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PREFACE.

THE Treatise here offered to the public was com-
posed for the ENcYcLOP£DIA BRITANNICA, and has
already appeared in the seventh edition of that na-
tional work. The Author has been induced to re-
publish it in its present form by the hope that it may
be found useful as a text-book, and afford the student
of the mathematics some facilities in the acquisition
of an interesting branch of the ancient geometry.

In treating of a subject which has passed through
the hands of so many distinguished mathematicians,
and which, on account of its numerous applications
in astronomy and natural philosophy, has been con-
sidered under every point of view, the Author could
not hope to add much to the stock of truths already
known. His object, indeed, has not been so much to
search after new propositions, or to point out rela-
tions heretofore unnoticed, as to place the subject be-
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fore the reader in the clearest possible light, and to
demonstrate the principal properties of the Conic
Sections in a more concise, simple, and elementary
manner than has yet been done.

With' this view, perspicnity and symmetry have
been particularly-studied, both in the arrangement of
the materials, and the demonstration of the particu- -
lar propositions. Only the most elementary proposi-
tions of geometry. have been made use of; and while
each of the three sections has been treated as a
distinct curve, a general view has been taken of
the subject, and their analogous properties deduced
from their respective definitions in an uniform man- -
ner, by the same constructions, and, in many instan-
ces, in the same words. It might have been easy, in
such cases, to have included the three curves in the
same general enunciation ; but the method which has
been followed has the advantage of placing in each
case a distinct object before the mind, at the same time
that the connection and mutual relations of all the
curves is rendered obvious by the comparison of those
propositions in which their analogous properties are
demonstrated.

In conformity with the same views, the curves have
been considered as generated by the motion of a point



PREFACE. v

on & plane, and without any reference to the cone.
In so far as facility of demonstration is concerned, it
is perhaps of little consequence which of their charac-
teristic properties is taken for the definition; that
which has been adopted (and which was first employ-
ed by LaHIRE in his Nowveaux Elemens des Sec-
tions Coniques, Paris, 1679) appears to afford at least
the simplest view of their mechanical description.

The Work consists of Four Parts, besides the
Appendiz. The first three parts contain the de-
monstration of the principal properties of each curve,
considered separately and independently. The fourth
part exhibits the origin of the curves from the inter-
section of a cone with a plane, according to the view
taken of them by the ancient geometers, and from
which, indeed, they derive their name of Conic Sec-
tions. It also embraces a subject of considerable im-
portance in the theory of the curves, namely, the com-
parison of their curvature at each point, with that of
a given circle; and it concludes with the demonstra-
tion of those properties of their areas which can be
deduced without the aid of the higher geometry.

The Appendix is of a miscellaneous character. The
first proposition, derived from a general property of
the Conic Sections demonstrated by NEwTON, gives
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an expeditious method of finding points in a parabola
by the intersection of straight lines. Propositions
2, 8, 4, indicate how parabolas may be described
which shall touch straight lines given in position.
Propositions 5 and 6 unfold a very remarkable pro-
perty of the ellipse, and show that it belongs to the
class of curves called epicycloids, or hypocycloids, be-
ing generated by the motion of a point in the plane
of a circle, which revolves on the interior circumfer-
ence of another circle. This property has suggested
the elegant instrument for the organic description of
the ellipse described in the Scholium to Prop. 8.
The equations of rectangular co-ordinates, and the
varied expressions for the polar equations, are added
for the purpose of facilitating the application of analy-
sis to the investigation of the higher properties of
the curves, and to astronomy. The series which fol-
low for the areas of the circle and equilateral hyper-
bola, and also the remarkable properties of their cir-
cumscribed polygons, are in substance taken from a
paper presented by the Author to the Royal Society
of Edinburgh, and published in volume sixth of its
Transactions

It was the intention of the Author to have con-
siderably enlarged this part of the Work, and to have
given various other series for the quadrature aud rec-
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tification of the Conic Sections; but the state of his
health having prevented him from accomplishing his
wishes, and indeed delayed the publication of the
Work much beyond the time he had hoped it would
appear, he is induced to allow it to go forth in its
present state ; and if it shall be found to render the
subject more accessible to the generality of students,
or to promote a taste for that elegant species of geo-
metrical investigation which was so successfully cul-
tivated by the great masters of antiquity, and which,
while it affords the best discipline for the minds of
youth, furnishes also the securest foundation for the
superstructure of the modern mathematics, he will not
regret the time and labour which have been expended

in its composition.

COLLEGE OF EDINBURGH,}

December 24, 1836.







INTRODUCTION.

