzlag al-Farabl I. 88 
Abu Sahl Wijan b. Rustam al-Kuhl I. 88 
Abu Said Sinan b. Thabit b. Qurra . i . 88 
Abu 'Uthman ad-Dimashqi I. 25, 77 
Abu '1 Wafa al-Buzjani I . 77, 85,' 86 
A b a Yusuf Ya'qab b. Ishaq b. as-Sabbah al-

Kindi t. 86 
Abu Yasuf Ya'qub b. Muh. ar-Razi 1. 86 
Adjacent (i<j>i^s), meaning 1. 181 
Adrastus I I . 292 
Aenaeas (or Aigeias) of Hierapolis I . 28, 311 
Aganis I . 27-8 , 191 
Ahmad b. al-IIusain al-Ahwazi al-Katib I . 89 
Ahmad b. 'Umar al-KarabisI I . 85 
al-Ahwazi I . 89 
Aigeias (? Aenaeas) of Hierapolis I . 28, 311 
Alcinous I I . 98 
Alexander Aphrodisiensis I . yn., 29, I I . 120 
Algebra, geometrical I . 3 7 2 - 4 : classical 

method was that of Eucl. I I . (cf. Apol
lonius) 1. 3 7 3 : preferable to semi-alge
braical method I . 3 7 7 - 8 : serai-algebraical 
method due to Heron 1. 373, and favoured 
by Pappus I . 373 : geometrical equivalents 
of algebraical operations 1 . 3 7 4 : algebraical 
equivalents of propositions in Book n. , I . 
3 7 2 - 3 : equivalents in Book x . of pro
positions in algebra, - cannot be 

equal to 4', i n . 58-60: if a±*/6=x±,Jy, 
then a = x, i=y, I I I . 93-4 , 1 6 7 - 8 

AH b. Ahmad A b u '1 Qasim al-Antaki 1. 86 
Allman, G . J . I . 1 3 5 » . , 318, 352, i l l . 1 8 -

9> 439 
Alternate: (of angles) I. 308: (of ratios), 

alternately 11. 134 
Alternative proofs, interpolated I . 58, 5 9 : 

cf. I I I . 9 and following 11. 22 : that in 
I I I . 10 claimed by Heron 11. 23-4 

Amaldi, U g o I. 175 , 179-80, 193, t o i , 3 1 3 , 
328, I I . 30, 126 

Ambiguous case 1. 306-7 : in v i . 7, I I . 208-9 
Amphinomus 1. 125, 128, 150 « . 
Amyclas of Heraclea I . 1 1 7 
Analysis (and synthesis) I . 18 : definitions 

of, interpolated, 1 . 1 3 8 , I I I . 442 : described 
by Pappus I . 1 3 8 - 9 : mystery of Greek 
analysis I I I . 246: modern studies of Greek 
analysis 1. 1 3 9 : theoretical and problem
atical analysis 1. 138 : Treasury of Analy
sis (T6TOS &va\v6ti€vos) I . 8, 10, 1 1 , 138 : 
method of analysts and precautions neces
sary to, 1. 139-40: analysis and synthesis 
of problems 1. 1 4 0 - 2 : two parts of analysis 
(a) transformation, (b) resolution, and two 
parts of synthesis, (a) construction, (b) 
demonstration 1. 141 : example from 
Pappus I . 1 4 1 - 2 : analysis should also 
reveal Stopttrfids (conditions of possibility) 
I . 1 4 2 : interpolated alternative proofs of 
x m . 1 -5 by analysis and synthesis I . 137, 
I I I . 44^-3 

Analytical method 1. 36 : supposed discovery 
of, by Plato 1. 134, 137 

Anaximander 1. 370, I I . i n 
Anaximenes I I . i n 
Anchor-ring 1. 163 
Andron 1. 126 
Ang le : curvilineal and rectilineal, Euclid's 

definition of, 1. 176 sq.: definition criti
cised by Syrianus 1. 1 7 6 : Aristotle's notion 
of angle as K\6JSIS 1. 1 7 6 : Apollonius' view 
of, as contraction 1. 176, 1 7 7 : Plutarch and 
Carpus on, 1. 1 7 7 : to which category does 
it belong? quantum, Plutarch, Carpus, 
" A g a n i s " I . 177 , Euclid 1. 1 7 8 ; quale, 
Aristotle and Eudemus 1. 1 7 7 - 8 : relation, 



Euclid I . 1 7 8 : Syrianus' compromise 
I. 1 7 8 : treatise on the Angle by Eudemus 

34* 38» 1 7 7 - 8 : classification of angles 
(Geminus) I . 1 7 8 - 9 : curvilineal and 
" m i x e d " angles 1. 26, 1 7 8 - 9 , horn-like 
(KepaToet5i)t) I . 177 , 178, 182, 265, I I . 4, 
39, 40, lune-like (fitjvoeiSi)*;) I . 26, 1 7 8 - 9 , 
scraper-Uke (i-vo-Tpo€t5i)$) I . 1 7 8 : angle of a. 
segment I . 253, 11. 4 : angle of a semi
circle I . 182, 253, I I . 4 : controversies about 
"angle of semicircle" and hornlike angle 
I I . 39 -42: definitions of angle classified 
I . 1 7 9 : recent Italian views 1. 1 7 9 - 8 1 : 
angle as cluster of straight lines or .rays 
I . 1 8 0 - 1 , defined by Veronese I . 180: as 
part of a plane (" angular sector") I . 1 7 9 -
8 0 : flat angle (Veronese etc.) I . 1 8 0 - 1 , 
269: three kinds of angles, which is prior 
(Aristotle)? I . 1 8 1 - 2 : angles not less than 
two right angles not recognised as angles 
(cf. Heron, Proclus, Zenodorus) 11. 4 7 - 9 : 
did Euclid extend "ang le" to angles 
greater than two right angles in V I . 3 3 ? 
I I . 2 7 5 - 6 : adjacent angles 1. 181 : alternate 
1. 308: similar^ — equal) I . 178, 182, 252: 
vertical 1. 2 7 8 : exterior and interior 
(to a figure) 1. 263, 280: exterior when 
re-entrant 1. 263, in which case we have a 
hollow-angled figure I . 27, 188, 11. 48: 
interior and opposite 1. 280: construction 
by Apollonius of angle equal to angle 
1. 296: angle in a semicircle, theorem of, 
L M 3 * 7 - 9 : trisection of angle, by con
choid of Nicomedes 1. 265-6, by quadratrix 
of Hippias 1. 266, by spiral of Archimedes 
1. 267: dihedral angle i n . 264-5 : solid 
angle i l l . 261 , 267-8 

Annex {wpoo-apfibfavo-a) m the straight line 
which, when added to a compound ir
rational straight line formed by subtraction, 
makes up the greater " term," i.e. the 
negative " t e r m " i n . 159 

al-Antakl 1, 86 
Antecedents (leading terms in proportion) n . 

F 3 4 
"Anthisathus" (or "Abthiniathus") 1. 203 
Antiparallels: may be used for construction 

of v i . 12 , 11. 2 1 5 
Antiphon 1. 7 «., 35 
Apastamba-^ulba-Sutra I . 352: evidence in, 

as to early discovery of Eucl. 1. 47 and use 
of gnomon I . 360-4: Biirk's claim that 
Indians had discovered the irrational 1. 
363-4: approximation to sjt and Thibaut's 
explanation 1. 361 , 363-4 : inaccurate 
values of it in, 1. 364 

Apollodorus "Logist icus" 1. 37, 319, 351 
Apollonius : disparaged by Pappus in com

parison with Euclid 1. 3 : supposed by 
some Arabians to be author of the Ele
ments 1. 5 : a " carpenter " 1. 5 : on ele
mentary geometry I . 42 1 on the line 1. 
1 5 9 : on the angle 1. 1 7 6 : general defini
tion of diameter 1. 325: tried to prove 
axioms 1. 42, 62, 222-3 : his "general 

treatise" 1. 42: constructions by, for 
bisection of straight line I . 268, for a 
perpendicular 1. 270, for an angle equal to 
an angle I . 296: on parallel-axiom (?) 
1. 4 2 - 3 : adaptation to conies of theory of 
application of areas 1. 344-5 : geometrical 
algebra in, 1.373: PlaneLoci,\. 14, 259,330, 
theorem from (arising out of Eucl. V I . 3), 
also found in Aristotle I I . 198-200: Plane 
vefotts 1. 1 5 1 , problem from, I I . 81 , lemma 
by Pappus on, 11. 6 4 - 5 : comparison of do
decahedron and icosahedron I . 6, lit. 439, 
512 , 5 1 3 : on the cochlias I . 34, 42, 162: 
on "unordered" irrationals 1. 4 2 , 1 1 5 , I I I . 
3 , 1 0 , 246, 255-9 : general definition of ob
lique (circular) cone I I I . 270: I . 138, 188, 
221, 222, 246, 259, 370, 373, I I . 75 , 190, 
258, in . 264, 267 

Apotome: compound irrational straight line 
(difference between two "terms") I I I . 7 : 
defined i n . 1 5 8 - 9 : connected by Theae
tetus with harmonic mean il l . 3, 4: 
biquadratic from which it arises i n . 7: 
uniquely formed I I I . 1 6 7 - 8 : first, second, 
third, fourth, fifth and sixth apotomes, 
quadratics from which arising I I I . 5-^, 
defined i l l . 177 , and found respectively 
(x. 85-90) in . 178-90: apotome equivalent 
to square root of first apotome I I I . 190-4: 

first, second^ third, fourth, fifth and sixth 
apotomes equivalent to squares of apotome, 

first apotome of a medial etc. I I I . 2 1 2 - 2 9 : 
apotome cannot be binomial also i n . 240-2: 
different from medial (straight line) and 
from other irrationals of same series with 
itself i n . 242 : used to rationalise binomial 
with proportional terms I I I . 243-8, 252-4 

Apotome of a medial (straight line): first and 
second, and biquadratics of which they are 
roots i n . 7: first apotome of a medial 
defined ti l . 159-60, uniquely formed il l . 
168-9 , equivalent to square root of second 
apotome m . 194-8 : second apotome of a 
medial, defined 1 1 1 . 1 6 1 - 2 , uniquely formed 
I I I . 170-2 , equivalent to square root of 
third apotome I I I . 199-202 

Application of areas I . 36, 343-5: contrasted 
with exceeding and falling-short 1. 343: 
complete method equivalent to geometrical 
solution of mixed quadratic equation 1. 
344-5. 3 8 3-5> 386-8, 11. 187, 258-60, 
263-5, 266-7 : adaptation to conies (Apol
lonius) 1. 3 4 4 - 5 : application contrasted 
with construction (Proclus) I . 343 

Approximations: 7/5 as approximation to sj% 
(Pythagoreans and Plato) II. 1 1 9 : approxi
mations to ^ 3 in Archimedes and (in 
sexagesimal fractions) in Ptolemy 11. 1 1 9 : 
to t (Archimedes) 11. 1 1 9 : to "/4500 
(Theon of Alexandria) 11. 1 1 0 : remarkably 
close approximations (stated in sexagesimal 
fractions) in scholia to Book x . , I. 74 «-

" A q a t o n " I . 88 
Arabian editors and commentators 1. 7 5 -

90 



Arabic numerals in scholia to Book X . , 
n t h c , 1. 71 

Archibald, R. C . I . 9 « . , 10 
Archimedes: "postulates" in, 1. 120, 1 2 3 : 

"porisms" in, I . 11 w., 1 3 : on straight 
line I . 166: on plane I . 1 7 1 - 2 : Liber 
assumptorum, proposition from, I t . 65 : 
approximations to ^ 3 , square roots of large 
numbers and to r , 11. 1 1 9 : extension of 
a proportion between commensurables to 
cover incommensurable* 11. 1 9 3 : " A x i o m " 
of (called however " lemma, assumption, 
by A . himself) 1. 234 : relation of " A x i o m " 
to X . 1, I I I . 15 -6 : " A x i o m " already 
used by Eudoxus and mentioned by 
Aristotle I I I . 1 6 : proved by means of 
Dedekind's Postulate (Stolz) m . 16 : on 
discovery by Eudoxus of method of ex
haustion i n . 365-6, 3 7 4 : new fragment 
of, " Method (BPODOI) of Archimedes about 
mechanical theorems," or lipb&IOV, dis
covered by Heiberg and published by 
him 11. 40,111. 366-8, adds new chapter to 
history of integral calculus, which the 
method actually is, I I I . 3 6 6 - 7 : application 
to area of parabolic segment, ibid. : spiral 
of Archimedes I . 26, 267 : 1. 20, 21 , 116 , 
142, 225, 249, 370, I I . 136, 190, i l l . 246, 
' 7 0 , 375 

Archytas 1. 20 : proof that there is no 
numerical geometric mean between n and 
n + 1 11. 295 

Areskong, M . E. 1. 113 
Arethas, Bishop of Caesarea 1. 48: owned 

Bodleian M s . (B) i. 4 7 - 8 : had famous 
Plato M S . of Patmos (Cod. Clarkianus) 
written I . 48. 

Argyrus, Isaak I . 74 
Aristaeus I . 138 : on conies 1. 3 : Solid Loci 

I . 16, 3 2 9 : comparison of five (regular 
solid) figures I . 6, i n . 438-9, 513 

Aristotelian Problems 1. 166, 182, 187 
Aristotle: on nature of elements 1. 1 1 6 : on 

first principles I . 1 1 7 sqq. : on definitions 
I . 1 1 7 , 1 1 9 - 2 0 , 143 -4 , 146-50: on distinc
tion between hypotheses and definitions 
I . 1 1 9 , 120, between i hypotheses and 
postulates I . 118 , 1 1 9 , between hypotheses 
and axioms 1. 120 : on axioms 1. 1 1 9 - 2 1 : 
axioms indemonstrable I . 1 2 1 : on defini
tion by negation 1. 156-7 : on points I . 
1 5 5 - 6 , 1 6 5 : on lines, definitions of, I . 
158-9 , classification of, 1. 159-60: quotes 
Plato's definition of straight line I . 1 6 6 : 
on definitions of surface I . 170: definition 
of " body" as that which has three 
dimensions or as " depth " I I I . 262 : body 
"bounded by surfaces" (<tiWJois) I I I . 
263 : speaks of six " dimensions " i l l . 263 : 
definition of sphere I I I . 269 : on the angle 
I . 1 7 6 - 8 : on priority as between right and 
acute angles I . 1 8 1 - 2 : on figure and 
definition of, I 1 8 2 - 3 : definitions of 
"squaring" 1. 149-50, 4 1 0 : on parallels 
I . 1 9 0 - 2 , 3 0 8 - 9 : on gnomon I . 3 5 1 , 355, 

359 : on attributes Kara Tarris and vpwrov 
Kadltkov I . 319, 320, 325 : on the objection 
I . 135 : on reduction I . 135 : on reductio aa 
absurdum 1. 136: on the infinite I . 232 - 4 : 
supposed postulate or axiom about diver
gent lines taken by Proclus from, I . 45, 
207: gives pre-Euclidean proof of Eucl. 1. 
5 , 1 . 2 5 2 - 3 : on theorem of angle in a semi
circle 1. 1 4 9 ; has proof (pre-Euclidean) 
that angle in semicircle is right I I . 63 : 
on sum of angles of triangle I . 3 1 9 - 2 1 : 
on sum of exterior angles of polygon 1. 
3 2 2 : on def. of same ratio ( = same 
AVTAVA-lpcais) 11. 120-1 : on proportion as 
"equality of ratios" 11. 1 1 9 : on theorem in 
proportion (alternando) not piovcdgeneratfy 
till his time 11. 1 1 3 : on proportion in three 
terms ( ( T w e x i j r , continuous), and in four 
terms ( J i t j / j t i ^ i ' i ) , discrete) I I . 1 3 1 , 293: on 
alternate ratios 11. 134: on inverse ratio I I . 
134, 1 4 9 : on similar rectilineal figures 11. 
188: has locus-theorem (arising out of 
Eucl. v i . 3) also given in Apollonius' 
Plane Loci I I . 198-200: on unit I I . 2 7 9 : 
on number 11. 280: on non-applicability of 
arithmetical proofs to magnitudes if these 
are not numbers 11. 1 1 3 : on definitions of 
odd and even by one another I I . 281 : on 
prime numbers 11. 284-5 : o n composite 
numbers as plane and solid 11. 286, 288, 
290: on representation of numbers by 
pebbles forming figures I I . 288: gives 
proof (no doubt Pythagorean) of incom
mensurability of Ji, I I I . 2 : 1. 3 8 , 4 5 , 1 1 7 . 
1 5 0 « . , 181, 184, 185, 187, 188, 195, 202, 
203, 221, 222, 223, 226, 259, 262-3 , 283, 
4 1 1 , 11. 2, 4, 22, 79, 1 1 2 , 135 , 149, 159, 
160, 165, 184, 188, 189, I I I . 4 

Arithmetic, Elements of, anterior to Euclid 
I I . 295 

Arithmetical calculations in scholia to Book X . , 

1- 7 ' . 74 
al-Arjanl, Ibn Rahawaihi I . 86 
Ashkal at-ta'sis I . 5 « . 
Ashraf Shamsaddin as-Samarqandl, Muh. b . 