THE mathematicians of antiquity regarded the straight
line and the circle as the most simple of all geometri-
cal lines; and the celebrated geometer Euclid has em-
ployed no other in his well-known Elements. By these
alone the ancients resolved a great number of problems,
of which the more simple are contained in Euclid’s Zle-
ments ; but many of higher difficulty were resolved in his
other writings, and in treatises of Archimedes and Apollo-
nius, which have ouly in part reached our times. There is,
however, from the very nature of geometrical science, a
Fimit to the applicability of the straight line and circle.
Some problems admit of only one solution : these can be
resolved by the intersection of two straight lines. Others
again admit of two solutions, and such require lines which
intersect each other in two points; therefore they may be
resolved by the straight line and circle, or two circles.

If, however, a problem be of such a nature as in its
most general form to admit of three solutions, it must ne~
cessarily be determined by the intersection of two lineswhich
intersect each other in three points; it therefore cannot
be resolved by the straight line and circle alone. Now
the ancients had actually proposed to themselves such
problems, and in this way it may be supposed they had
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discovered the necessity of introducing other lines, in addi-
tion to the straight line and circle, into their geometry.
The interest which mankind take in mathematical spe-
culations is but little in’comparison to that which is excit~
ed by works of poetry, oratory, or history; hence it has
happened that ancient treatises on these subjects have
had a better chance of descending to our times. It is not,
therefore, wonderful that none of the works of the more
early Greek geometers have reached us, and that we have
no work of great antiquity professedly written on the sub-
Jject of the Conic Sections. Our curiosity must therefore
rest satisfied with the knowledge of a few incidental notices,
and facts relating to them, gleaned from different authors.
The discovery of the Conic Sections seems to have ori-
ginated in the school of Plato, in which geometry was
highly esteemed and much cultivated. It is probable that
the followers of that philosopher were led to the discovery
of these curves, and to the investigation of many of their
properties, in seeking to resolve the two famous problems
of the duplication of the cube, and the trisection of an
angle, for which the artifices of the ordinary or plane geo-
metry were insufficient. Two solutions of the former pro-
blem, by the help of the Conic Sections, are preserved by
Eutocius,* and are attributed by him to Menachmus, the
scholar of Eudoxus, who lived not much posterior to the
time of Plato: and this circumstance, added to a few words
in an epigram of Eratosthenes,t has been thought sufficient
authority, by some authors, to aseribe the honour of the
discovery of the Conic Sections to Mengzchmus. We may
at least infer that, at this epoch, geometers had made
some progress in developing the properties of these curves.

* In Arch. lib. ii. De Sph. et Cyl. 4+ Ibid.
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The writings of Archimedes that have reached us expli-
citly show that the geometers before his time had advanced
a great length in investigating the properties of the Conic
Sections. This author expressly mentions many principal
propositions to have been demonstrated by preceding wri- -
ters ; and heoften refers to properties of the Conic Sections,
as truths commonly divulged and known to mathemati-
cians. His own discoveries in this branch of science are
worthy of the most profound and inventive genius of an-
tiquity. In the quadrature of the parabola he gave the
first and the most remarkable instance that has yet been
discovered of the exact equality of a curvilinear to a rec-
tilinear space. He determined the proportion of elliptic
spaces to corresponding spaces in the circle; and he in-
vented many propositions respecting the mensuration of
the solids formed by the revolution of the conic sections
about their axes.

It is chiefly from the writings of Apollonius of Perga, a
town in Pamphylia, on the subject of the Conic Sections,
that we know how far the ancient mathematicians carried
their speculations concerning these curves. Apollonius
flourished under Ptolemy Philopater, about forty years
later than Archimedes. He formed his taste for geometry,
and acquired that superior skill in the science to which he
is indebted for his fame, in the school of Alexandria, under
the successors of Euclid. Besides his great work .on the
Conic Sections, he was the author of many smaller trea-
tises relating chiefly to the geometrical analysis, the ori-
ginals of which have all perished, and are only known to
modern mathematicians by the account given of them by
Pappus of Alexandria, in the seventh book of his Mathe-
matical Collections.
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The work of Apollonius on the Conic Sections, written
in eight books, was held in such high estimation by the
ancients, as to procure for him the name of the Great
Geometer. Only the first four books of this treatise
have come down to us in the original Greek. It is the
purpose of these, as we are informed in the prefatory
epistle to Eudemus, to deliver the elements of the science ;
and in this part of his labour the author claims no further
merit than that of having collected, amplified, and redu-
ced to order, the discoveries of preceding mathematicians.
One improvement introduced by Apollonius is too remark-
able to be passed over without notice. The geometers who
preceded him derived each curve from a right cone, which
they conceived to be cut by a plane perpendicular to its
slant side, It will readily be perceived, from what is
shown in the first section of the fourth part of the follow-
ing treatise, that the section would be a parabola when
the vertical angle of the cone was a right angle, an ellipse
when it was acute, and an hyperbola when it was obtuse.
Thus each curve was derived from a different sort of cone.
Apollonius was the first to show that all the curves may be
produced from any sort of cone, whether right or oblique,
according to the different inclinations of the cutting plane.
This fact is one remarkable instance of the adherence of
the mind to its first conceptions, and of the slowness and
difficulty with which it generalizes.

The original of the last four books of the treatise of
Apollonius is lost ; and it is not easy to ascertain in what
age it disappeared. In the year 1658 Borelli discovered at
Florence an Arabic manuscript, entitled Apollonii Perge:
Conicorum Libri Octo. By the liberality of the Duke of
Tuscany, he was permitted to carry the manuscript to
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Rome, and, with the aid of an Arabic scholar, Abraham
Ecchellensis, he published in 1661 a Latin translation of
it. The manuscript, although from its title it was expected
. to be a complete translation of all the eight books, yet was
found to contain only the first seven books: and it is re-
markable, that anether manuscript, brought from the East
by Golius, the learned professor of Leyden, in 1664,
as well as a third, of which Ravius published a trans-
lation in 1669, have the same defect. All the three manu-
scripts agreeing in the want of the eighth book, we may
now consider that part of the work of Apollonius as irreco-
verably lost. Fortunately, in the Collectiones Mathematice
of Pappus, in whose time the entire treatise of Apollo-
nius was extant, there is preserved some account of the
subjects treated in each book, and all the Lemmata re-
quired in the investigations of the propositions they eon-
tained. Dr Halley, who in 1710 gave a correct edition of
the Conics of Apollonius, guided in his researches by the
lights derived from Pappus, has restored the eighth book
with so much ability as to leave little reason to regret the
loss of the original.

The last four books of the Conics of Apollonius, con-
taining the higher or more recondite parts of the science,
are generally supposed to be the fruit of the author’s own
researches ; and they do much honour to the geometrical
skill and invention of the great geometer. Even in our
time the whole treatise must be regarded as a very ex-
tensive, if not a complete work on the Conie Sections.
Modern mathematicians make important applications of
these curves, with which the ancients were unacquainted ;
and they have been thus led to consider the subject in
particular points of view, suited to their purposes; but
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they have made few discoveries. of which there are not
some traces to be found in the work of the illustrious an-
cient.

The geometers who followed Apollonius seem to have
contented themselves with the humble task of comment-
ing on his treatise, and of rendering it of more easy access
to the bulk of mathematicians. Till about the middle of
the 16th century, the history of this branch of mathema-
tical science presents nothing remarkable. The study of
it was then revived ; and since that time this part of the
mathematics has been more cultivated, or has been illus-
‘trated by a greater variety of ingenious writings.

Among the ancients the study of the Conic Sections was
a subject of pure intellectual speculation. The applica-
tions of the properties of these curves in natural philosophy
have, in modern times, given to this part of the mathe-
matics a degree of importance that it did not formerly
possess. That which, in former times, might be consider-
ed as interesting only to the learned theorist and profound
mathematician, is now a necessary attainment to him who
would not be ignorant of those discoveries in nature that
do the greatest honour to the present age.

It is curious to remark, in the progress of discovery, the
connexion that subsists between the different branches of
human knowledge ; and it excites admiration to reflect,
that the astronomical discoveries of Kepler, and the su-
blime theory of Newton, depend on the seemingly barren
speculations of Greek geometers concerning the sections
- of the cone.

Apollonius, and all the writers on Conic Sections before
Dr Wallis, derived the elementary properties of the curves
from the nature of the cone. In the second part of his
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treatise De Sectionibus Comicis, published in 1665, Dr
Wallis laid aside the consideration of the cone, deriving
the properties of the curves from a description in plano.
Since his time authors have been much divided as to the
best method of defining those curves, and demonstrating
their elementary properties; many of them preferring
that of the ancient geometers, while others, and some of
great note, have followed his example.

In support of the innovation made by Dr Wallis, it is
urged, that in the ancient manner of treating the Conic
Sections, students are perplexed and discouraged by the
previous matter to be learnt respecting the generation and
properties of the cone; and that they find it no easy task
to conceive distinctly, and to understand, diagrams which
represent lines drawn in different planes ; all these difficul-
ties are avoided by defining the curves in plano from some
one of their essential properties. It is not our intention
particularly to discuss this point; and we have only to
add, that in the following treatise we have chosen to de-
duce the properties of the Conic Sections from their de-
scription in plano, as better adapted to the nature of an
elementary treatise.

A geometrical treatise on the Conic Sections must ne-
cessarily be founded upon the elements of geometry. As
Euclid’s Elements of Geometry are generally studied, and
in every one’s bands, we have chosen to refer to it in the
demonstrations. The edition referred to is that published
by the late Professor Playfair of Edinburgh.

The references are to be thus understood: (20, 1, E.)
means the twentieth proposition of the first book of Euclid’s
Elements ; (2 Cor. 20, 6, E.) means the second corollary
to the twentieth proposition of the sixth book of the same
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work ; and so of others. Again, (7) means the seventh
proposition of that Part of the following Treatise in which
such reference happens to occur ; (Cor. 1) means the co-
rollary to the first proposition ; (2 Cor. 3) means the second
corollary to the third proposition, &c.—such references
being all made to the propositions in.the division of the
Treatise in which they are found.
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PART L
OF THE PARABOLA.