1. 5 « . , 89 
Astaroff, Ivan I . 1 1 3 
Asymptotic (non-secant): of lines I . 40, 161 , 

203: of parallel planes i l l . 265 
Athelhard of Bath 1. 78, 93-6 
Athenaeus of Cyzicus I . 1 1 7 
Athenaeus I . 20 
August, E . F . 1. 103, I I . 23, 25, 149, 238, 

250, 412 , I I I . 2, 48 
Austin, W . 1. 103, i n , I I . 1 7 2 , 1 8 8 , 2 1 1 , 259 
Autolycus, On the moving sphere, I . 17 
Avicenna, I . 77, 89 
" Axiom of Archimedes " I I I . 1 5 - 6 : already 

used by Eudoxus, I I I . 15 , and mentioned by 
Aristotle, i n . 16 : relation of, to Eucl. X . 
1, I I I . 1 5 - 6 

Axioms, distinguished from postulates by 
Aristotle I . 1 1 8 - 9 , Proclus (Geminus 
and "others") I . 40, 1 2 1 - 3 : Proclus on 
difficulties in distinctions I . 123-4 : distin-



guished from hypotheses, by Aristotle I . 
no—I, by Proclus 1. 1 2 1 - 2 : indemonstrable 
I . 1 2 1 : attempt by Apollonius to prove 1. 
2 2 3 - 3 : = "common (things)"or "common 
opinions" in Aristotle I . 120, 2 2 1 : com
mon to all sciences I . 1 1 9 , 1 2 0 : called 
"common notions" in Euclid I . 1 2 1 , 2 2 1 : 
which are genuine? I . 221 sqq. : Proclus 
recognises five 1. 222, Heron three I . 222 : 
interpolated axioms I. 224, 232: Pappus' 
additions to axioms I . 25, 223, 224, 232 : 
axioms of congruence, (1) Euclid's Common 
Notion 4, I . 224-7 , (2) modern systems 
(Pasch, Veronese and Hilbert) I . 228-31 : 
" a x i o m " with Stoics = every simple 
declaratory statement 1. 41 , 221 : axioms 
tacitly assumed, in Book v. , 11. 137, in 
Book V I I . , 11. 294 

A x i s : of sphere I I I . 261 , 269 : of cone i n . 
261 , 271 : of cylinder I I I . 262, 271 

Babylonians : supposed discoverers of " har
monic proportion" I I . 112 

Bacon, Roger 1. 94, 416 
Baermann, G . F . 11. 213 
Balbus, tie mensuris I . 91 
Baltzer, R. I I . 30 
Barbarin I . 2 1 9 
Barlaam, arithmetical commentary on Eucl. 

I I . , I . 74 
Barrow: on Eucl . v . Def. 3, 11. 1 1 7 : on 

V . Def. 5, I I . 121 : 1. 103, 105, n o , i n , 
I I . 56, 186, 238 

Base: meaning 1. 248-9 : of cone I I I . 262 : 
of cylinder I I I . 262 

Basel editio princeps of Eucl . , 1. I O O - I 
Basilides of Tyre 1. 5, 6, I I I . 512 
Baudhayana Sulha-Sutra 1. 360 
Bayfius (Bai'f, Lazare) I . 100 
Becker, J. K . 1. 174 
Beez I . 176 
Beha-ad-din I . 4 1 7 
Beltrami, E . 1. 219 
Benjamin of Lesbos I . 113 
Bergh, P. I . 400-1 
Bernard, Edward I . 102 
Besthorn and Heiberg, edition of al Hajjaj's 

translation and an-Nairizl's commentary 
I. 22, 27 w., 79 n. 

Bhaskara 1. 3 5 5 , 418 
Billingsley, Sir Henry, 1. ioq-10 , 4 1 8 , 1 1 . 56, 

238, I I I . 48 
Bimedial (straight line) : first and second, 

and biquadratic equations of which they 
are roots H I . 7 ; first bimedial defined H i . 
84-5 , equivalent to square root of second 
binomial i l l . 84, 120-3, uniquely divided 
i n . 9 4 - 5 : second bimedial defined I I I . 
85-7 , equivalent to square root of third 
binomial i n . 84, 1 2 4 - 5 , uniquely divided 
" I - 9 5 - 7 

Binomial (straight line): compound ir
rational straight line (sum of two " terms ") 
I I I . 7 : defined i n . 83, 84: connected by 
Theaetetus with arithmetic mean H I . 3 , 4: 

biquadratic of which binomial is a positive 
root I I I . 7 : first, second, third, fourth, 

fifth and sixth binomials, quadratics from 
which arising I I I . 5 -6 , defined I I I . 1 0 1 - 2 , 
and found respectively ( x . 48-53) I I I . 1 0 2 -
15 , are equivalent to squares of binomial, 
first bimedial etc. i l l . 132-45 : binomial 
equivalent to square root of first binomial 
I I I . 1 1 6 - 2 0 : binomial uniquely divided, 
and algebraical equivalent of this fact I I I . 
92-4 t cannot be apotome also 111. 240-2 : 
different from medial (straight line) and 
from other irrationals (first bimedial etc.) 
of same series with itself I I I . 242 : used to 
rationalise apotome with proportional terms 
i n . 248-52, 252-4 

al-Biruni 1. 90 
Bjbrnbo, Axe l Anthon I . 1 7 1 . , 93 
Boccaccio 1. 96 
Bodleian M S . (B) I. 47, 48 
Boeckh I . 351 , 371 
Boethius I . 92, 95, 184, 11. 295 
Bologna M s . (b) I . 49 
Bolyai, J . 1. 219 
Bolyai, W . I . 1 7 4 - 5 , 219, 328 
Bolzano 1. 167 
Boncompagni I . 9 3 1 . , 1 0 4 » . 
Bonola, R. 1. 202, 219 
Borelli, Giovanni Alfonso I . 106, 194, I I . 2 ,84 
Boundary [Spot) I . 182, 183 
Brakenhjelm, P. R. I . 1 1 3 
Breadth (of numbers) = second dimension or 

factor I I . 288 
Breitkopf, Joh. Gottlieb Immanuel I . 97 
Bretschneider I . 136 » . , 137 , 295, 304, 344, 

354. 358, i n - 439. 442 
Briconnet, Francois I . 100 
"Bride, Theorem of the" = Kucl. I . 47 . I . 

4 1 7 - 8 
"Bride's Chair," name for Eucl . I . 47, 1. 

4 1 7 - 8 
Briggs, Henry I . 102, I I . 143 
Brit. Mus. palimpsest, 7TH—8TH c , I . 50 
Bryson, 1. 8 » . 
BUrk, A . I . 352, 360-4 
BUrklen I . 179 
Buteo (Borrel), Johannes I . 104 

Cabasilas, Nicolaus and Theodoras 1. 72 
Caiani, Angelo I. 101 
Camerarius, Joachim 1. 101 
Camerer, J. G . I . 103, 293, I I . 2 1 , 25, 28, 

33. 34. 40, 67, 1 2 1 , 1 3 1 , 189, 2 1 3 , 244 
Camorano, Rodrigo, 1. 1 1 2 
Campanus, Johannes I . 3, 78, 94-6, 104, 

106, 1 1 0 , 4 0 7 , I I . 28, 4 1 , 56, 90, 1 1 6 , 119 , 
1 2 1 , 146, 189, 2 1 1 , 234, 235, 253, 275, 
320, 322, 328 

Candalla, Franciscus Flussates (Francois de 
Foix, Comte de Candale) I . 3, 104, 110 , 
I I . 189 

Cantor, Moritz I . 272, 304, 318, 320, 333, 
352, 355. 357 -8 , 360, 401, I I . 5 , 40, 97, 

I I I . 8, 15, 438 
Cardano, Hieronimo I I . 4 1 , I I I . 8 



Carduchi, L . 1. i n 
Carpus, on Astronomy, I. 34, 43 : 1. 45, 127, 

118, 177 
Case, technical term I . 134 : cases interpola

ted I . 58, 5 9 : Greeks did not infer limiting 
cases but proved them separately I I . 75 

Casey, J . I I . 227 
Casiri, I . 4 » . , 17 « . 
Cassiodorus, Magnus Aurelius 1. 93 
Catalan, I I . 426 
Cataldi, Pietro Antonio, 1. 106 
Catottrica, attributed to Euclid, probably 

Tneon's I . 17 : Catoptrica of Heron I . 2 1 , 
U 3 

Cauchy I I I . 267: proof of Eucl . X I . 4, I I I . 
280 

" C a u s e " : consideration of, omitted by com
mentators I . 19, 45 : definition should state 
cause (Aristotle) I . 1 4 9 : cause = middle 
term (Aristotle) 1. 1 4 9 : question whether 
geometry should investigate cause (Gemi
nus), I . 45, 150M. 

Censorinus I . 91 
Centre, Ktvrpov I . 184-5 
Ceria Aristotelica I . 35 
Cesaro, E . I I . 426 
" Chance equimultiples" in phrase "other, 

chance, equimultiples" 11. 143-4 
Chasles on Porisms of Euclid 1 . 1 0 , n , 14, 15 
Chaucer, Dulcarnon in, 1. 4 1 6 - 7 , 418 
Chinese, knowledge of triangle 3, 4, 5, 

I. 35*. 3 6 2 : " C h 6 u pe i" 1. 355 
Chou Kung 1. 362 
Christensen I I I , 8 
Chrysippus 1. 330 
Chrystal, G. I I I . 19 
Cicero 1. 9 1 , 351 
Circ le: definition of, I . 1 8 3 - 5 : =round, 

ffrpoyyvXov (Plato), I . 184 : = Ttpnpcp6-
ypanpov (Aristotle) 1. 184 : a plane figure 
I . 1 8 3 - 4 : exceptionally in sense of "cir
cumference" I I . 2 3 : centre of, I . 184-5 : 
pole of, 1. 1 8 5 : bisected by diameter 
(Thales) I . 185, (Saccheri) 1. 1 8 5 - 6 : inter
sections with straight line 1. 237-8 , 272-4, 
with another circle I . 238-40, 242-3 , 
293-4 : definition of "equal circles" I I . 2 : 
circles touching, meaning of definition, 
I I . 3 : circles intersecting and touching, 
difficultIES in Euclid's treatment of, 11. 
«5-7» ^8-9, modern treatment of, I I , 30-2 

Circumference, wepup4peia, I . 184 
Cissoid, I . 161 , 164, 176, 330 
Clairaut I . 328 
Clavius (Christoph Klau?) I . 103, 105, 194, 

»3*» 38I, 39*. 4<>7» « • 2, 4 1 , 42, 47, 49, 
53. 56 .67 , 70, 73 , 130, 170, 190, 231 , 238, 
244, 271, i n . 273, 3 3 1 , 341 , 350, 359, 433 

Claymundus, Joan. 1. 101 
Cleonides, introduction to Harmony, I . 17 
Cochlias or cochlion (cylindrical helix) 1. 162 
Codex Leidensis 399, 1 : I . 22, 27 ». , 79 n. 
Coets, Hendrik, 1. 109 
Commandinus I. 4, 102, J03, 104-5, 106, 110, 

III. 407, 11. 4 7 , 130, 190 : scholia includ

ed in translation of Elements I . 7 3 : edited 
(with Dee) De divisionibus I . 8, 9, 1 1 0 

Commensurable: defined i l l . 1 0 : com
mensurable in length, commensurable in 
square, and commensurable in square only 
defined I I I . 10, 1 1 : symbols used in notes 
for these terms i l l . 34 

Commentators on Eucl. criticised by Proclus 
I . 19, 26, 45 

Common Notions: = axioms I . 62, 1 2 0 - 1 , 
2 2 I - » : which are genuine? 1. 221 sq . : 
meaning and appropriation of term I . . 2 2 1 : 
called " a x i o m s " by Proclus I . 221 

Complement, wapaTrXripufxa: meaning of, I . 
3 4 1 : "about diameter" I . 341 : not 
necessarily parallelograms I . 341 : use for 
application of areas I . 342-3 

Componendo (q-vi>B4vti), denoting "composi
tion " of ratios q.v.: componendo and 
separando used relatively to each other 
I I . 168, 170 

Composite, ofodtTot: (of lines) I . 1 6 0 : (of 
surfaces) I . 1 7 0 : (of numbers) 11. 2 8 6 : 
with Eucl . and Theon of Smyrna composite 
numbers may be even, but with Nicom. 
and Iamblichus are a subdivision of odd 11. 
286, plane and solid numbers are species 
of, I I . 286 

"Composi te to one another" (of numbers) 
I I . 286-7 

Composition of ratio (o-vvdzats Xoyov), de
noted by componendo {itv»64vti), distinct 
from compounding ratios I I . 134 -5 

Compound ratio : explanation of, 11. 132-3I: 
(interpolated?) definition of, n . 1 8 9 - 9 0 : 
compounded ratios in v . 20-3, I I . 1 7 6 - 8 

Conchoids 1. 1 6 0 - 1 , 265-6 , 330 
Conclusion, avp.irt'paajj.a: necessary part of a 

proposition I . 1 2 9 - 3 0 : particular con
clusion immediately made general 1. 1 3 1 : 
definition merely stating conclusion 1. 149 

C o n e : definitions of, by Euclid I I I . 262, 270, 
by Apollonius 111. 2 7 0 : distinction between 
right-angled, obtuse-angled and acute-
angled cones a relic of old theory of 
conies I I I . 2 7 0 : similar cones, definition 
of, Hi. 262, 271 

Congruence-Axioms or Postulates: Common 
Notion 4 in Euclid I . 2 2 4 - 5 : modern 
systems of (Pasch, Veronese, Hilbert) I . 
228-31 

Congruence theorems for triangles, recapitu
lation of, I . 305-6 

Conies, of Euclid, 1. 3, 1 6 : of Aristaeus, I . 3, 
1 6 : of Apollonius I . 3, 1 6 : fundamental 
property as proved by Apollonius equi
valent toCartesian equation 1.344-5 : focus-
directrix property proved by Pappus I . 

15 . . . 
Consequents ("following" terms in a pro

portion) 11. 134, 238 
Constantinus Lascaris 1. 3 
Construct (a-vviaraaOai) contrasted with 

describe on I . 348, with apply to I . 3 4 3 : 
special connotation I . 259, 289 



Construction, KtxraaKevri, one of formal 
divisions of a proposition I . 129 : some
times unnecessary 1. 130 : turns nominal 
into real definition I . 1 4 6 : mechanical 
constructions I . 1 5 1 , 387 

Continuity, Principle of, 1. 234sq. , 242, 272, 
294 

Continuous proportion (ffwfxfa or avvinipiivri 
dvdkoyla) in three terms I I . 131 

Conversion, geometrical: distinct from logical 
I . 2 5 6 : " l e a d i n g " and partial varieties 
of, I . 256-7 , 337 

Conversion of ratio (avaoTpo<pij \6yov), de
noted by convertendo i&vaar^^avri) I I . 
135 : convertendo theorem not established 
by V . 19, Por. I I . 1 7 4 - 5 , but proved by 
Simson's Prop. E . I I . 175 , I I I . 38: Euclid's 
roundabout substitute I I I . 38 

Convertendo denoting "conversion" of ratios, 
q.v. 

Copernicus I . 101 
Cordonis, Mattheus 1. 97 
Corresponding magnitudes I I . 134 
Cosmic figures ( = nve regular solids) 1. 4 1 3 - 4 
Cossali I I I . 8 
Cratistus I . 133 
Crelle, on the plane I . 1 7 2 - 4 , I I I . 263 
Ctesibius I . 20, 21 , 39 n. 
C u b e : defined i n , 2 6 2 : problem of in

scribing in sphere, Euclid's solution I I I . 
478-80, Pappus' solution i l l . 480: dupli
cation of cube reduced by Hippocrates of 
Chios to problem of two mean propor
tionals I . 135 , I I . 133 : cube number, de-
lined I I . 2 9 1 : two mean proportionals 
between two cube numbers I I . 294, 364-5 

Cunn, Samuel I . i n 
Curtze, Maximilian, editor of an-Nairizi 

I . 22, 78, 92, 94, 96, 9 7 » . , I I . 426 
Curves, classification of: see line 
Cyclic, of a particular kind of square number 

I I . 291 
Cyclomathia of Leotaud 11. 42 
Cyl inder: definition of, I I I . 2 6 2 : similar 

cylinders defined I I I . 262 
Cylindrical helix 1. 161 , 162, 329, 330 
Czecha, Jo. I . 1 1 3 

Dasypodius (Rauchfuss) Conrad I . 73 , 102 
Data of Euc l id : 1. 8, 132, 1 4 1 , 385, 3 9 1 : 

Def. 2, I I . 248: Prop. 8, I I . 249-50: 
Prop. 24, I I . 2 4 6 - 7 : Prop. 55, I I . 2 5 4 : 
Props. 56 and 68, I I . 249: Prop. 58, I I . 
2 6 3 - 5 : Props. 59 and 84, I I . 2 6 6 - 7 : 

Prop. 67 assumes part of converse of 
Simson's Prop. B (Book V I . ) I I . 2 2 4 : 
Prop. 70, I I . 250: Prop. 85, I I . 2 6 4 : 
Prop. 87, I I . 228 : Prop. 93, I I . 227 

Deahna I . 174 
Dechales, Claude Francois Milliet I . 106, 

107, 108, n o , I I . 259 
Dedekind's theory of irrational numbers 

corresponds exactly to Eucl . v. Def. 5, 
I I . 1 2 4 - 6 ; Dedekind's Postulate and 
applications of, 1. 235-40, III. 16 

Dee , John I . 109, n o ! discovered De 
divisionibus 1. 8, 9 

Definition, in sense of "closer statement" 
(Siopus/iis), one of formal divisions of a pro
position I . 129 : m a y b e unnecessary 1. 130 

Definitions: Aristotle on, I . 1 1 7 , 1 1 9 , 120, 
1 4 3 : a class of thesis (Aristotle) I . 1 2 0 : 
distinguished from hypotheses 1. 1 1 9 , but 
confused therewith by Proclus I . 1 2 1 - 2 : 
must be assumed I . n 7 - 9 , but say nothing 
about existence (except in the case of a few 
primary things) 1. 1 1 9 , 1 4 3 : terms for, 
boos and opitrtibs 1. 143 : real and nominal 
definitions (real = nominal plus postulate 
or proof), Mil l anticipated by Aristotle, 
Saccheri and Leibniz 1. 1 4 3 - 5 : Aristotle's 
requirements in, I . 146-50, exceptions 
I . 148 : should state cause or middle term 
and be genetic I . 1 4 9 - 5 0 : Aristotle on un
scientific definitions (4K jwl) vpor^ptar) I . 
148 -9 : Euclidis definitions agree generally 
with Aristotle's doctrine I . 1 4 6 : inter
polated definitions I . 6 1 , 62 : definitions 
of technical terms in Aristotle and Heron, 
not in Euclid 1. 150 

De levi et ponderoso, tract I . 18 
Demetrius Cydonius I . 72 
Democritus I . 38 : " On difference of gnomon " 

etc. (?on "angle of contact") I I . 40: on 
parallel and infinitely near sections of cone, 
I I . 40, I I I . 368: stated, without proving, 
propositions about volumes of cone and 
pyramid, I I . 40, I I I . 3 6 6 : was evidently 
on the track of the infinitesimal calculus 
I I I . 368: treatise on irrationals (icepl i\bryav 
ypafjiftuv Kal vaorGiv ft') I . 413 , I I I . 4 

De Morgan, A . : I . 246, 260, 269, 284, 291 , 
298, 300, 309, 3 1 3 , 314 , 3 1 5 , 360, 376, 
I I - 5. 7. 9 -10 , 1 1 , 15 , 20, 22, 29, 56, 7 6 - 7 , 
83, 101 , 104, 1 1 6 - 9 , " ° > 'Z°> >39> ' 4 5 . 
197, 202, 2 1 7 - 8 , 232, 233, 234, 272, 275 : 
on definition of ratio I I . 116—7 : on ex
tension of meaning of ratio to cover 
incommensurables I I . 1 1 8 : means of ex
pressing ratios between incommensurables 
by approximation to any extent 11. 1 1 8 - 9 : 
defence and explanation of v. Def. 5, I I . 
121—4 * on necessity of proof that tests 
for greater and less, or greater and equal, 
ratios cannot coexist I I . 1 3 0 - 1 , 1 5 7 : on 
compound ratio I I . 1 3 2 - 3 , 234: sketch of 
proof of existence of fourth proportional 
(assumed in v . 18) I I . 1 7 1 ; proposed 
lemma about duplicate ratios as alternative 
means of proving v i . 22, I I . 2 4 6 - 7 : on 
Book x. , I I I . 8 

Dercyllides I I . i n 
Desargues I . 193 
Describe on (ivaypitpetv Airb) contrasted with 

construct I . 348 
De Zolt I . 328 
Diagonal (StayAvios) I . 185 
" D i a g o n a l " numbers: see " S i d e - " and 

" diagonal-" numbers 
Diameter (Sii/urpot), of circle or parallelo-
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gram I . 185: of sphere I I I . 261, 269, 
270: as applied to figures generally 1.325; 
"rational" and "irrational" diameter of 
5 (Plato) 1. 399, 413, taken from Pytha
goreans I . 399-400, I I I . 12 

Dickson, L . E . 11. 426 
Diels, H . 1. 412 
Dihedral angle • inclination of plane to plane, 

measured by a plane angle I I I . 264-5 
Dimensions (cf. &currd<ret$), I . 157, 158: 

Aristotle's view of, I . 158-9, I I I . 262-3, 
speaks of six I I I . 263 

Dinostratus I . 117, 266 
Diodes 1. 164 
Diodorus I . 203 
Diogenes Laertius I . 37, 305, 317, 351, i n . 4 
Dionysius, friend of Heron, 1. 21 
Diophantus I . 86 
Diorismus (5iopt<r/i6i) = (a) "definition" or 

"specification," a formal division of a 
proposition 1. 129: (b) condition of possi
bility I . 128, determines how far solution 
possible and in how many ways I . 130-1, 
243: diorismi said to have been discovered 
by Leon 1. 116; revealed by analysis 
I . 142: introduced by de? 8IJ 1. 293: first 
instances in Elements I. 234, 293: for 
solution of quadratic I I . 259 

Dippe I . 108 
Direction, as primary notion, discussed I . 

179: direction-theory of parallels 1. 191-2 
Discrete proportion, StjiprtfiivTi or Stefcvyfitvii 

dvakoyla, in four terms, 11. 131, 293 
"Dissimilarly ordered" proportion (dvoftolus 

Tfrayfiivtov TQIV \6ytav) in Archimedes 
= *' perturbed proportion" 11. 136 

Distance, Stdo-rrifia: m radius 1. 199: in 
Aristotle has usual general sense and 
= dimension 1. 199 

Dividendo (of ratios): see Separation, 
sefarando 

Division (method of), Plato's 1. 134 
Divisions (of figures), treatise by Euclid, I . 

8, 9: translated by Muhammad al-Bagdadl 
I . 8: found by Woepcke in Arabic I . 9, 
and by Dee in Latin translation 1. 8, 9: 
I. 110: proposition from, n . 5 

Dodecahedron: in sphere 1.411: decomposi
tion of faces into elementary triangles 11. 
98: definition of, I I I . 262: dodecahedra 
found, apparently dating from centuries 
before Pythagoras i n . 438, though said to 
have been discovered by Pythagoreans 
ibid.: problem of inscribing in sphere, 
Euclid's solution i n . 493, Pappus' solution 
I " . 5°i-3 

Dodgson, C . L . 1. 194, 254, 261, 313, 11.48, 
275 

Dou, Jan Pieterszoon 1. 108 
Duhamel, J. M . C . 1. 139, 328 
Dulcarnon, name for Eucl. I. 47, I . 416, 418 
Duplicate ratio 11. 133; bnrkaLaluv, duplicate, 

distinct from StirXdoios, double ( — ratio 
2 :1 ) , though use of terms not uniform 
I I . 133: "duplicate" of given ratio found 

by v i . 11, 11. 214: lemma on duplicate 
ratio as alternative to method of v i . 22 
(De Morgan and others) I I . 242-7 

Duplication of cube; reduction of, by Hippo
crates, to problem of finding two mean 
proportionals I . 135, I I . 133: wrongly sup
posed to be alluded to in Timaeus 32 A, B, 
I I . 294-5 ». 

Egyptians 11. 112: knowledge of 32 + 4A = 52» 
I . 352 : view of number I I . 280 

Elbe, Thyra I . 113 
Elefuga, name for Eucl . I . 5, I . 416-7 
Elements: pre-Euclidean Elements, by Hip 

pocrates of Chios, Leon 1. U6, Theudius 
1. 117: contributions to, by Eudoxus 1. 1, 
37, 11. II2, I I I . 15, 365-6, 374, 441, The
aetetus ! . 1, 37, I I I . 3,438, Hermotimus of 
Colophon I . 117; Euclid's Elements, ulti
mate aims of, I . 2, 115-6; commentators 
on, 1. 19-451 Proclus 1. 19, 29-45 and 
passim, Heron I . 20-4, an-Nairizi I . 21-4, 
Porphyry 1. 24, Pappus I . 24-7, Sim-
plicius I . 28, Aenaeas (Aigeias) I . 28: 
m s s . of, 1. 46-51: Theon's changes in text 
I- 54-8: means of comparing Theonine 
with ante-Theonine text I . 51-3: inter
polations before Theon's time 1. 58-63: 
scholia 1. 64-74 : external sources throw
ing light on text, Heron, Taurus, Sextus 
Empiricus, Proclus, Iamblichus I . 62-3: 
Arabic translations (1) by al-Hajjaj I . 
75. 76, 79' 8 O ' 83-4» (a) by Is'haq and 
Thabit b. Qurra I . 75-80,83-4, (3) Naslrad
din at-Tusi I . 77-80, 84: Hebrew transla
tion by Moses b. Tibbon or Jakob b. 
Machir I . 76: Arabian versions compared 
with Greek text 1. 79-83, with one another 
I . 83, 84: translation by Boethius I . 92: 
old translation of 10TH c. 1.92; translations 
by Athelhard I . 93-6, Gherard of Cremona 
I . 93-4. Campanus I . 94-6, 97-100 etc., 
Zamberti I . 98-100, Commandinus I . 104-
5: introduction into England, 10TH c , 
I . 95 : translation by Billingsley I . 109-10: 
Greek texts, editio princeps I . 100-1, 
Gregory's I . 102-3, Peyrard's I . 103, 
August's I . 103, Heiberg's passim : trans
lations and editions generally I . 97-113: 
writers on Book x . , i n . 8-9: on the nature 
of elements (Proclus) 1. n 4-6, (Menaech-
mus) 1. 114, (Aristotle) 1. U6: Proclus on 
advantages of Euclid's Elements I . 115: 
immediate recognition of, I . 116: first 
principles of, definitions, postulates, com
mon notions (axioms) 1. 117-24: technical 
terms in connexion with, I . 125-42: no 
definitions of such technical terms 1. 150: 
sections of Book I . , I . 308 

Elinuam 1. 95 

Engel and Stackel 1. 219, 321 
Enriques, F . I . 113, 157, i?5, 193, 195, 101, 

313, 11. 30, 126 
Enunciation (Tpdraats), one of formal di

visions of a proposition I . 129-30 
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Epicureans, objection to Euc l . I . 20, I . 4 1 , 
1 8 7 : Savile on, I . 187 

Equality, in sense different from that of 
congruence ( = " equivalent," Legendre) I . 
3 2 7 - 8 : two senses of equal (1) "divisibly-
equal" (Hilbert) or " equivalent by sum " 
(Amaldi), (?) "equal in content" (Hilbert) 
or "equivalent by difference" (Amaldi) 
I . 328: modern definition of, 1. 238 

Equimultiples: " a n y equimultiples what
ever," la&Kis roXXairXdcrta ko0' ovotovovv 
woXKawXaotaauAv I I . 1 2 0 : stereotyped 
phrase " other, chance, equimultiples" 
I I . 143 -4 : should include once each magni
tude I I . 145 

Eratosthenes: I . 1 : contemporary with Ar
chimedes I . 1, 2 : Archimedes' " M e t h o d " 
addressed to, I I I . 3 6 6 : measurement of 
obliquity of ecliptic (23° 5 1 ' 20") I I . I l l 

Errard, Jean, de Bar-le-Duc I . 108 
Erycinus I. 27, 290, 329 
Escribed circles of triangle I I . 85, 86-7 
Euclid: account of, in Proclus' summary I . 1: 

date I . 1-2 : allusions to, in Archimedes 
I . 1 : (according to Proclus) a Platonist 
I . 2 : taught at Alexandria I . 2 : Pappus 
on personality of, I . 3 : story of (in 
Stobaeus) 1. 3 : not " o f M e g a r a " 1. 3, 4 : 
supposed to have been born at Gela 1. 4 : 
Arabian traditions about, 1 .4 ,5 : "of T y r e " 
I . 4 - 6 : " of Tf i s" 1. 4, 5 n.: Arabian 
derivation of name ("key of geometry") 
1 . 6 : Elements, ultimate aim of, I . 2 , 1 1 5 - 6 : 
other works, Conies 1. 16, Pseudaria I . 7, 
Data 1. 8, 132, 1 4 1 , 385, 391 , On divisions 
(of figures) 1. 8, 9, Porisms I . 1 0 - 1 5 , Sur

face-loci I . 15 , 16, Phaenomena I . 16 , 1 7 , 
Optics I . 17 , Elements of Music or Sectio 
Canonis I . 17 , I I . 2 9 5 : on "three- and 
four-line locus" 1 . 3 : Arabian list of works 
I . 1 7 , 1 8 : bibliography 1. 9 1 - 1 1 3 

Eudemus I . 29: On the Angle I . 34, 38, 
1 7 7 - 8 : History of Geometry 1. 34, 35-8 , 
»78, 295, 304, 3 1 7 , 320, 387, 4 1 2 , I I . 99, 
i n , I I I . 3, 366 

Eudoxus 1 . 1 , 37, 7 4 , 1 1 6 , I I . 40, 99, 280, 295: 
discoverer of theory of proportion covering 
incommensurables as expounded generally 
in Bks. v . , V I . , I . 137 , 3 5 1 , 11. 1 1 2 : on the 
golden section I . 137 : discoverer of method 
of exhaustion I . 234, I I I . 365-6 , 3 7 4 : used 
" A x i o m of Archimedes" I I I . 1 5 : first to 
prove theorems about volume of pyramid 
(Eucl. X I I . 7 Por.) ard cone ( E u c l . X H . 10), 
also theorem of Eucl . X I I . 2, I I I . 1 5 : 
theorems of Eucl . X I I I . 1 - 5 probably due 
to, H I . 4 4 1 : inventor of a certain curve, 
the hippopede, horse-fetter I . 163 : possibly 
wrote Sphaerica I . 1 7 : I I I . 442 

Euler, Leonhard I . 401 , I I . 426 
Eutocius: I . 25, 35, 39, 142, 161 , 164, 259, 

3>7. 3*9> 3 3 ° . 373= o n " V I - Def. 5 "and 
meaning of tijXikAttij I I . 1 1 6 , 132, 189-90: 
gives locus-theorem from Apollonius' Plane 
Loci I I . 198-200 

Even (number): definitions by Pythagoreans 
and in Nicomachus I I . 2 8 1 : definitions of 
odd and even by one another unscientific 
(Aristotle) I . 148-9 , I I . 2 8 1 : Nicom. 
divides even into three classes (1) even-
times even and (2) even-times odd as ex
tremes, and (3) odd-times even as interme* 
diate I I . 282-3 

Even-times even : Euclid's use differs from 
use by Nicomachus, Theon of Smyrna and 
Iamblichus I I . 281-3 

Even-times odd in Euclid different from even-
odd of Nicomachus and the rest I I . 383-4 

Ex aequali, of ratios, I t . 136: ex aequali pro
positions (v. 20, 22), and ex aequali " in 
perturbed proportion" (v. 21 , 23) I I . 176-8 

Exhaustion, method of: discovered by 
Eudoxus I . 234, I I I . 3 6 5 - 6 : evidence of 
Archimedes I I I . 3 6 5 - 6 : I I I . 374-7 

Exterior and interior (of angles) I . 263, 280 
Extreme and mean ratio (line cut in): defined, 

I I . 188: known to Pythagoreans I . 403, 
I I . 99, I I I . 19 : irrationality of segments of 
(apotomes) I I I . 19, 449-51 

Extremity, nipat, I . 183, 183 

Faifofer I I . 126 
Falk, H . I . 1 1 3 
al-Faradl 1. 8 « . , 90 
Fauquembergue, E . I I . 426 
Fermat 11. 425, 426 
Figure, as viewed by Plato I . 182, by Aris

totle I . 182 -3 , by Euclid I . 183 : according 
to Posidonius is confining boundary only 1. 
4 1 , 183 : figures bounded by two lines classi
fied 1 . 1 8 7 : angle-less(&.y&vu>v) figure I . 187 

Figures, printing of, 1. 97 
Fihrist I . 4 » . , 5 « . , 17 , 2 1 , 24, 25, 2 7 ; list 

of Euclid's works in, 1. 17, 18 
Finaeus, Orontius (Oronce Fine) I . 101 , 104 
Flauti, Vincenzo I . 107 
Florence M S . Laurent, x x v m . 3 (F) I . 47 
Flussates, see Candalla 
Forcadel, Pierre 1. 108 
Fourier: definition of plane based on Eucl . 