. DEFINITIONS.

&

B C

L. If a straight line BC, and a point without it F, be
given in position in a plane, and a point D be supposed to
move in such a manner that DF, its distance from the
given point, is equal to DB, its distance from the given
line; the point D will describe a line DAD, called a
Parabola.

IL. The straight line BC, which is given in position, is
called the Directriz of the Parabola.

A
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IIL. The given point F is called the Focus.

IV. A straight line perpendicular to the directrix, ter-
minated at one extremity by the parabola, and produced
indefinitely within it, is called a Diameter.

V. The point in which a diameter meets the parabola
is called its Plertex. ‘

VI. The diameter which passes through the focus is
called the Axis of the Parabola ; and the vertex of the axis
is called the Principal Vertex.

CoroLrLARY. A perpendicular drawn from the focus to
the directrix is bisected at the vertex of the axis.

VIIL A straight line terminated both ways by the para-
bola, and bisected by a diameter, is called an Ordinate to
that Diameter. '

VIIL. The segment of a diameter between its vertex
and an ordinate is called an Absciss.

IX. A straight line quadruple the distance between the
vertex of a diameter and the directrix, is called the Para-
meter, also the Latus Rectum of that Diameter.

X. A straight line meeting the parabola only in one
point, and which éverywhere else falls without it, is said

to touch the parabola at that point, and is called a Zan-
gent to the Parabola.



OF THE PARABOLA. 3

PROPOSITION I.
The distance of any point without the parabola from the focus
- i8 greater than its distance from the directrix ; and the dis-
tance of any point within the parabola from the focus is
_ less than its distance from the directriz.

G B

o

Let DAd hé a parabola, of which F is the focus, GC
the directrix, and P a point without the curve, that is, on
the same side of the curve with the directrix ; PF, a line
drawn ta the focus, will be greater than PG, a perpendi-
cular to the directrix. .For, as PF must necessarily cut
the curve, lat. D be the point of intersection ; draw DB
perpendicular to the directrix,"and join PB. Because D
is a point in the parabola, DB = DF (Definition 1), there-
fore PF = PD 4 DB; but PD 4 DB is greater than PB
(20, 1, E.), and therefore still greater than PG (19, 1, E.),
therefore PF.is greater than PG.

Again, let Q be a point within the panboh QF,
line drawn to the focus, is less than QB, a perpendicular
to the directrix. - The perpendicular QB necessarily cuts
the curve; let D be the point of intersection; join DF.
Then DF = DB (Def. 1), and QD + DF = QB; but QF
is less than DQ + DF, therefore QF is less than QB.
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Cor. A point is without or within the parabola, ac-
cording as its distance from the focus is greater or less
than its distance from the directrix.

PROPOSITION II.

Every straight line perpendicular to the directrix meets the
parabola, and every diameter falls wholly within it.

Q

Let the straight line BQ be perpendicular to the direc-
trix at B; BQ shall meet the parabola. Draw BF to
the focus, and make the angle BFP equal to FBQ; then,
because QBC is a right angle, QBF and PFB are each
less than a right angle, therefore QB and PF intersect
each other ; let D be the point of intersection, then DB
=DF (5, 1, E.); therefore D is a point in the parabola.
Again, the diameter DQ falls wholly within the para-
bola ; for take Q, any point in the diameter, and draw FQ
to the focus, then QB or QD + DF is greater than QF ;
therefore Q is within the parabola (Cor. 1).

Cor. The parabola continually recedes from the axis,
and a point may be found in the curve that shall be at a
greater distance from the axis than any assigned line.
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PROPOSITION IIL

The straight line which bisects the angle contained by two
straight lines drawn from any point in the parabola, the
one lo the focus, and the other perpendicular to the direc-

" triz, is a tangent to the curve in that point.

Let D be any point in the curve; let DF be drawn to
the focus, and DB perpendicular to the directrix; the
straight line which bisects the angle FDB is a tangent to
the curve. Join BF meeting DE in I, take H any other
point in DE, join HF, HB, and draw HG perpendicular
to the directrix. Because DF = DB, and DI is common
to the triangles DFI, DBI, and the angles FDI, BDI;
are equal, these triangles are equal, and FI=1B; and
hence FH =HB (4, 1, E.) : but HB is greater than HG
(19, 1, E.), therefore the distance of the point H from
the focus is greater than its distance from the directrix;
hence that point is without the parabola (Cor. 1), and
therefore HDI is a tangent to the curve at D (Def. 10).
~ Cor. 1. A perpendicular to the axis at its vertex is a
tangent to the curve. Let AM be perpendicular to the
axis at the vertex A, then RS, the distance of any point
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in AM from the directrix, is equal to CA, that is to AF,
and therefore is less than RF, the distance of the same
point from the focus.