X I . 4, I . 1 7 3 - 4 , I I I . 263 
Fourth proportional: assumption of existence 

of, in v . 18, and alternative methods for 
avoiding (Saccheri, D e Morgan, Simson, 
Smith and Bryant) I I . 1 7 0 - 4 : Clavius made 
the assumption an axiom I I . 1 7 0 : sketch of 
proof of assumption by De Morgan I I . 1 7 1 : 
condition for existence of number which 
is a fourth proportional to three numbers 
I I . 4 0 9 - n 

Franeisci tunica, "Franciscan's cowl," name 
for Eucl. 1. 47, I . 418 

Frankland, W . B . I . 1 7 3 , 199 
Frischauf, J. 1. 174 

Galileo Gali lei: on angle of contact I I . 42 
Gartz 1. 17 
Gauss I . 172 , 193, 194, 202, 219, 321 
Geminus: name Latin or Greek? 1. 3 8 - 9 : 

title of work (0iXo(aX!a)' quoted from by 



Proclus i. 39, and by Schol., 1. 7 4 : elements 
of astronomy 1. 38: comm. on Posidonius 
I . 3 9 : Proclus'obligations to, I . 39-42: on 
postulatesandaxiomsl. 1 2 2 - 3 : on theorems 
and problems I . 1 2 8 : two classifications of 
lines (or curves) I . 160-2: on homoeomeric 
{uniform) lines I . 1 6 2 : on "mixed" lines 
(curves) and surfaces I . 162: classification 
of surfaces I . 170, of angles 1. 1 7 8 - 9 : on 
parallels 1. 1 9 1 : on Postulate 4, 1. 200: on 
stages of proof of theorem of 1. 32, 1. 3r 7— 
20: 1. 27 -8 , 37, 44, 45, 74, 133 «., 203, 
265. 330 

Geometrical algebra 1. 3 7 2 - 4 : Euclid's me
thod in Book 11. evidently the classical 
method I . 3 7 3 : preferable to semi-alge
braical method 1. 3 7 7 - 8 

Geometrical progression I I . 346 sqq.: sum
mation of n terms of ( ix . 35) I I . 420-1 

Geometric means II. 357 sqq . : one mean 
between square numbers If, 294, 363,or be
tween similar plane numbers 11. 3 7 1 - 2 : two 
means betweencube numbers 11 .294 ,364-5 , 
or between similar solid numbers I I . 3 7 3 - 5 

Georgius Pachymeres 1. 417 
Gherard of Cremona, translator of Elements 

I . 93-4 : of an-Nairtel's commentary 1. 22, 
2 7 * . , 94, I I . 47 : of tract De divisionibus 
I . 9, 10 « . 

Giordano, Vitale 1. 106, 176 
Given, fedofiivos, different senses, 1. 132-3 
Gnomon : literally "that enabling (something) 

to be known*' 1. 64, 370: successive senses 
of, (1) upright marker of sundial, 1. 181, 
185, 2 7 1 - 2 , introduced into Greece by 
Anaximander I . 3 7 0 , (2) carpenter's square 
for drawing right angles 1. 3 7 1 , (3) figure 
placed round square to make larger square 
I . 351 , 371 , Indian use of gnomon in this 
sense I . 362, (4) use extended by Euclid to 
parallelograms 1. 3 7 1 , (5) by Heron and 
Theon to any figures I . 3 7 1 - 2 : Euclid's 
method of denoting in figure I . 383: arith
metical use of, I . 358-60, 3 7 1 , 11. 289 

"Gnomon-wise" (Kara yvuifiova), old name 
for perpendicular (fcdforoj) I. 36, 181, 272 

Gorland, A . I. 233, 234 
Golden section (section in extreme and mean 

ratio), discovered by Pythagoreans I . 137, 
403, I I . 9 9 : connexion with theory of irra
tionals I. 137, I I I . 1 9 : theory carried further 
by Plato and Eudoxus 11. 99 : theorems of 
Eucl. x m . 1 -5 on, probably due to Eu
doxus i l l . 441 

u Goose's foot " (pes anseris), name for Eucl . 
I I I . 7, 1. 99, 418 

Gow, James I. 135 « . 
Gracilis, Stephanus I . 101-2 
Grandi, Guido 1. 107 
Greater ratio : Euclid's criterion not the only 

one 1 1 . 1 3 0 : arguments from greater to less 
ratios etc. unsafe unless they go back to 
original definitions (Simson on V. 10) 11. 
1 5 6 - 7 : test for, cannot coexist with test 
for equal or less ratio 11. 130-1 

Greatest common measure : Euclid's method 
of finding corresponds exactly to ours 11. 
1 1 8 , 299, i n . 18, 2 1 - 2 : Nicomachus gives 
the same method 11. 300 : method used to 
prove incommensurability I I I . 1 8 - 9 ; for 
this purpose often unnecessary to carry it 
far (cases of extreme and mean ratio and 
of ^ 2 ) i n . 18 -9 

GreenhilL, Sir George, I . 4 1 5 , 418 
Gregory, David 1. 102-3 ,H* M ° \ '43' Z2 

Gregory of St Vincent 1. 401, 404 
Gromatici I. 91**., 95 
Grynaeus I . 100-1 

Habler, T h . n . 294 n. 
al-Haitham 1. 88, 89 
al-Hajjaj b. Yusuf b. Matar, translator of the 

Elements 1. 22, 75, 76, 79, 80, 83, 84 
Halifax, William I . RO8, n o 
Halliwell (-Phillips) I . 95 n. 
Hankel, H . 1. 139, 1 4 1 , 232, 234, 344, 354, 

n . 1 1 6 , 1 1 7 , i n . 8 
Harmonica of Ptolemy, Comm. on, I . 17 
Harmony, Introduction to, not by Euclid, I . 

•7 
Harun ar-Rashid 1. 75 
al-Hasan b. 'Ubaidallah b. Sulaiman b. 

W a h b 1. 87 
dauber, C . F . I I . 244 
Hauff, J . K . F . 1. 108 
" H e a v y and Light," tract on, I . 18 
Heiberg, J. L . passim 
Helix, cylindrical I . 1 6 1 , 162, 329, 330 
Helmholtz 1. 226, 227 
Henrici and Treutlein 1. 3 1 3 , 404, 11. 30 
Henrion, Denis 1. 108 
Herigone, Pierre 1. 108 
Herlin, Christian 1. 100 
Hermotimus of Colophon 1. 1, 1 1 7 
Herodotus I . 37 370 
"Heromides" 1. 158 
Heron of Alexandria, mechanicus, date of, 

I . 20-1 : Heron and Vitruvius I . 2 0 - 1 ; 
commentary on Euclid's Elements I . 20-4 : 
direct proof of 1. 25, I . 301 : comparison 
of areas of triangles in I . 24, I . 334-5 : 
addition to 1. 47, 1. 3 6 6 - 8 : apparently 
originated semi-algebraical method of 
proving theorems of Book 11., 1. 373, 378 : 
Eucl. i l l . 12 interpolated from, 11. 2 8 : 
extends m . 20, 21 to angles in segments 
less than semicircles 11. 47-8 : does not 
recognise angles equal to or greater than two 
right angles I I . 4 7 - 8 : proof of formula for 
area of triangle, A =*Js (s - a) (s - b) (s-c), 
I I . 8 7 - 8 : I . 1 3 7 « . , 159, 163, 168, 170, 
1 7 1 - 2 , 176, 183, 184, 185, 188, 189, 222, 
223, 2 43> 253. 285, 287, 299, 351 , 369, 
37*. 405, 4°7» 408, I I . 5, 1 6 - 7 , 24, 28, 
33. 3 6 » 44. 47. 48, 116 , 180, 302, 320, 
383. 395. 24. 263, 265, 267, 268, 269, 
270, 366, 404, 442 

Heron, Proclus* instructor I . 29 
" Herundes" 1. 156 
Hieronymus of Rhodes 1. 305 



Hilbert, D . I . 157 , 193, 1 0 1 , 3 3 8 - 3 1 , 349, 
3 '3 - 318 

Hipparchus 1. 4 M . , 3 0 , 30 n.t 74 n. 
Hippasus I . 4 1 1 , I I . 97, I I I . 438 
Hippias of Elis I . 4 3 , 365-6 , 413 
Hippocrates of Chios 1. 8 M. , 39, 35, 38, n o , 

' 3 5 . I 3 6 » - . 386-7 . 4I3> » • '33= N R S T 

proved that circles (and similar segments of 
circles) are to one another as the squares 
on their diameters i n . 366, 374 

Hippopede (TRTOT/ AR&IJ), a certain curve used 
by Eudoxus I . 163 -3 , '7<5 

Hoffmann, Heinrich 1. 107 
Hoffmann, Joh. Jos. Ign. I . 108, 365 
Holgate, T . F . I I I . 384, 303, 331 
Holtzmann, Wilhelm (Xylander) I . 107 
Homoeomeric (uniform) lines I . 40, 1 6 1 , 162 
Hornlike angle (KepaToeifys yuvla) I . 1 7 7 , 

178 , 183, 365, I I . 4 ,39 , 40: hornlike angle 
and angle of semicircle, controversies on, 
I I . 3 9 - 4 3 : Proclus on, II.- 3 9 - 4 0 : Demo-
critus may have written on hornlike angle 
I I . 40 : view of Campanus ("not angles in 
same sense") I I . 4 1 : of Cardano(guantities 
of different orders or kinds) I of Peletier 
(hornlike angle no angle, no quantity, 
nothing,; angles of all semicircles right 
angles and equal) I I . 4 1 : of Clavius I I . 4 3 : 
of Vieta and Galileo ("angle of contact no 
angle") I I . 4 3 : of Wallis (angle of contact 
not inclination at all but degree of curvature) 
I I . 4 3 

Horsley, Samuel I . 106 
Hoiiel, J. 1. 3 1 9 
Hudson, John I . 103 
Hultsch, F . I . I 7 » . , 74, 339, 400, I I . 133, 

190, I I I . 4 ' 
Hunain b. Ishaq al-'Ibadi I . 75 
Hypotheses, in Plato I . 133 : in Aristotle 

I . 1 1 8 - 2 0 : confused by Proclus with 
definitions I . 1 2 1 - 2 : geometer's hypo
theses not false (Aristotle) 1. 1 1 9 

Hypothetical construction 1. 199 
Hypsicles I . 5 : author of Book x i v . I . 5, 6, 

I I I . 438-9, 5 1 3 

Iamblichus 1. 63, 83, 417 , 11. 97, 1 1 6 , 379, 
«8O, 281 ,283 ,284 , 285, 286, 287, 288, 289, 
390, 391 , 3 9 3 , 393, 419 , 425, 426 

Ibn al-'Amid 1. 86 
Ibn al-Haitham I . 88, 89 
Ibn al-Lubudi 1. 90 
Ibn Rahawaihi al-Arjani 1. 86 
Ibn Sina (Avicenna) 1. 77, 89 
Icosahedron I I . 98 : defined I I I . 262: dis

covery of, attributed to Theaetetus I I I . 
4 3 8 : problem of inscribing in sphere, 
Euclid's solution I I I . 4 8 1 - 9 , Pappus' solu
tion I I I . 4 8 9 - 9 1 : Mr H . M . Taylor's con
struction I I I . 4 9 1 - 2 

"If laton" I . 88 
Inclination (xXftrts) of straight line to plane, 

defined I I I . 260, 263-4 : ° f plane to plane 
(=dihedral angle) I I I . 260, 264 

Incommensurables: discovered by Pytha

goreans i l l . I , 2, 3, and with reference 
to ^ 2 , 1. 351 , in . 1, 2, 1 9 : incommensur
able a naturalVM, unlike irrational which 
depends on convention or assumption 
(Pythagoreans) i n . 1 : proof of incommen
surability of ^ 2 no doubt Pythagorean I I I . 
2, proof in Chrystal's Algebra i l l . 19 -20 : 
incommensurable in length and incommen
surable in square defined I I I . 10, n : 
symbols for, used in notes 111. 34: method 
of testing incommensurability (process of 
finding G.C.M.) I I . 118 , I I I . 1 8 - 9 : means 
of expression consist in power of approxi
mation without limit (De Morgan) I I . 1 1 9 : 
approximations to Jt by means of side-
and <zYof<w<z/-numbers 1. 399-401, I I . 1 1 9 , 
by means of sexagesimal fractions I . 7 4 « . T 

to s/3, I . 7 4 « . , I I . 1 1 9 : to ^4500 by 
means of sexagesimal fractions I I . 1 1 9 : to 
**, 11. 1 1 9 

Incomposite: (of lines) I . 1 6 0 - 1 , (of surfaces) 
I . 1 7 0 : (of number) = prime I I . 284 

Indivisible lines (cLrofMi ypaftuat), theory of, 
rebutted 1. 268 

Infinite, Aristotle 011 the, 1. 232-4 : infinite 
division not assumed, but proved, by geo
meters I . 368 

Infinity, parallels meeting at, I . 193-3 
Ingrami, G . I . 175 , 193, 195, 201, 227-8 , 

I I . 30, 126 
Integral calculus, in new fragment of Archi

medes I I I . 366-7 
Interior and exterior (of angles) I . 263, 280: 

interior and opposite angle 1. 280 
Interpolations in the Elements before Theon's 

time 1 . 5 8 - 6 3 : by Theon 1. 46, 55 -6 : Eucl. 
I . 40 interpolated I . 3 3 8 : other proposi
tions interpolated, ( i l l . 12) 11. 28, (propo
sition after X I . 37) I I I . 360, ( X I I I . 6) I I I . 
449-51 : cases in X I . 23, I I I . 3 1 9 - 2 1 : 
dels, of analysis and synthesis, and proofs 
of x m . 1 - 5 by, i n . 442-3 

Inverse (ratio), inversely ( d K a T o X m ) I I . 1 3 4 : 
inversion is subject of V . 4, Por. (Theon) 
I I . 144, and of v. 7, Por. 11. 149, but is 
not properly put in either place I I . 149 : 
Simson s Prop. B on, directly deducible 
from V . Def. .5 , I I . 144 

Irrational: discovered by Pythagoreans I . 
3 5 1 , 4 1 1 , 4 1 2 - 3 , I I I . 1 - 2 , 3, and with 
reference to J*, 1. 3 5 1 , I I I . 1, 2, 1 9 : de
pends on assumption or convention, unlike 
incommensurable which is a natural kind 
(Pythagoreans) I I I . 1 : claim of India to 
priority of discovery I . 3 6 3 - 4 ; "irrational 
diameter of 5 " (Pythagoreans and Plato) 
I . 399-400, 413 , i l l . 12 : approximation to 
*]i by means of "side-" and "diagonal-" 
numbers I . 399-401, I I . . 1 1 9 , to and 
V 3 in sexagesimal fractions I . 7 4 » . : In
dian approximation to Ji, I . 361, 363-4: 
unordered irrationals (Apollonius) I . 42, 
1 1 5 , I I I . 3, 10, 246, 3 5 5 - 9 : irrational 
ratio (tp/niTOS X * y o j ) 1. 137 : an irrational 
straight line is so relatively to any straigh' 



line taken as rational i n . ro, 1 1 : irrational 
area incommensurable with rational area 
or square on rational straight line i n . io , 
1 2 : Euclid's irrationals, object of classifi
cation of, I I I . 4, 5 : Book x . a repository 
of results of solution of different types of 
quadratic and biquadratic equations i l l . 5 : 
types of equations of which Euclid's irra
tionals are positive roots I I I . 5-7 : actual 
use of Euclid's irrationals in Greek geo
metry i l l . 9 - 1 0 : compound irrationals in 
Book X. all different I I I . 242-3 

Isaacus Monachus (or Argyrus) 1. 7 3 - 4 , 407 
Ishaq b. Hunain b. Ishaq al-'Ibadi, Abu 

Ya'qub, translation of Elements by, I . 7 5 -
80, 83-4 

Isidorus of Miletus I I I . 520 
Ismail b. Bulbul 1. 88 
Isoperimetric (or isometric) figures; Pappus 

and Zenodorus on, 1. 26, 27, 333 
Isosceles (IoookcXi)*) 1. 187 : of numbers ( = 

even) 1. 1 8 8 : isosceles right-angled tri
angle I . 352 : isosceles triangle of I V . 10, 
construction of, due to Pythagoreans 1. 
414, I I . 9 7 - 9 

Jacobi, C . F . A . 11. 188 
Jakob b. Machir 1. 76 
Jan, C . I . 17 
al-Jauhari, a l -Abbas b. Sa'id I . 85 
al-Jayyani I . 90 
Joannes Pediasimus I . 72-3 
Johannes of Palermo m . 8 
Junge, G . , on attribution of theorem of I . 47 

and discovery of irrationals to Pythagoras 

1. 3 5 L 4 " . 413 

Kastner, A . G . I, 78, 97 , 101 
al-Karabisi 1. 85 
Katyayana Sulba-Sutra I. 360 
Keill , John I . 105, 110 11 
Kepler 1. 193 
al-Khazin, Abu Ja'far 1. 77, 85 
Killing, W . 1. 194, 219, 225-6, 235, 242, 

272, i n . 276 
al-Kindi 1. 5 « . , 86 
Klamroth, M . 1. 75~8j 
Klau (?), Christoph = Clavius q.v. 
Kliigel, G . S. I . 212 
Kluge i n . 520 
Knesa, Jakob I . 112 
Knoche 1. 32 w., 33 a., 73 
Kroll, W . 1. 399-400 
al-Kuhi 1. 88 

Lachlan, R . 11. 226, 227, 245-6, 247 ,256, 272 
Lambert, J. H . 1. 212 -3 
Lardner, Dionysius 1. 1 1 2 , -246, 250, 2Q8, 

404, 11. 58, 259, 271 
Lascaris, Constantinus 3 
Leading theorems (as distinct from converse) 1. 

257 : leading variety of conversion I . 256-7 
Least common multiple 11. 336-41 
Leeke, John 1. 110 
Lefevre, Jacques 1. 100 

Legendre, Adrien Marie I . 1 1 2 , 169, 2 1 3 - 9 , 
I I . 30, I I I . 263, 264, 265, 266, 267, 268, 
273. 275. 2 9 8 . 309.. 356, 436: proves v i . 1 
and similar propositions in two parts (1) for 
commensurables, (2) for incommensurables 
I I . 1 9 3 - 4 : proof of Eucl. x i . 4, I I I . 280, 
of Xi. 6, 8, I I I . 284, 289, of x i . 15 , i n . 
299, of x i . 19, i n . 305 : definition of 
planes at right angles H I . 303 : alternative 
proofs of theorems relating to prisms III. 
3 3 1 - 3 : on equivalent parallelepipeds m . 
335-6 : proof of Eucl . x n . 2, i l l . 3 7 7 - 8 : 
propositions on volumes of pyramids I I I . 
389-91 , of cylinders and cones I I I . 422-3 

Leibniz 1. 145, 169, 176 , 194 
Leiden MS. 399, 1 of al-Hajjaj and an-

NairizI I . 22, 27 » . , 79 n. 
Lemma 1. 1 1 4 : meaning (=assumption) 1. 

1 3 3 - 4 : lemmas interpolated I . 59-60, 
especially from Pappus I . 6 7 : lemma 
assumed in V I . 22, 11. 242-3 : alternative 
propositions on duplicate ratios and ratios 
of which they are duplicate (De Morgan 
and others) I I . 242-7 : lemmas interpo
lated, (after x. 9) i n . 30-1 , (after x* 59) m . 
97, 1 3 1 - 2 : lemmas suspected, (those added 
to x . 18, 23) i n . 48, (that after x n . 2) 
I I I . 375, (that after X I 1 1 . 2) I I I . 444-5 

Length, firjKo*: (of numbers in one dimension) 
I I . 287 : Plato restricts term to side of 
integral square number n . 287 

Leodamas of Thasos I . 36, 134 
Leon 1. 1 1 6 
Leonardo of Pisa I . 9 10, i l l . 8 
Leotaud, Vincent I I . 42 
Leucippus I . 4 1 3 
Linderup, H . C . 1. 1 1 3 
L i n e : Platonic definition I . 1 5 8 : objection 

of Aristotle 1. 158 : " magnitude extended 
one w a y " (Aristotle, "Heromides") I . 
1 5 8 : " divisible or continuous one w a y " 
(Aristotle) 1. 1 5 8 - 9 : "flux of point" 1. 
1 5 9 : Apollonius on, 1. 1 5 9 : classification 
of lines, Plato and Aristotle 1. 159-60, 
Heron 1. 159-60, Geminus, first classifica
tion I . 1 6 0 - 1 , second 1. 161 : straight 
(fudeta), curved (KafiinjkT)), circular ( 7 r e p ( 0 e -
pijs), spiral-shaped(ATKOEI5TJS), bent (*eKa/*-
lUvri)) broken (K€K\a<ifitvr\)t round (to 
arpoyyOXov) I . 159, composite [fftivdeTos), 
incomposite (a<njvdcTO$)y

ii
 forming a figure " 

(HJIUPMMi>JiWftflf). determinate (wptafjdvi)), 
indeterminate (d6ptaros) 1. 160: "asym
ptotic" or non-secant (dffvpLirTioTos), secant 
(avp.-KTiarbi) I. 1 6 1 : simple, " m i x e d " 1. 
1 6 1 - 2 : homoeomeric (uniform) I . 1 6 1 - 2 : 
Proclus on lines without extremities 1. 1 6 5 : 
fact on lines 1. 329, 330 

Linear, loci I . 330: problems I . 330: num-
bers = (i) in one dimension 11. 287, (2) 
prime 11. 285 

Lionardo da Vinci, proof of 1. 47, 1. 365-6 
Lippert 1. 88 « . 
Lobachewsky, N . I . 1. 1 7 4 - 5 , 2 1 3 , 2 1 9 
floats-theorems (tottiko, deiop-tifiara) and loci 



(T6T<H) : locus defined by Proclus I . 329: 
loci likened by Chrysippus to Platonic 
ideas 1. 330-1 : locus-theorems and loci 
(1) on lines (a)plane loci (straight lines and 
circles) (b) solid loci (conies), (2) on sur

faces 1. 329 : corresponding distinction be
tween plane and solid problems, to which 
Pappus adds linear problems 1. 330 : fur
ther distinction in Pappus between (1) 
4(f>€KTLKol (2) Sie^oStKoi (3) &vao-Tpo<f>iKoi 
TOTM I . 330: Proclus regards locus in 
I . 35, i n . 2 1 , 31 as an area which is locus 
of area (parallelogram or triangle) I . 330 

Logical conversion, distinct from geometrical 
I . 256 

Logical deductions 1. 256, 284-5 , 3 ° ° : N O 1 

made by Euclid 11. 22, 29 : logical equi
valents 1. 309, 3 1 4 - 5 

Lorenz, J. F . 1. 107-8 , III. 34 
Loria, Gino 1. 7 w., ton., tin., 12 it., 11. 

425, i n . 8, 9 
Luca Paciuolo I . 98-9 , 100, 41S, m . 8 
Lucas, E . I . 418, 11. 426 
Lucian 11. 99 
Lundgren, F . A . A . 1. 1 1 3 

Machir, Jakob b. 1. 76 
Magni, Domenico 1. 106 
Magnitude; common definition vicious 1. 148 
al-Maham 1. 85 
Major (irrational) straight line : biquadratic 

of which it is positive root l i t , 7: defined 
I I I . 8 7 - 8 : equivalent to square foot of 
fourth binomial m . 84, 125-7 : uniquely 
divided I I I . 98 : extension of meaning to 
irrational straight line of three terms I I I . 258 

al-Ma'mun, Caliph I . 75 
Manitius, C . I . 38 
Mansion, P. I . 2 1 9 
al-Mansur, Caliph 1. 75 
Manuscripts of Elements 1. 46 -51 
"Marriage, Figure of" (Plutarch), name for 

Pythagorean triangle (3, 4, 5), I . 417 
Martianus Capella 1. 9R, 155 
Martin, T . H . 1. 20, 29 w., 30 n. 
Mas'fid b. al-Qass al-Bagdadi I . 90 
Maximus Planudes, scholia and lectures on 

Elements I . 72 
Means : three kinds, arithmetic, geometric 

and harmonic 11. 2 9 2 - 3 : geometric mean 
is "proportion par excellence" (Kvplws) I I . 
292-3 : one geometric mean between two 
square numbers, two between two cube 
numbers (Plato) 11. 294, 363-5 : one geo
metric mean between similar plane num
bers, two between similar solid numbers 
H . 3 7 1 - 5 : no numerical geometric mean 
between « and n + 1 (Archytas and Euclid) 
I I . 295 

Medial (straight line) : connected by Theae
tetus with geometric mean i n . 3, 4 : defined 
I I I . 49, 50 : medial area m . 54-5 : an un
limited number of irrationals can be de
rived from medial straight line, I I I . 254-5 

Meguar=axis 1. 93 

Mehler, F . G . 1. 404, M l . 268, 284-5 
Menaechmus : story of M . and Alexander I . 

1 : on elements 1. 1 1 4 : 1. 1 1 7 , 125, 133 n. 
Menelaus 1. 2 1 , 2 3 : direct proof of I . 25, 1. 300 
Menge, H . 1. I 6 » . , 17 
Middle term, or cause, in geometry, illus

trated by Eucl. in . 31 , I . 149 
Mill, J. S. I . 144 
Minor (irrational) straight line: biquadratic 

of which it is root 111. 7: defined I I I . 
1 6 3 - 4 : uniquely formed I I I . 1 7 2 - 3 : equi
valent to square root of fourth apotome 
I I I . 203-6 

" M i x e d " (lines) 1. 1 6 1 - 2 : (surfaces) l. 162, 
1 7 0 : different meanings of " mixed" I. 162 

Mocenigo, Prince I . 97 -8 
Moderatus, a Pythagorean 11. 280 
Mollweide, C . li. 1. 108 
Mondore (Montaureus), Pierre I . 102 
Moses b. Tibbon I . 76 
Motion, in mathematics 1. 226: motion with

out deformation considered by Helmholtz 
necessary to geometry 1. 226-7, but shown 
by Veronese to be petitio principii 1. 226-7 

Miiller, J . H . T . 1. 189 
Miiller, J. W . 1. 365 
Muhammad (b.'Abdalbaqi) al-Bagdadi, trans

lator of De divisionibus 1. 8«. , 90, n o 
Muh. b. Ahmad Abu 'r-Raihan al-Birunl 1. 90 
Muh. b. Ashraf Shamsaddln as-Samarqandi 

1. 89 
Muh. b. 'Isa Aim'Abdullah al-Maham I . 85 
Multinomial (straight line) : an extension 

from binomial, probably investigated by 
Apollonius, i n . 256 

Multiplication, definition of, I I . 287 
Munich M s . of enunciations (R) I . 94-5 
Musa b. Muh. b. MahmudQadlzade ar-Ruml 

I . 5 « . , 90 
Music, Elements of (Sectio Canonis), attri

buted to Euclid, 1. 17 , 11. 295, I I I . 33 
al-Musta'sim, Caliph I . 90 
al-Mutawakkil , Caliph 1. 75 

an-Nairizi, Abu '1'Abbas al-Fadl b, Hatim, 
I. 2 1 - 4 , 85, 184, 190, 191 , 195, 223, 232, 
258, 270, 285, 299, 303, 326, 364, 367, 
3 6 9» 373» 4<>5» 408, II. 5. 16, 28, 34, 36, 
44. 47. 302. $ 9 * 383 

Napoleon 1. 103 
Naslraddin at-Tosi 1. 4, 5 M . , 77, 84, 89, 

208-10, II. 28 
Nazif b. Yumn (Vaman) al-Qass I . 76, 77, 87 
Neide, J. G . C 1. 103 
Nesselmann, G . H . F . 11. 287, 293, i l l . 8 
Nicomachus 1. 92, 417 , 11. 1 1 6 , 1 1 9 , 131 , 

279, 280, 281, 282, 283, 284, 285, 286, 
287, 288, 289, 290, 291, 292, 293, 294, 
300, 363, 425 

Nicomedes 1. 42, 1 6 0 - 1 , 265-6 
Nipsus, Marcus Junius 1. 305 
Nixon, R. C . J. I I . 16 
Nominal and real definitions: see Definitions 
Number: defined by Thales, Eudoxus, 

Moderatus, Aristotle, Euclid 11. 280: 



Nicomachus and Iamblichus on, n . 280: 
represented by lines I I . 287, and by points 
or dots I I . 288-9 

' ' Nuptial Number " at Plato's Geometrical 
Number in Republic, I . 4 1 7 

Objection (ivoTaarts), technical term, in geo
metry 1. 135, 257, 260, 2 6 5 : in logic 
(Aristotle) 1. 135 

O b l o n g : (of geometrical figure) I . 62, 1 5 1 , 
188 : (of number) in Plato either iroo^KTjs 
or irepofiijKrjt 11. 288: but these terms 
denote two distinct divisions of plane num
bers in Nicomachus, Theon of Smyrna and 
Iamblichus 11. 289-90 

Octahedron 11. 98 : definition of, i l l . 262 : 
discovery of, attributed to Theaetetus I I I . 
4 3 8 : problem of inscribing in sphere, 
Euclid's solution I I I . 474 -7 , Pappus' solu
tion i n . 477 

Odd (number) : defs. of in Nicomachus 11. 
281 : Pythagorean definition 11. 2 8 1 : def. 
of odd and even by one another unscientific 
(Aristotle) 1. 148-9, I I . 2 8 1 : Nicom. and 
Iambi, distinguish three classes of odd 
numbers (1) prime and incomposite, 
(2) secondary and composite, as extremes, 
(3) secondary and composite in themselves 
but prime and incomposite to one another, 
which is intermediate I I . 287 

Odd-times even (number): definition in Eucl. 
spurious I I . 283-4, a n ( * differs from defi
nitions by Nicomachus etc. ibid. 

Odd-times odd (number): defined in Eucl . 
but not in Nicom. and Iambi. 11. 284: 
Theon of Smyrna applies term to prime 
numbers 11. 284 

Oenopides of Chios 1. 34, 36, 126, 2 7 1 , 295, 
3 7 1 , 414 , 11. i n 

Ofterdinger, L . F . 1. 9 
Olympiodorus 1. 29 
Opperrnann I . 151 
Optics of Euclid I. 17 
" Ordered " proportion (Terayfiivi} avaXoyia), 

interpolated definition of, 11. 137 
Oresme, N . I . 97 
Orontius Finaeus (Oronce Fine) I . 101, 104 
Ozanam, Jaques l. 107, 108 

Paciuolo, Luca I . 98-9, 100, 418, i n . 8 
Pamphile 1. 3 1 7 , 319 
Pappus: contrasts Euclid and Apollonius 

I . 3: on Euclid's Porisms 1 . 1 0 - 1 4 , Surface-
loci I . 15, 16, Data 1. 8 : on Treasury of 
Analysis I . 8, 10, 1 1 , 138: commentary 
on Elements 1. 24-7 , partly preserved in 
scholia 1. 6 6 : evidence of scholia as to 
Pappus' text I . 6 6 - 7 : commentary on 
Book X . survives in Arabic H I . 3 : quo
tations from it, 111. 3-4 , 2 5 5 - 9 : lemmas 
in Book x . interpolated from, 1. 6 7 : on 
Analysis and Synthesis I . 138-9, 1 4 1 - 2 : 
additional axioms by, 1. 25, 223, 224, 232: 
on converse of Post. 4, 1. 25, 201 : proof 
of I . 5 by, I . 254: extension of 1. 47, I . 366: 

semi-algebraical methods in, 1. 373, 378: 
on loci 1. 329, 330: on conchoids I . 1 6 1 , 
266: on quadratrix I . 266: on isoperi-
metric figures 1. 26, 27, 333: on paradoxes 
of Erycinus 1. 27, 290: lemma on Apollo
nius' Plane yetfceis I I . 6 4 - 5 : problem from 
same work I I . 8 1 : assumes case of V I . 3 
where external angle bisected (Simson's 
V i . Prop. A ) 11. 1 9 7 : theorem from Apol
lonius' Platte Loci 11. 1 9 8 : theorem that 
ratio compounded of ratios of sides (of 
equiangular parallelograms) is equal to 
ratio of rectangles contained by sides I I . 
250: use of Euclid's irrationals in . 9, 1 0 : 
methods of inscribing regular solids in 
sphere, tetrahedron i n . 4 7 2 - 3 , octahedron 
i n . 477, cube i n . 480, icosahedron i n . 
489-91 , dodecahedron i n . 5 0 1 - 3 : 1. 20, 
39* «33*«i 137 . Hh 225, 388, 391, 4 0 1 : 
11. 4, 27, 29, 67, 79, 81 , 1 1 3 , 133, 2 1 1 , 
250, 251 , 292 