Con. 2. A straight line drawn from the focus of a para-
bola perpendicular to a tangent, and produced to meet the
directrix, is bisected by the tangent. For it has been
shown that FB, which is perpendicular to the tangent DI,
is bisected at L.

Cogr. 8. A tangent to the parabola makes equal angles
with the diameter which passes through the point of con-
tact, and a straight line drawn from that point to the fo-
cus. For BD being produced to Q, DQ is a diameter, and
the angle HDQ is equal to BDE, that is, to EDF.

Cor. 4. The axis is the only diameter which is perpen-
dicular to a tangent at its vertex. For the angle HDQ,
or BDE, is the half of BDF, and therefore less than a
right angle, except when BD and DF lie in a straight line,
which happens when D falls at the vertex.

Cor. 5. There cannot be more than one tangent to the
parabola at the same point.

/

For let any other line DK, except a diameter, be drawn
through D ; draw FK perpendicular to DK; on D for a



OF THE PARABOLA. 7

centre, with a radius equal to DB or DF, describe a circle,
cutting FK in N; draw NL parallel to the axis, meeting
DK in L, and join FL. Then FK=KN (8, 8, E.), and
therefore FL = LN, Now BD being perpendicular to the
directrix, the circle FBN touches the directrix at B (16, 3,
E.); and hence N, any other point in the circumference, is
without the directrix, and on the same side-of it as the pa-~
rabola; therpfore the point L is nearer to the focus than
to the directrix, and consequently is within the parabola.

ScuorLiumM. From the property of tangents to the pa-
rabola demonstrated in Cor. 3, the point F takes the name
of the Focus. For rays of light proceeding parallel to the
axis of a parabola, and falling upon a polished surface
whose figure is that produced by the revolution of the pa-
rabola about its axis, are reflected to the focus.
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PROPOSITION IV. PROBLEM.

Toﬁndany number of points in a parabola, having given the

Jocus and axis.
BB L% ]
X YA E
H

Let F be the focus, AH the axis, and A the vertex.
Suppose the problem resolved, and that D is a point in
the parabola. In FA produced take AC equal to AF, and
through C draw the directrix BCb : draw DF to the focus,
DE perpendicular to the axis, and DB perpendicular to
the directrix: Take AH equal to FD.

Because AH is equal to DF, and DF is greater than
AF (Cor. Prop. 2), therefore AH is greater than AF, and
H is always in AF produced.

‘Now CE is. equal to AH, for each is equal to DF ; there-
fore, taking from these the equals AC, AF, we have AE
'=FH. .

ConstruUcTION. In AF produced take any point H,
and take AE equal to FH. Through E draw DEd per-
pendicular to the axis, and with F as a centre, at the dis-
tance AH, describe a circle which will cut the perpendi-
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cular in D and d: these are points in the parabola. For
AE = FH, therefore CE = AH and DB = DF, therefore
D is in the parabola, and in the same way it appea.rs that
d is in the parabela.

Cor. 1. Any perpendicular to the axis meets the para-
bola in two points, and in no more, and the straight line
between the points is bisected by the axis. For if the
perpendicular could meet the curve in another point IV,
then FP’ being joined, we would have FD’ equal to D'B’,
that is, to DB or to FD, which is impossible (19, 1, E.).

Cogr. 2. Every chord Dd, in a parabola, perpendicular
to the axis, is bisected by the axis, and therefore is an or-
dinate to it. For the chord in the parabola is also a chord
in a circle, the centre of which is in the axis of the para-
bola.

ScHorLiuM. From this proposition it appears that the
parabola is composed of two branches, which recede con-
tinually from the directrix and from the focus, also from
the axis (Cor. Prop. 2). And it appears that the indefi-
nite spaces between the curve and axis on each side are
exactly alike, so that if the whole space comprehended
within the parabola were divided into two portions by
cutting it through the axis, and one of them were turned
over upon the other, they would entirely coincide.
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PROPOSITION V.

If a straight line be drawn from the focus of a parabola to
the intersection of two tangents to the curve ; it makes equal
angles with straight lines drawn from the focus to the points
of contact. ‘

G H 9

K

/N

Let HP, Hp, tangents to a_parabola at P and p, inter-
sect each other at H; draw PF, pF, HF, to F the focus;
the line HF makes equal angles with FP, Fp.

Draw PK, pk perpendicular to the directrix, and join
HK, Hk. The triangles HPK, HPF have PK =PF, PH
common to both, and the angles KPH, FPH equal (3),
therefore they are in every way equal (4, 1, E.), and have
HK =HF, and the angle HKP equal to HFP. In the
same way it may be shown, that the triangles Hpk, HpF,
are in every way equal, and therefore H% ="HF, and the
angle HKp is equal to HFp : But HK being equal to Hz,
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for each has been proved equal to HF, the angles HKZ,
HZK are equal (5,1, E.), and adding to these the right
angles PKZ%, pkK, the angles HKP, HZp are equal; but
these have been proved equal to HFP, HFp ; therefore
these last are equal, and the line HF makes equal angles
with FP, Fp, .. (TN I R Ces

Cogr. 1. Perpendiculars drawn from the intersection of
two tangents, to lines drawn from the points of contact
through the focus, are equal. For HI, Hi, being drawn
perpendicular to PF, pF, the triangles HFI, HF:, are
manifestly equal (26, 1, E.), and therefore HI = Hi.

Cor. 2. Perpendiculars from the intersection of two
tangents to diameters passing through the points of con-
tact are equal.

Draw GHg through H perpendicular to PK, pk, and
because the triangles HPG, HPI have HP common to
both, the apgles at P equal, and the angles G and I right
angles, the triangles are in every way equal (26, 1, E.),
and hence HG is equal to HI. In like manner it is proved
that Hg is equal to Hi; but HI is equal to Hi, therefore
HG is equal to Hg.
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PROPOSITION VI

If a straight line be drawn from the intersection of two tan-
gents to the focus, and another perpendicular to the direc-
triz ; these will make equal angles with the tangents.

H K4
K £
p
AN
P
/N

Let F be the focus of a parabola, and K% the directrix ;
qnd let straight lines HP, Hp, which intersect each other
at H, touch the parabola at P and p ; also let HF be drawn
to the focus, and HE perpendicular to the directrix; the
angles PHE, pHF are equal.

The same construction being made as in Prop. V.

In the triangles HEK, HEZ, it may be shown, as in
that proposition, that HK is equal to HZ, and therefore
that the angle HKE is equal to the angle HZE (5, 1, E.).
The angles HEK, HE% are also equal; therefore the
angles KHE, ZHE are equal (26, 1, E.). Now the angle
KHE =KHP + PHE; but the triangles KHP, FHP are
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in every way equal (as was shown in Prop. V.). There-
_ fore KHP = FHP, and hence
KHE =FHP + PHE =FHE + 2PHE.
In the same way it appears that
*HE = FHp + pHE =FHE + 2FHp ;
therefore FHE + 2PHE = FHE + 2FHp ;
and hence 2PHE = 2pHF and PHE = pHF,
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PROPOSITION VIL

If two tangents to a parabola be at the extremities of a chord,
and a third tangent -be parallel to the chord ; the part of
this tangent intercepted between the other two is bisected at
the point of contact.

Let HD, Hd be tangents at the extremities of the
chord Dd, and KP% a tangent parallel to Dd, meeting the
other tangents in K and %; the line K% is bisected at P,
the point of contact.

From H, K, %, the intersections of the tangents, draw
perpendiculars to the diameters passing through their
points of contact, viz. HI, Hi, perpendicular to DL and
dl ; and KM, KN, perpendicular to DL and PE, and %m,
kn, perpendicular to d/ and PE.

The triangles HDI, DKM, are mamfestly equiangular,
also the triangles dHi, dkm ; therefore

HD:DK =HI: KM (4, 6, E.),
and Hd:dk = Hi: km.
But because K% is parallel to Dd,
HD:DK =Hd:dk (2, 6, E.) ;
therefore HI : KM =Hi : &m
Now HI = H:¢ (2 Cor. 5), therefore KM = 4m.
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But KM = KN, and Km = K= (2 Cor. 5);
therefore KN =Kzn. " :
And since KN : kn =KP : kP (Cor 6, E.), "
therefore KP =kP. '

LeEMMA.

Let KL! be a triangle, having its base L! bisected at p,
and let HA, any straight line parallel to the base, and ter-
minated by the sides, be bisected at P; then P, p, the
points of bisection, and K, the vertex of the triangle, are
in the same straight line; and that line bisects Dd, any
other straight line parallel to the base.

N p [2

" 'Complete-the parallelograms 'KHPM, KLpN. The
triangles KA, K12 bemg s1m1]ar, and HA, L similarly
d1v1ded at P and p,
' v KH:KLe=HA:L:=HP:Lp,

hence the -parallelogrami KHPM, -KLpN-are similar.
Now they have a comimon angle at K; therefore they are
about the same diameter, that is; the points K, P, p, are
in the same straight line (26, 6,-E.).

Next, let Dd meet Kp in E," then -

HP:DE(ZKP: KEYy=Ph:Ed;
therefore DE is. equal to Ed. .
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PROPOSITION VIIL

Any chord parallel to a tangent is bisected by the diameter
which passes throuyh the point of contact, or is an ordinate
to that diameter.

0
1 H :
o k!
K
L i
n
D B
N

The chord Dd, which is parallel to the tangent KP&, is
bisected at E by PE, the diameter that passes through the
point of contact.