Papyrus, Herculanensis N o . IO6R, I . 50, 
184: Oxyrhynchus I . 50: Fayum 1. 5 1 , 
337. 3 3 8 : Rhind I . 304, 352 

Paradoxes, in geometry 1. 188: of Erycinus 
I . 27, 290, 329: an ancient "Budget of 
Paradoxes" I . 329 

"Parallelepipedal" = with parallel planes or 
faces: "parallelepipedal solid" (not "solid 
parallelepiped") or "parallelepiped" I I I . 
326: generally has six faces but sometimes 
more ("parallelepipedal prism") I I I . 401, 
404: "parallelepipedal" (solid) numbers 
in Nicomachus have two of sides differing 
by unity 11. 290 

Parallelogram (= parallelogrammic area), first 
introduced 1. 325 : rectangular parallelo
gram I . 370 

Parallels: Aristotle, on I . 190, 1 9 1 - 2 : defi
nitions, by " A g a n i s " I . 1 9 1 , Geminus 1. 
191 , Posidonius 1. 190, Simplicius 1. 1 9 0 : 
as equi-distants 1. 1 9 0 - 1 , 1 9 4 : direction-
theory of, 1. 1 9 1 - 2 , 1 9 4 : definitions 
classified I . 1 9 2 - 4 : Veronese's definition 
and postulate 1. 1 9 4 : Parallel Postulate, 
see Postulate 5 : Legendre's attempt to 
establish theory of, 1. 2 1 3 - 9 : parallel 
planes, definition of, i n . 260, 265 

Paris M S S . of Elements, (p) 1. 49, (q) I . 50 
Pasch, M . I . 1 5 7 , 228, 250 
" Peacock's tail," name for Eucl. i l l . 8, 1. 99, 

418 
Pediasimus, Joannes 1. 72 -3 
Peet, T . Eric 1. 352 
Peithon 1. 203 
Peletarius (Jacques Peletier) 1. 103, 104, 249, 

407, 11. 47, 56, 84, 146, 190: on angle of 
contact and angle ^/"semicircle 11. 41 

Pena I . 104 
Pentagon: decomposition of regular pentagon 

into 30 elementary triangles 1 1 . 9 8 : relation 
to pentagram I I . 99 

Pentagonal numbers 11. 289 
"Perlect" (of a class of numbers) 11. 293-4, 

4 2 1 - 6 : Pythagoreans applied term to 10, 



I I . 294: 3 also called " perfect" I . 4 1 7 , I I . 
2 9 4 j . . 

Perpendicular (tcdderos): definition I . 1 8 1 : 
" p l a n e " and "so l id" I . 2 7 2 : perpendi
cular and obliques 1. 291: perpendicular to 
plane, I I I . 260, 263: perpendicular to two 
straight lines not in one plane i n . 306-7 

Perseus 1. 42, 162-3 
Perturbed proportion (TerapayfUpT) dvaXoyta) 

I I . 136, 1 7 6 - 7 
Pesch, J . G . van, De Proclifontibus 1. 23SQQ., 

29 « . 
Petrus Montaureus (Pierre Mondor^) I . 102 
Peyrard and Vatican MS. 190 (P) I . 46, 47, 

103: 1. 108 
Pfleiderer, C . F . I . 168, 298, I I . 2 
Phaenomena of Euclid 1. 16, 17 
Philippus of Medma I . 1 , 1 1 6 
Phillips, George 1. 1 1 2 
Philo of Byzantium I . 20, 2 3 : proof of I . 8, 

I . 263-4 
Philolaus 1. 34, 3 5 1 , 3 7 1 , 399, 4 1 1 
Philoponus I. 45, 1 9 1 - 2 , 11. 234, 282 
Pirckenstein, A . E- Burkh. von, I . 107 
Plane (or plane surface) : Plato's definition 

of, I . 1 7 1 , I I I . 2 7 2 - 3 : Proclus* and Sim-
plicius' interpretation of Euclid's def. I . 
1 7 1 : possible origin of Euclid's def. 1 . 1 7 1 : 
Archimedes'assumption 1 . 1 7 1 , 1 7 2 : other 
ancient definitions of, in Proclus, Heron, 
Theon of Smyrna, an-Nairizi 1. 1 7 1 - 2 : 
"Simson's" definition ("axiom of the 
plane") 1. 1 7 2 - 3 , in - 273, and Gauss 
on, I . 1 7 2 - 3 : Crelle's tract on, 1. 1 7 2 - 4 : 
other definitions by Fourier 1. 1 7 3 , Deahna 
I . 174 , J. K . Becker 1. 174, Leibniz 1. 1 7 6 , 
Beez 1. 1 7 6 : evolution of, by Bolyai and 
Lobachewsky 1. 1 7 4 - 5 : Enriques and 
Amaldi , Ingrami, Veronese and Hilbert 
on, I . 1 7 5 : plane at right angles to plane, 
Euclid's definition of, I I I . 260, 263, and 
alternative definition making it a particular 
case of " inclination" i n . 3 0 3 - 4 : parallel 
planes defined I I I . 260, 265 

" Plane loci" I . -329-30: Plane Loci of Apol
lonius I . 14, 259, 330, I I . 198-200 

Plane numbers, product of two factors 
("sides" or "length" and "breadth") 11. 
2 8 7 - 8 : in Plato either square or oblong 
I I . 2 8 7 - 8 : similar plane numbers I I . 293: 
one mean proportional between similar 
plane numbers 11. 3 7 1 - 2 

"Plane problems" 1. 329 
Planudes, Maximus I . 72 
Plato: I . 1, 2, 3, 137 , 1 5 5 - 6 , I59» L 8 4 , 187, 

203, 22i, 4 1 1 , 417 , i n . i , 3 ; supposed 
invention of Analysis by, 1. 1 3 4 : def. of 
straight line I . 1 6 5 - 6 : def. of plane surface 
I. 171 : on golden section 11. 99: on art of 
stereometry (length, breadth, and depth) 
as one of three pta8r)uaTa, next to geometry 
but commonly put after astronomy because 
little advanced i n . 262 : generation of 
cosmic figures by putting together triangles, 
I . 226, 4 1 3 - 4 1 II - 9 7 - 8 , i l l . 267: rule for 

rational right-angled triangles I . 356, 357, 
359> 360, 385: "rational diameter of 5" 
I . 399, 413, gives 7/5 as approximation 
to *Ji, 11. 1 1 9 : passage of Theaetetus on 
5wd/*€i5 (square roots or surds) 1 . 4 1 1 , 4 1 2 - 3 , 
I I . 288, 290, i n . 1 - 3 : on square and oblong 
numbers 11. 288,290: theorem that between 
square numbers one mean suffices, between 
cube numbers two means are necessary I I . 
294. 364 

"Platonic" figures I . 2, 4 1 3 - 4 : scholium on, 
H i . 438 

Playfair, John 1. 103, 1 1 1 : "Playfair's" 
Axiom I . 220: used to prove Eucl. 1. 29, 
1 . 3 1 2 , and Eucl . Post. 5 , 1 . 3 1 3 : comparison 
of Axiom with Post. 5, I. 3 1 3 - 4 : II* 2 

Pliny I . 333 
Plutarch l. 29, 37, 1 7 7 , 343, 3 5 1 , 417 , I I . 98, 

254, i n . 368 
Point: Pythagorean definition of, I . 1 5 5 : in

terpretation of Euclid's definition I . 155 : 
Plato's view of, and Aristotle's criticism 
*• I 5 5 - 6 ; attributes of, according to Aris
totle 1. 1 5 6 : terms for {criypu}, o ^ / i e i o * ) 
I . 1.56: other definitions by "Herundes," 
Posidonius 1. 156, Simplicius I . 1 5 7 : ne
gative character of Euclid's def. I. 1 5 6 : is 
it sufficient? I . 1 5 6 : motion of, produces 
line I . 1 5 7 : an-Nairizi on, 1. 1 5 7 : modern 
explanations by abstraction 1. 157 

Polybius I . 331 
Polygon: sum of interior angles (Proclus' 

proof) 1. 322: sum of exterior angles I. 322 
Polygonal numbers I I . 289 
Polyhedral angles, extension of X I . 21 to, 

I I I . 310 -1 
"Pons Asinorum" 1. 4 1 5 - 6 : Pont aux dnes, 

ibid. 
Porism: two senses 1. 1 3 : ( i ) = corollary 1. 

134, 2 7 8 - 9 : as corollary to proposition 
precedes " Q . E . D . " or " Q . E . F . " I I . 8, 64: 
Porism to iv . 15 mentioned by Proclus 
I I . 109: Porism to v i . 19, 11. 234: inter
polated Porisms (corollaries) 1. 6 0 - 1 , 381: 
(2) as used in Porisms of Euclid, distin
guished from theorems and problems 1. 
10, 1 1 : account of the Porisms given by 
Pappus 1. 1 0 - 1 3 : modern restorations 
by Simson and Chasles 1. 1 4 : views of 
Heiberg I. n , 14, and of Zeuthen 1. 15 

Porphyry 1 . 1 7 : commentary on Euclid I . 24: 
Symmikta I . 24,34, 44: 1 . 1 3 6 , 2 7 7 , 283,287 

Poselger I I I . 8 
Posidonius, the Stoic 1. 20, 27, 28 «. , 39, 189, 

197 : book directed against the Epicurean 
Zeno I . 34, 4 3 : on parallels I. 40, 190: 
definition of figure 1. 41 , 183 

Postulate, distinguished from axiom, by 
Aristotle 1. 118—9, by Proclus (Geminus 
and "others") 1. 1 2 1 - 3 : from hypothesis, 
by Aristotle 1. 1 2 0 - 1 , by Proclus 1. 1 2 1 - 2 : 
postulates in Archimedes 1. 120, 1 2 3 : 
Euclid's view of, reconcileable with Aris
totle's 1. 119 -20 , 1 2 4 : postulates do not 
confine us to ruler and compasses I . 124: 



Postulates i , 2, significance of, I . 1 9 5 - 6 : 
famous "Postulate" or " A x i o m of Archi
medes" I . 234, I I I . 1 5 - 6 

Postulate 4 : significance of, 1 . 200: proofs 
of, resting on other postulates 1. 200-1 , 
231: converse true only when angles recti
lineal (Pappus) I . 201 

Postulate 5 : probably due to Euclid himself 
I . 202 : Proclus on, 1. 202 -3 : attempts to 
prove, Ptolemy I . 204-6, Proclus I . 206-8, 
Naslraddin at-Tusi 1. 208-10, Wallis I . 
2 1 0 - 1 , Saccheri I . 2 1 1 - 2 , Lambert I . 2 1 2 -
3 : substitutes for, "Playfair's" axiom (in 
Proclus) 1. 220, others by .Proclus 1. 207, 
220, Posidonius and Geminus 1. 220, L e -
gendre 1. 213 , 3 1 4 , 220, Wallis t. 220, 
Carnot, Laplace, Lorenz, W . Bolyai, Gauss, 
Worpitzky, Clairaut, Veronese, Ingrami 1. 
220: Post. 5 proved from, and compared 
with, " Playfair's " Axiom I . 3 1 3 - 4 : 1 . 30 
is logical equivalent of, I . 220 

Potts, Robert 1. 1 1 2 , 246 
Powers, R. E . 1 1 . 426 
Prestet, Jean I I . 426 
Prime (number): definitions of, I I . 284-5 : 

Aristotle on two senses of "prime" 1. 146, 
I I . 285: 2 admitted as prime by Eucl. and 
Aristotle, but excluded by Nicomachus, 
Theon of Smyrna and Iamblichus, who 
make prime a subdivision of odd 11. 284-5: 
"prime and incomposite (icirOcrot)" 11. 
284: different names for prime, " o d d -
times odd" (Theon), " l inear" (Theon), 
" rectilinear " (Thymaridas), " euthyme-
tric" (Iamblichus) I I . 285 : prime abso
lutely or in themselves as distinct from 
prime to one another (Theon) 11. 285: defi
nitions of " prime to one another" I I . 285-6 

Principles, First, I . 1 1 7 - 2 4 
Prism, definition of, by Euclid in . 261 , 

by others I I I . 268-9 : " parallelepipedal 
prisms " I I I . 404 

Problem, distinguished from theorem I . 1 2 4 -
8 : problems classified according to number 
of solutions (a) one solution, ordered (rt-
Ttxy^(va) [b) a definite number, interme
diate iiUoa) (c) an infinite number of solu
tions, unordered (Iraicra) 1. 128 : in widest 
sense anything propounded (possible or 
not) but generally a construction which is 
possible I . 1 2 8 - 9 : another classification 
(1) problem in .excess ( r X e o n t f o * ) , asking 
too much 1. 129, (2) deficient problem (i<XXi-
fw( rpbftXrjua), giving too little 1. 129 

Proclus: details of career I . 29-30 : remarks 
on earlier commentators 1. 1 9 , 33, 45 : 
commentary on Eucl. I , sources of, I . 2 9 -
45, object and character of, I . 3 1 - 2 : com
mentary probably not continued, though 
continuation intended 1. 32 -3 : books 
quoted by name in, 1. 3 4 : famous "sum-
m a r y " '• 37"8: list of writers quoted 
I . 4 4 : his own contributions I . 44-5 : 
character of M S . used by, 1. 62, 63 : on 
the nature of elements and things elemen

tary 1. 114—6 : on advantages of Euclid's 
Elements, and their object I . 1 1 5 - 6 : on 
first principles, hypotheses, postulates, 
axioms I . 1 2 1 - 4 : on difficulties in three 
distinctions between postulates and axioms 
1 . 1 2 3 : on theorems and problems I . 1 2 4 - 9 : 
on formal divisions of proposition 1. 1 2 9 -
3 1 , I I . 100 : attempt to prove Postulate 5, 
I . 206-8: commentary on Plato's Republic, 
allusion in, to "side-" and "diagonal -" 
numbers in connexion with Eucl . I I . 9, 10, 
I . 399-400: on use of " quindecagon " for 
astronomy I I . i n : 1. 412 , I I . 4, 39, 4 0 , 1 9 3 , 
247, 269, i n . 10, 264, 267, 273, 310 , 441 

Proof (irilktits), necessary part of proposi
tion 1. 129-30 

Proportion : complete theory applicable to 
incommensurables as well as commensur-
ables is due to Eudoxus I . 1 3 7 , 3 5 1 , 1 1 . I I * 1 
old (Pythagorean) theory practically repre
sented by arithmetical theory of Eucl . V I I . , 
I I . 1 1 3 : in giving older theory as well 
Euclid simply followed tradition I I . 1 1 3 : 
Aristotle on general proof (new in his 
time) of theorem (alternando) in proportion 
I I . 1 1 3 : X . 5 as connecting two theories 
I I . 1 1 3 : D e Morgan on extension of mean
ing of ratio to cover incommensurables I I . 
1 1 8 : power of expressing incommensurable 
ratio is power of approximation without 
limit II.' 1 1 9 : interpolated definitions of 
proportion as "sameness" or " similarity 
of ratios" I I . 1 1 9 : definition in v . Def. 5 
substituted for that of v i l . Def. 20 because 
latter found inadequate, not vice versa I I . 
121 : D e Morgan's defence of V . Def. 5 as 
necessary and sufficient I I . 1 2 2 - 4 : V . Def. 
5 corresponds to Weierstrass' conception 
of number in general and to Dedekind's 
theory of irrationals 11. , 1 2 4 - 6 : alternatives 
for V . Def. 5 by a geometer-friend of Sac
cheri, by Faifofer, Ingrami, Veronese, 
Enriques and Amaldi I I . 1 2 6 : propor.-
tionals of V I 1 . Def. 20 (numbers) a par
ticular case of those of v . Def, 5 (Simson's 
Props. C , D and notes) I I . 1 2 6 - 9 , ' " • *5 : 

proportion in three terms (Aristotle makes 
it four) the "least" I I . 1 3 1 : "continuous" 
proportion (owexhs 01•awiiniUrri avaXoyta, 
in Euclid l&jt araXayoy) I I . 1 3 1 , 2 9 3 : 
three "proportions" 11. 292, but propor
tion par excellence or primary is continuous 
or geometric 11. 2 9 2 - 3 : " discrete " or 
"disjoined" (Jijjpij/a&'i), aieftvw*'»"7) I I . 1 3 1 , 
293 : " ordered" proportion (rtTayiUrti), 
interpolated definition of, I I . 1 3 7 : "per
turbed" proportion (rerapayiUrii) I I . 136, 
1 7 6 - 7 : extensive use of proportions in 
Greek geometry I I . 1 8 7 : proportions enable 
any quadratic equation with real roots to 
be solved I I . 187 : supposed use of pro
positions of Book v . in arithmetical Books 

« • 3 '4 . 3«> 
Proposition, formal divisions of, I . 129 -31 
Protarchus 1. 5, i l l . 5 1 2 



Psellus, Michael, scholia by, i. 70, 7 1 , n . 234 
Pseudaria of Euclid 1. 7 : Pseudographemata 

I . 7 « . 
Pseudoboethius I. 92 
Ptolemy I.: I. 1, 2 : story of Euclid and 

Ptolemy l. 1 
Ptolemy II. Philadelphus I . 20 
Ptolemy V I I . (Euergetes I I . ) , Physcon, I . 20 
Ptolemy, Claudius I . 4 1 , 30 « . : Harmonica of, 

and commentary on, I . 17 : on Parallel-
Postulate r. 2 8 « . , 34, 43, 45 : attempt to 
prove it 1. 204-6 : lemma about quadri
lateral in circle (Simson's v i . Prop. D) 
I I . 225 -7 Mi* 1 1 '< 1 '7» 1 '9 

Punch on Pons Asinorum I . 416 
Pyramid, definitions of, by Euclid I I I . 261, 

by others i n . 268 
Pyramidal numbers 11. 290: pyramids trun

cated, twice-truncated etc. 11. 291 
Pythagoras 1. 4 n., 36 : supposed discoverer 

of the irrational 1. 3 5 1 , 4 1 1 , 412 , of appli
cation of areas I . 343-4 , of theorem of 
I - 47 . 1- 343-4 , 350-4. f » i 4 " , of con
struction of five regular solids 1. 4 1 3 - 4 , 11. 
97 : story of sacrifice I . 37, 343, 350: pro
bable method of discovery of 1. 47 and proof 
of, I . 3 5 4 - 5 ; suggestions by Bretschneider 
and Hankel 1. 354, by Zeuthen 1. 355 -6 : 
rule for forming right-angled triangles in 
rational numbers I . 3 5 1 , 356-9, 385: con
struction of figure equal to one and similar 
to another rectilineal figure 11. 254: intro
duced "the most perfect proportion in 
four terms and specially called 'harmonic'" 
into Greece I I . 1 1 2 

Pythagoreans 1. 19, 36, 155 , 188 ,279 , 4 I I - 4 : 

term for surface (xpotd) 1. 1 6 9 : angles of 
triangle equal to two right angles, theorem 
and proof I . 3 1 7 - 2 0 : three polygons which 
in contact fill space round point I . 318, 11. 
98 : method of application of areas (includ
ing exceeding and falling-short) 1. 343, 
384, 403, 11. 187, 258-60, 263-5 , 266-7 : 

gnomon Pythagorean I. 3 5 1 : "rational" 
and "irratiopal diameter of 5 " 1. 399-400, 
413 : story of Pythagorean who, having di
vulged the irrational, perished by shipwreck 
1. 4 1 1 , i l l . 1 : 7/5 as approximation to ^ 2 , 
I I . 1 1 9 : approximation to >J2 by "s ide-" 
and "diagonal-" numbers 1. 398-400, i l l . 
2, 20: proof of incommensurability of ^ 2 , 
i l l . 2 : construction of isosceles triangle of 
Eucl. iv . 10, and of regular pentagon, I . 
414, I I . 9 7 - 8 : possible method of discovery 
of latter I I . 9 7 - 9 : distinguished three sorts 
of means, arithmetic, geometric and har
monic 11. 1 1 2 : had theory of proportion 
applicable to commensurables only 11. 1 1 2 : 
construction of dodecahedron in sphere 11. 
97, and of other regular solids 1. 4 1 3 - 4 , I I I . 
438: definitions of unit 11. 2.79, of even 
and odd I I . 2 8 1 : called 10 " perfect" 11. 294 

Qadizade ar-Rumi 1. 5 « . , 90 
Q . E . D . (or F . ) I . 57 

al-Qifti I. 4 » . , 94 
Quadratic equations : solution assumed by 

Hippocrates 1. 386-7 : geometrical solu
tion of particular quadratics I . 383-5, 
386-8 : solution of general quadratic by 
means of proporlionsll. 187, 263-5 , 266-7 : 

dioptvfids or condition of possibility of solv
ing equation of Eucl. v i . 28, I I . 2 5 9 : one 
solution only given, for obvious reasons 
I I . 260, 264, 2 6 7 : but method gives both 
roots if real I I . 258 : exact correspondence 
of geometrical to algebraical solution, 11. 
263-4, 2 6 6 - 7 : indication that Greeks 
solved them numerically i l l . 43-4 

Quadratrix I . 265-6 , 330, 413 
Quadrature (TtTpayuno-uos), definitions of, 

I . 149 
Quadrilateral: varieties of, 1. 183-90: in

scribing in circle of quadrilateral equi
angular to another 11. 9 1 - 2 : condition for 
inscribing circle in, II. 9.3, 9 5 : quadri
lateral in circle, Ptolemy's lemma (Simson's 
v i . Prop. D) 11. 2 2 5 - 7 : quadrilateral not 
a "polygon" I I . 239 

Quadrinomial (straight line), compound ir
rational (extension from binomial) I I I . 256 

" Quindecagon " (fifteen-angled figure): use
ful for astronomy I I . 1 1 1 

Quintilian 1. 333 
Qusta b. Liiqa al-Ba'labakki, translator of 

"Books x i v , x v " 1. 76, 87, 88 

Radius, no Greek word for, 1. 199, I I . 2 
Ramus, Petrus (Pierre de la Ramee) 1. 104, 

I I . 121 
Ratdolt, Erhard 1. 78, 97 
Rat io: definition of, 11. 1 1 6 - 9 , no sufficient 

ground for regarding it as spurious I I . 117,* 
Barrow's defence of it I I . 1 1 7 : method of 
transition from arithmetical to more general 
sense covering incommensurables I I . 1 1 8 : 
means of expressing ratio of incommen
surables is by approximation to any degree 
of accuracy 11. 1 1 9 : def. of greater ratio 
only one criterion (there are others) I I , 
130 : tests for greater, equal and less ratios 
mutually exclusive I I . 130-1 : test for 
greater ratio easier to apply than that for 
equal ratio I I . 129 -30 : arguments about 
greater and less ratios unsafe unless they 
go back to original definitions (Simson on 
v . 10) I I . 1 5 6 - 7 : compound ratio I I . 132-3 , 
189-90, 234 : operation of compounding 
ratios 11. 234 : "ratio compounded of their 
sides" (careless expression) I I . 248: dupli
cate, triplicate etc. ratio as distinct from 
double, triple etc. 11. 1 3 3 : alternate ratio, 
alternando I I . 134: inverse ratio, inversely 
I I . 1 3 4 : composition of ratio, componendo, 
different from compounding x&tiozu. 1 3 4 - 5 : 
separation of ratio, separando (commonly 
dividendo) 11. 1 3 5 : conversion of ratio, 
convertendo 11. 1 3 5 : ratio ex aequali 11. 
136, ex aequali in perturbed proportion 11. 
1 3 6 : division of ratios used in Data as 



general method alternative to compounding 
I I . 349-50: names for particular arith
metical ratios n. 291 

Rational (jforros): (of ratios) 1. 137: "rational 
diameterof 5" 1.399-400,413: rational right-
angled triangles, ,r«right-angled triangles: 
any straight line may be taken as rational 
and the trrational is irrational in relation 
thereto I I I . 10 : rational straight line is 
still rational if commensurable with rational 
straight line in square only (extension of 
meaning by Euclid) i l l . j o , 1 1 - 1 2 

Rationalisation of fractions with denominator 
of form a±s/B or J A±yjB, I I I . 243-52 

Rauchfuss, see Dasypodius 
Rausenbcrger, O . I . 157 , 175 , 313 , I I I . 307, 

3 ° 9 
ar-Razi, Abu Yusuf Y a q u b b. Muh. 1. 86 
Reciprocal or reciprocally-related figures: de

finition spurious 11. 189 
Rectangle: = rectangular parallelogram 1. 

3 7 0 : "rectangle contained b y " 1. 370 
Rectilineal angle: definitions classified 1. 

179-81 : rectilineal figure 1. 187 : "recti
lineal segment" 1. 196 

Redttctio ad absurdum 1. 1 3 4 : described by 
Aristotle and Proclus 1. 136: synonyms 
for, in Aristotle 1. 136: a variety of Analy
sis 1. 140: by exhaustion 1. 285, 293: 
nominal avoidance of, 1. 369: the only 
possible method of proving Eucl. I l l , I , 
I I . 8 

Reduction (Aira7tiryiJ), technical term, ex
plained by Aristotle and Proclus I . 1 3 5 : 
first "reduction" of a difficult construction 
due to Hippocrates 1. 135, 11. 133 

Regiomontanus (Johannes Muller of Konigs-
berg) 1. 93, 96, 100 

Reyher, Samuel 1. 107 
Rhaeticus 1. 101 
Rhind Papyrus 1. 304, 352 
Rhomboid I . 62, 1 5 1 , I8Q 
Rhombus 1. 62, 1 5 1 , meaning and derivation 

I . 189 
Riccardi, P. I . 96, 1 1 2 , 202 
Riemann, 8 . 1. 219, 273, 274, 280 
Right angle: definition 1. 181 : drawing 

straight line at right angles to another, 
Apollonius' construction for, 1. 270 : con
struction when drawn at extremity of second 
line (Heron) 1. 270 

Right-angled triangles, rational : rule for 
finding, by Pythagoras l. 356-9, by Plato 
i- 35 6 » 357. 359> 360, 3 8 5» b y Euclid i n . 
63-4 : discovery of rules by means of 
gnomons I . 358-60: connexion of rules 
with Eucl. I I . 4, 8, I . 360: rational right-
angled triangles in Apastamba 1. 361 , 363 

Roth 1. 3 5 7 - 8 
Roucne* and de Comberousse I . 313 
Rudd, Capt. Thos. 1. n o 
Ruellius, Joan. (Jean Ruel) I . 100 
" Rule of three": E u c l . v i . 12 equivalent to, 

I I . 215 
Russell, Bertrand 1. 227, 249 

Saccheri, Gerolamo 1. 106, 144 -5 . 1 6 7 - 8 , 
185-6 , 194, 1 9 7 - 8 , 200-1, I I . 126, 130: 
proof of existence of fourth proportional by 
Eucl. v i . 1, 2 and 12, I I . 170 

Sa id b. Mas'ud b. al-Qass I . 90 
Sathapatha-Brahmana I . 362 
Savile, Henry 1 .105 ,166 ,245 ,250 , 2 6 2 , 1 1 . 1 9 0 
Scalene (<sko\t)v6s or oKaXyv-iyi) I . 1 8 7 - 8 : of 

numbers ( = odd) 1. 188: a class of solid 
numbers 11. 290: of cone (Apollonius) 1. 188 

Schessler, Chr. I . 107 
Scheubel, Joan. I . 1 0 1 , 107 
Schiaparelli, G . V . 1. 163 
Schmidt, Max C . P. 1. 304, 319 
Scholia to Elements and MSS. of, I . 64-74 : 

historical information in, 1. 6 4 : evidence 
in, as to text 1. 64-5 , 66-7 : sometimes in
terpolated in text.1. 67 : classes of, "Schol . 
V a t . " I , 6 5 - 9 , "Schol . Vind." 1. 69-70 , 
miscellaneous 1. 7 1 - 4 : " Schol. V a t . " partly 
derived from Pappus' commentary I . 6 6 : 
many scholia partly extracted from Proclus 
on Bk. 1., 1 . 6 6 , 6 9 , 7 2 : many from Geminus 
solely 1. 7 4 : numerical illustrations in, 
in Greek and Arabic numerals I . 7 1 , 
74 » . : scholia by Psellus I . 7 0 - 1 . bv 
Maximus Planudes I . 72, Joannes Pediasi-
mus 1. 7 2 - 3 : scholia in Latin published by 
G . Valla, Commandinus, Conrad Dasypo
dius 1. 73 : scholia on Eucl. I I . 1 3 , 1. 407: 
Scholium I V . N o . 2 ascribes Book iv. to 
Pythagoreans I . 414, I I , 9 7 : Scholium v . 
No. 1 attributes Book v . to Eudoxus u . 1 1 2 : 
Scholium x. No . 1 attributes discovery of 
irrational and incommensurable to Pytha
goreans 111. 1 : scholium published later 
by Heiberg attributes Scholium X . N o . 62 
to Proclus I . 32 w. 

Scholiast to ClouSs of Aristophanes I I . 99 
Schooten, Franz van I . 108 
Schopenhauer 1. 227, 354 
Schotten, H. I . 167, 174 , 179, 192-3 , 202 
Schultze, A . and Sevenoak, F . L . I I I . 284, 

303. 331 
Schumacher 1. 321 
Schur, F . 1. 328 
Schweikart, F . K . 1. 219 
Scipio Vegius 1. 99 
Sectio Canonis attributed to Euclid 1. 17, 

11. 295, 111. 33 
Section (TOfii)):—point of section I . 170 , 1 7 1 , 

383: 1,1 the section " = "golden section" q.v. 
Sector (of circle): explanation of name: two 

kinds (1) with vertex at centre, (2) with 
vertex at circumference II. 5 

Sector-Yike (figure) 11. 5: bisection of such a 
figure by straight line 11. 5 

Seelhoff, P . 11. 426 
Segment of circle: angle of, 1. 253, I I . 4: 

similar segments 11. 5 : segment less than 
semicircle called d^fs 1. 187 

Semicircle: 1. 186: centre of, I . 186 : angle 
of, 1. 182, 253, l i . 4, 39-41 (see Angle ) : 
angle in semicircle a right angle, pre-
Euclidean proof 11. 63 



Separatum of ratio, Siaipeais \6yov, and 
separando (SieXAiri) ir. 1 3 5 : separando and 
componendo used relatively to one another, 
not to original ratio I I . 168, 170 

Seat I . 304 
Serenas of Antinoeia I . 103 
Serle, George 1. n o 
Servais, C . I t . 416 
Setting-out (f(*Vr»), one of formal divisions 

of a proposition I . 129 : may be omitted 1. 
130 

Sexagesimal fractions in scholia 1. 74 
Sextus Empiricus I . 62, 63, 184 
Shamsaddin as-Samarqandi 1. 5 n., 89 
" Side-" and "diagonal-" numbers,described 

I . 398-400 : due to Pythagoreans I . 400, 
I I I . 2, 20 : connexion with Eucl . I I . 9, 10, 
I . 398-400: use for approximation to ^ 2 , 
'• 399 

" Side of a medial minus a medial area (in 
Euclid "that which produces with a medial 
area a medial whole"), a compound ir
rational straight l ine: biquadratic of which 
it is a root i n . 7 : denned I I I . 1 6 5 - 6 : 
uniquely formed I I I . 1 7 4 - 7 : equivalenc to 
square root of sixth apotome I I I . 209-11 

"S ide of a medial minus a rational area" (in 
Euclid "that which produces with a rational 
area a medial whole"), a compound ir
rational straight l ine: biquadratic of which 
it is a root I I I . 7: defined I I I . 1 6 4 : 
uniquely formed I I I . 1 7 3 - 4 : equivalent to 
square root of fifth apotome I I I . 206-8 

" Side of a rational plus a medial area," a 
compound irrational straight line: biquad
ratic equation of which it is a root H I . 7 : 
denned i l l . 8 8 - 9 : uniquely divided I I I . 9 9 : 
equivalent to square root of fifth binomial 
I I I . 84, 128-9 

1 1 Side of the sum of two medial areas," a 
compound irrational straight line: biquad
ratic of which it is a root I I I . 7 : defined 
I I I . 8 9 - 9 1 : uniquely divided I I I . 9 9 - 1 0 1 : 
equivalent to square root of sixth binomial 
I I I . 84, 130-1 

" S ide" used in translation of Book x . for ^ 
Svyafidrtj (TO xuP^°v)i "side of a square 
equal to (the area)" I I I . 13 , 1 1 9 

Sides of plane and solid numbers, 11. 287-8 
Sigboto 1. 94 
"Simi lar" (=equal ) angles I . 182, 252 
" Similarly inclined " (of planes) I I I . 260, 265 
Similar plane and solid numbers 1. 357, I I . 