Let DH, dH be tangents, and DN, dn diameters at the
extremities of the chord ; let the tangent at P meet the
other tangents in K and &, and the diameters in L and /,
and through H draw OHo parallel to Dd, and IHi per-
pendicular to the diameters DN, dn.

Because of the parallels L, Oo, and DO, do, the trian-
gles DKL, DHO are similar, also the triangles dkl, dHo,
and the triangles OHI, oHi, therefore

‘ DK : DH = KL : HO,
and dk : dH = kI : Ho (4, 6, E.);
But because Dd is parallel to K&,
DK :DH =dk: dH (2, 6, E.),
therefore KL : HO = #/: Ho ;
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but HO : HI == Ho: Hi,
therefore, ex. @g. KL : HI = &i: Hi.

Now HI = H: (2 Cor. 5), therefore KL = 4; but KP
= &P (%), therefore PL = P4 and ED = Ed (34, 1, K.)

Cor. 1. Straight lines which touch a parahola at the
extremities of an ordinate ta a diameter intersect each
other in that diameter ; for Kk and Dd being bisected at
P and E, the points H, P, E lie in a straight line. (LEM-
MA.)

Cor. 2. Every ordinate to a diameter is parallel to a
tangent at its vertex : For if it be not, let a tangent be
drawn parallel to the ordinate; then the diameter which
passes through the point of contact would bisect the ordi-
nate, and thus the same line would be bisected in two dif-
ferent points, which is impossible.

Cor. 3. All ordinates to the same dlameter are parallel
to each other.

Cor. 4. A straight line that bisects two parallel chords,
and terminates in the curve, is a diameter.

Cor. 5. The axis is perpendicular to its ordinates, and
every other diameter cuts its ordinates obliquely.
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PROPOSITION IX.

If a tangent at any point in a parabola meet a diameter, and
Jrom the point of contact an ordinate be drawn to that dia-
meter ; the segment of the diameter between the vertexr and
_ tangent is equal to the segment between the vertex and the
ordinate.

H

Let DH, a tangent to the curve at D, meet the diame-
ter EP in H, and let DEd be an ordinate to that diame-
ter : the segment HE is bisected in P. ~

Draw PK, a tangent at P, meeting the tangent DH in
K, and draw IKi, perpendicular to the diameter PE at 1,
and meeting a diameter drawn through D at L

The triangles DKI, HKi are equiangular (29, 1, E.),
therefore IK : Ki = DK: KH (4, 6, E.) ; and because in
the triangle DHE, KP is parallel to the side DE, DK :
KH = EP: PH, therefore IK: Ki =EP : PH; but IK
and Ki are equal (2 Cor. 5), therefore EP and PH are

equal.
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'PROPOSITION X.

If an ordinate to any diameter pass through the focus ; the
absciss iaequalto‘onefqurthqftlwpammeterqftkat
diameter, and the ordinate is equal to the whole parameter.

. D
‘/

Let DEd, a straight line passing through the focus, be
an ordinate to the diameter PE; the absciss PE is equal
to one fourth of the parameter, and the ordinate Dd_is
equal to the whole parameter of the diameter PE.

Let DH, PI be tangents at D and P ; let DH meet the
diameter in H; draw PF to the focus, and DL parallel to
EP. The angles HPI; IPF, being equ\al (3), and PI pa-
rallel to EF (2 Cor. 8), the angles PEF, PFE, are also
equal (29, 1, E.), and PE = PF =} the parameter (Def.
9 and Def. 1). Again, the angle HDE is equal to LDH-
(8), and therefore equal to DHE; consequently ED is-
equal to EH, or to twice EP (9): therefore Dd is equal
to 4EP, or to 4PF, that is, to the parameter of the dia-
meter. . . - : ’
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PROPOSITION XI.

If any two diameters of a parabola be produced to meet a
tangent to the curve ; the segments of the diameters be-
tween their vertices and the tangent are to one another as
the squares of the segments of the tangent tntercepted be-
tween each diameter and the point of contact.

Let QH, RK, any two diameters, be produced to meet

PI, a tangeut to the curve at P, in the points G, I; then,
HG : KI=PG* : P12, 4

Let PN, a semi-ordinate to the diameter HQ, meet KR
in O, and let PR, a semi-ordinate to the diameter KO,
meet HN in Q; from H draw parallels to NO and QR,
meeting KR in L.-and M; thus HL is a tangent to the
curve, and HM a semi-ordinate to KR.

. Now KI =KR, and KL = KM (9);;

therefore, by subtraction, LI= MR = HQ.
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. But LO=HN=HG (9);
therefore, by addition, IO = GQ.
The triangles PGN, PIO, are similar, as also PGQ,
PIR,
therefore GN, or 2GH I0= PG PI,
and GQ : IR, or 10 : 2IK = PG : PL
Hence, taking the rectangles of the corresponding terms,
2GH - 10: IO - 2IK = PG*: PI?,
therefore GH : IK = PG* : PI*.
Cor. The squares of semi-ordinates, and of ordinates
to any diameter, are to one another as their correspond-
ing abscisses.