293 : one mean between two similar plane 
numbers I I . 294, 3 7 1 - 2 , two means between 
two similar solid numbers I I . 294, 373 -5 

Similar rectilineal figures: def. of, given in 
Aristotle I I . 1 8 8 : def. gives at once too 
little and too much I I . 188: similar figures 
on straight lines which are proportional 
are themselves proportional and conversely 
( v i . 22), alternatives for proposition 11. 
242-7 

Similar segments of circles 11. 5 
Similar solids: definitions of, i n . 261, 265-7 

Simon, M a x I . 108, 155 , 1 5 7 - 8 , 167, 202, 
328, I I . 124, 134 

Simplicius: commentary on Euclid I. 2 7 - 8 : 
on lunes of Hippocrates 1. 29, 35, 386-7 : 
on Eudemus' style 1. 35, 38 : on parallels 
I . 190-1 : I . 22, 167, 1 7 1 , 184, 185, 197, 
203, 223, 224, 413 , I I I . 366 

Simpson, Thomas, I I . 1 2 1 , I I I . 274 
Simson, Robert: on Euclid's Porisms I . 1 4 : 

on "vitiations" in Elements due to Theon 
1 . 4 6 , 103, 104, 106, i n , 1 4 8 : definition 
of plane I . 1 7 2 - 3 : Props. C , D (Bk. v . ) 
connecting proportionals of v n . Def. 20 as 
particular case with those of V . Def. 5, I I . 
126-9 , ' " • J 5 : Axioms to Bk. v . , I I . 1 3 7 : 
Prop. B (inversion) I I . 144 : Prop. E (con
vertendo) I I . 1 7 5 : shortens V . 8 by com
pressing two cases into one I I . 152-3 : 
important note showing flaw in v . 10 and 
giving alternative I I . 156 -7 : Bk. V I . 
Prop. A extending v i . 3 to case where 
external angle bisected I I . 197 : Props. B , 
C , D I I . 2 2 2 - 7 : remarks on V I . 2 7 - 9 , 11. 
258 -9 : Prop. D , Book x i . , i n . 345: I . 185, 
186, 255, 259, 287, 293, 296, 322, 328, 
384, 387, 403, I I . 2, 3, 8, 22, 23, 33, 34, 

3 7 . 4 3 . 49. 53. 7 ° . 73. 79. 9 ° . " 7 . ' 3 1 . 
132, 140, 143-4, 145, 146, 148, 154, 1 6 1 , 
161 , 163, 165, 170-2 , 177 , 179, 180, 182, 
183, 184, 185, 186 ,189 , 193. ' 9 5 . 2 0 9 , 2 1 1 , 
212 , 230-1 , 238, 252, 269, 270, 272-3 , I I I . 
265, 266, 273-4 , J 7 5 > ' 7 6 . 286-7, '89 , 295, 
301, 309, 314, 321 , 324, 327, 331 , 334. 
34° . 34 ' . 349. 35 ' . 3 5 * 3 6 « . 375 . 433. 434 

Sind b. AH A b u 'f-Taiyib I . 86 
Size, proper translation of rriXiKbrrit in V . 

Def. 3, I I . 116—7, 189-90 
Smith and Bryant,alternative proofs of V . 16. 

17, 18 by means of v i . 1, where magnitudes 
are straight lines or rectilineal areas I I . 
165 -6 , 169, 1 7 3 - 4 = 4<>4. " I - »68, 275 , 
>84. 3<>3. 3<>7 

Smith, D . E . I . 362, 4 1 7 
Solid : definition of, I I I . 260, 262-3 : similar 

solids, definitions of, I I I . 261, 2 6 5 - 7 : 
equal and similar solids, ibid. 

Solid angle : definitions of, H I . 261 , 267-8 : 
solid "angle" of "quarter of sphere," of 
cone, or of half-cone I I I . 268 

"So l id loci" I . 329, 330: Solid Loci of 
Aristaeus I . 16, 329 

Solid numbers, three varieties according to 
relative lengths of sides 11. 290-1 

" S o l i d problems" 1. 329, 330 
Speusippus 1. 125 
Sphaerica, early treatise on, I . 17 
Sphere: definitions of, by Euclid lit . 261, 

269, by others I I I . 269 
Spherical number, a particular species of cube 

number 11. 291 
Spiral, "single-turn," I . 122-3M., 1 6 4 - 5 : in 

Pappus = cylindrical helix 1. 165 
Spiral of Archimedes I . 26, 267 
Spire (tore) or Spirit surface I . 163, 1 7 0 ; 

varieties of, 1. 163 
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Spiric curves or sections, discovered by 
Perseus I. 161, 162-4 

Square number, product of equal numbers 
11. 289, 2 9 1 : one mean between square 
numbers II. 294, 363-4 

Staudt, C h . von III. 276 
Steenstra, Pybo 1. 109 
Steiner, Jakob 1. 193 
Steinmetz, Moritz I. 101 
Steinschneider, M . I. 8 » . , 76 sqq. 
Stephanus Gracilis I. 1 0 1 - 2 
Stephen Clericus I. 47 
Stevin, Simon m . 8 
Stifel, Michael u i . 8 
Stobaeus I. 3, II. 280 
Stoic *'axioms" 1 . 4 1 , 2 2 1 : illustrations(5ety-

fiara) I. 329 
Stolz, 0 . I. 328, III. 16 
Stone, E . 1. 105 
Straight line: pre-Euclidean (Platonic) de

finition I. 1 6 5 - 6 : Archimedes' assumption 
respecting, 1 .166 : Euclid's definition, inter
preted by Proclus and Simplicius I. 1 6 6 - 7 : 

language and construction of, I. 167, and 
conjecture as to origin I. 168 : other defi
nitions 1. 168-9, in Heron I. 168, by Leib
niz I. 169, by Legend re 1. 1691 two straight 
lines cannot enclose a space 1. 195-6 , can
not have a common segment I. 196-9 , III. 
2 7 3 : one or two cannot make a figure 1. 
1 6 9 , 1 8 3 : division of straight line into any 
number of equal parts (an-Nairlzi) 1. 326: 
straight line at right angles to plane, defi
nition of, i n . 260, alternative constructions 
for, HI. 293-4 

Stromer, Marten I. 1 1 3 
Studemund, W . 1. 92 n. 
St Vincent, Gregory of, 1. 401, 404 
Subduplicate of any ratio found by Eucl . VI. 

13 , II. 2 1 6 
Subtend^ meaning and construction 1. 249, 

Suidas 1. 370, 413, i n . 36O, 438 
Sulaiman b . ' U s m a (or 'Uo,ba) 1. 85, 90 
Superposition: Euclid's dislike of method 

of, I. 245, 249: apparently assumed by 
Aristotle as legitimate 1. 226: used by 
Archimedes 1. 325: objected to by Pele-
tarius 1. 249: no use theoretically, but 
merely furnishes practical test of equality 
I. 227 : Bert rand Russell on, I. 227, 

Surface: Pythagorean term for, xp°L<* ( = co
lour, or skin) I. 1 6 9 : terms for, in Plato 
and Aristotle I. 1 6 9 : irupdveta in Euclid 
(not irlire6op) 1.169: alternative definition 
of, in Aristotle 1 . 1 7 0 : produced by motion 
of line 1 . 1 7 0 : divisions or sections of solids 
are surfaces L 170, 1 7 1 ; classifications of 
surfaces by Heron and Geminus 1. 1 7 0 : 
composite, incomposite, simple, mixed 1. 
1 7 0 : spiric surfaces I. 163, 1 7 0 : homoeo-
meric (uniform) surfaces I. 1 7 0 : spheroids 
I. 1 7 0 : plane surface, see plane: loci on 
surfaces 1. 329, 330 

Surface-loci of Euclid I. 1 5 , 1 6 , 330: Pappus' 
lemmas on, 1. 15, 16 

Suter, H . I. 8 « . , I 7 « . , 1 8 / / . , 25 «. , 78 /1 . . 
85-90, in , 3 

SuvororT, Pr. I. 1 1 3 
Swinden, J. H . van 1. 169, II. 188 
Sylvester, J . 11. 426 
Synthesis, see Analysis and Synthesis 
Syrianus 1. 30, 44, 176 , 178 

Tacquet, Andre I . 103, 105, 1 1 1 , 11. 1 2 1 , 258 
Taittiriya-Samhita I. 361 
Tannery, P. I, 7 « . , 37-40, 44, 160, 163, 2 2 1 , 

223, 224, 225, 232, 305, 353, 4 1 2 , 4 1 7 , I I . 
1 1 2 , 1 1 3 , III. 1, 5 

Ta'-rikh al-Hukama I. 4 « . 
Tartaglia, Niccolo I. 3, 103, 106, 11. 47 
Taurinus, F . A . 1. 219 
Taurus I. 62, 184 
Taylor, H . M . I. 248, 3 7 7 - 8 , 404, II, 16 , 22, 

39. 56, 7S» 102, 227, 244, 247, 272, i n . 
268, 275 , 303. 4 9 1 " 2 * 4 9 8 

Taylor, T h . 1. 259 
Tetrahedron, regular: 1 1 . 9 8 : problem of in

scribing in given sphere, Euclid's solution 
III. 4 6 7 - 7 2 , Pappus* solution III. 47^-3 

Thabit b. Qurra, translator of Elements I. 42, 
75-80, 82, 84, 87, 9 4 : proof of 1. 47, 
I- 364-5 

Thales I. 36, 37, 185, 252, 253, 278, 3 1 7 , 
318 , 319 , II. 1 1 1 , 2 8 0 : on distance of ship 
from shore 1. 304-5 

Theaetetus [. 1, 3 7 : contributions to theory 
of incommensurables i l l . 3 : Eucl . X. 9 
attributed to, III. 3, 30 : supposed to have 
discovered octahedron and icosahedron i n . 
438: was the first to write a treatise on 
regular solids i l l . 438: III. 442 

Theodorus Antiochita 1. 71 
Theodorus Cabasilas 1. 72 
Theodorus of Cyrene: proved incommen

surability of * /3 , ^ 5 etc. up to 7, 1. 4 1 1 , 
4 1 2 - 3 , i n . 1, 2 

Theodorus Metochita, I. 3 
Theodosius 11. 37, III. 269, 366, 472 
Theognis 1. 371 
Theon of Alexandria: edition of Elements 

I. 4 6 : changes made by, 1. 4 6 : Simson 
on " vitiations" by, 1. 4 6 : principles for 
detecting his alterations, by comparison 
of P, ancient papyri and "Theonine" Mss. 
I. 5 1 - 3 : character of changes by, I. 54-8 : 
interpolation in v . 13 and Porism II, 144: 
interpolated Porism to VI. 20, 11. 239 : ad
ditions to v i . 33 (about sectors) II. 2 7 4 - 6 : 
I I . 43, 109, 1 1 7 , 1 1 9 , 149, 1 5 2 , 1 6 1 , 186, 
190, 234, 235, 240, 242, 256, 262, 3 1 1 , 
322, 4 " 

Theon of Smyrna: 1. 1 7 2 , 357, 358, 3 7 1 , 
398, 11. i n , 1 1 9 , 279, 280, 281, 284, 285, 
286, 288, 289, 290, 291 , 292, 293, 294, 
425, III. 2, 263, 273 

Theorem and problem, distinguished by 
Speusippus I. 125 , Amphinomus I. 125, 
128, Menaechmus I. 125, Zenodotus, Posi-



donius 1.116, Euclid 1.126, Carpus 1.127, 
128: views of Proclus 1. 127-8, and of 
Geminus I. 128: " g e n e r a l " and "not-
general " (or partial) theorems (Proclus) 
1- 3*5 

Theudius of Magnesia I . 117 
Thibaut, B . F . I . 321 
Thibaut, C . : O n Sulvasutras I . 360, 363-4 
Thompson, Thomas Perronet I . 112 
Thrasyllus 11. 292 
Thucydides I . 333 
Thymaridas I I . 279, 285 
Tibbon, Moses b. 1. 76 
Timatus of Plato I . 413-4, I I . 97-8, 294-5, 

263 
Tiraboschi I . 94 «. 
Tittel , K . 1. .38, 39 
Todhunter, I . I . 112, 189, 246, 258, 277, 

^83, 293, 298, 307, I I . 3, 7, 22, 49, 51, 52, 
67. 73. 9°. 99- '7». '95. 204, 208, 
259, 271, 272, 300 

Tonstall, Cuthbert 1. 100 
Tore I . 163 
Transformation of areas I . 346-7, 410 
Trapezium: Euclid's definition his own I . 

189: further division into trapezia and 
trapezoids (Posidonius, Heron) I . 189-90: 
a theorem on area of parallel-trapezium 1. 
338-9: name applied to truncated pyramidal 
numbers (Theon of Smyrna) I I . 291 

Treasury of Analysis {avakvbfievos rbvos) I . 8, 
10, 11, 138 

Trendelenburg, F . A . 1. 146»., 148, 149 
Treutlein, P . I . 358-60 
Triangle: seven species of, 1. 188: "four-

sided" triangle, called also "barb- l ike" 
(&KI5O€L84S) and (by Zenodorus) KoiXoywviov 
I . 27, 188: construction of isosceles and 
scalene triangles 1. 243: Heron's proof 
of expression for area in terms of sides, 
•Js{s-a) (s-b) (s-c), 11. 87-8: right-
angled triangle which is half of equilateral 
triangle used for construction of tetrahe
dron, octahedron and icosahedron {Timaeus 
of Plato) I I . 98 

Triangular numbers 11. 289 
Trihedral angles: conditions of equality i l l . 

311-2: symmetrical trihedral angles m . 
3 " 

Trimedial (straight line), first and second, 
corresponding to bimedial I I I . 257-8 

Trinomial (straight line), extension from bi
nomial I I I . 256 

Triplicate, distinct from triple, ratio I I . 133 
Trisection of an angle I . 265-7 
at-Tusi, see Naslraddin 

Unger, E . S. 1. 108, 169 
U n i t : definitions of, by Thymaridas, " some 

Pythagoreans," Chrysippus, Aristotle and 
others I I . 279: Euclid's definition that of 
the "more recent" writers 11. 279: novas 
connected etymologically by Theon of 

Smyrna and Nicomachus with ubvos (soli
tary) or /torn) (rest) 11. 279 

Vacca, Giovanni I. 1I3 
Vachtchenko-Zakhartchenko I . 113 
Vailati, G . I . 1 4 4 « . , 1 4 5 n. 
Valerius Maximus I . 3 
Valla, G . , De expetendis et fugiendis rebus 

I- 73. 98 
Van Swmden, J . H . I . 169, I I . 188 
Vatican M S . 190 (P) 1. 46, 47 
Vaux, Carra de, I . 20 
Verona palimpsest 1. 91 
Veronese, G . 1. 157, 168, 175, 180, 193-4, 

195, 201, 226-7, "8, 249, 328, I I . 30, 126 
Vertical (angles) I . 278 
Vettius Valens I I I . 3 
Viennese M S . (V) I . 48, 49 
Vie ta : on angle of contact 11. 42 
Vinci, Lionardo da 1. 365-6 
Vitali, G . 1. 237 
Vitruvius I . 352: Vitruvius and Heron I . 20, 

21 
Viviani, Vincenzo I . 107, 401 
Vogt , Heinrich, 1. 360, 364, 411-4 
Vooght, C . J . 1. 108 

Wachsmuth, C . I . 32 »., 73 
Walker, John I I . 204, 208, 259 
Wallis, John I . 103: edited Comm. on Pto

lemy's Harmonica 1. 17 : attempt to prove 
Post. 5, 1. 210-11: on angle of contact 
("degree of curvature ") 11. 42 

Weber (H.) and Wellstein (J.) I . 157 
Weierstrass 11. 124 
Weissenborn, H . I . 78«., 92»., 94»., 95, 

96, 97 «, 418 
Whiston, W . I . m 
Williamson, James 1. I l l , 293 
Witt , H . A . 1. 113 
Woepcke, F . , discovered De divisionibus in 

Arabic and published translation I . 9: on 
Pappus' commentary on Elements I . 25, 
66, 77: 1. 85 »., 86, 87, 11. 5, H I . 3, 255, 
256. »58. 259 

Xenocrates I . 268, 413 
Ximenes, Leonardo I , 107 
Xylander I . 107 

Y a h y a b. K M l i d b. Barmak I . 75 
Yahya b. Muh. b. 'Abdan b. 'Abdalwahid 

(Ibn al-Lubudi) I . 90 
Yrinus=Heron 1. 22 
Yuhanna b. Yflsuf b. al-Harith b. al-Bitriq 

al-Qass I . 76, 87 

Zamberti, Bartolomeo 1. 98-100, 101, 104, 
106 

Zeno the Epicurean 1. 34,196,197,199, 242 
Zenodorus I . 26, 27, 188, 333, I I . 276 
Zenodotus 1. 126 
Zeuthen, H . G . 1. 15, 113, 139, 141, 146 «., 

'5' . 355-6. 360, 363, 387, 398, 399, i n . 4 
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