Let HEA, KN be ordinates to the diameter PN ; draw
PG a'tangent to the curve at the vertex of the dismeter,
and complete the parallelograms PEHG, PNKI; then PG,
PI are equal to EH, NK, and GH, IK to PE, PN re-
spectively; therefore HE? : KN* = PE : PN



.
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PROPOSITION XII,

.(fanordinatebedrawntoanydiamelerqfaparabola;tke
rectangle under the absciss and the parameter of the dia-
meter is equal to the square of the semi-ordinate.

Let KB% be an ordinate to the diameter PB ; the rect-
angle contained by PB and the parameter of the diameter
is equal to the square of KB, the semi-ordinate.

Let DEd be that ordinate to the diameter which passes
through the focus. The semi-ordinates DE, Ed are each
half of the parameter, and the absciss EP is one fourth of
the parameter (10) ;

therefore Dd : DE = DE : PE,
: and Dd - PE = DE* (16, 6, E.).
Buth PE:Dd: PB, or PE:PB = DE*: KB? (Cor. 11),
therefore Dd - PB = KB?.

ScHoLiuM. It was on account of the equality of the
square of the seml-ordmate to a rectangle contained by
the parameter of the diameter and the absciss, that Apol-,
lonius called the curve line to which the property belong-

'ed a Parabola.




+

OF THE PARABOLA. 23

PROPOSITION XIIL

If AB, an ordinate to a diameter PG, be cut by any other
diameter CD in D ; the rectangle AD - DB contained by
its segments is equal to the rectangle contained by CD, the
segment of the other diameter between its vertex and the or-
dinate, and the parameter of the diameter PG.

Draw CH, a semi-ordinate to the diameter PG, and let
L be its parameter.
Because AG?*= L * PG (12),
and DG* = CH* = L' PH,
therefore AG* —DG* = L (PG — PH),
that is (5, 2, E.), AD*DB = L-CD.
When the point I’ is in AB produced, the demonstration
requires Prop. 6, instead of Prop. 5 of 2, E.

Cogr. If a chord AB be cut by any two diameters CD,
EF, the rectatigles AD - DB, AF - FB, are to one another
as CD, EF, the segments of the diameters between their
vertices and the chord. - '
 For since AD *DB = L°*'CD; and AF‘FB = L EF;
AD ‘DB: AF-FB = L'CD:L-EF = CD: EF."
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DEFINITIONS.

XI. The straight line PH, perpendicular to a tangent
between the point of contact P and the axis AH, is called
a Normal.

XII. The segment EH of the axis between the normal
and PE, an ordinate to the axis drawn through P, is
called a Subnormal. '

PROPOSITION XIV.

A straight line drawn from the focus of a parabola, perpen-
dicular to a tangent, is a mean proportional between the
straight line drawn from the focus to the point of contact,
and one fourth the parameter of the axis.

u

Let FB be a perpendicular from the focus upon the
tangent PB, and FP a straight line drawn to the point of
contact ; let A be the principal vertex, and therefore FA
equal to one fourth of the parameter of the axis; FB is a
mean proportional between FP and FA. ~
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Produce FB and FA to meet the directrix in D and C,
and join AB. The lines FC, FD are bisected at A and
B (2 Cor. 8), therefore (2, 6, E.) AB is parallel to CD, or
perpendicular to CF, and consequently is a tangent to the
curve at A (1 Cor.8). Now BP is a tangent at P, there-
fore the angle AFB is equal to BFP (5); and since the
angles FAB, FBP are right angles, the triangles FAB,
FBP are equiangular; hence

FP:FB =FB: FA.

Cor. 1. The common intersection of a tangent, and a
perpendicular from the focus to the tangent, is in a straight
line touching the parabola at its vertex.

Cowr. 2. If PH be drawn perpendicular to the tangent,
meeting the axis in H, and HK be drawn perpendicular
to PF; PK shall be equal to half the parameter of the axis.
For the triangles HPK, FBP, are manifestly equiangular ;
therefore

HP: PK =PF:FB:FB:FA = FD: FC.
But if PD be joined, the line PD is evidently perpendicu-
lar to the directrix (8), therefore the figure HPDF is a
parallelogram, and HP = FD, therefore PK = FC = half
the parameter of the axis.

Con. 8. The subnormal HE, is equal to half the para-
meter of the axis. For the triangles PHE, DFC are in
all respects equal ; therefore HE = FC,
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PROPOSITION XV.

. If from a point in a parabola a perpendicular be draum lo
any diameter, and also, from the same point, an ordinate
to that diameter ; the square of the perpendicular is equal
to the rectangle contained by the absciss of the diameter and
the parameter of the axis.

. B P A
. N <
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Let P be a point in a parabola, DK any diameter, PH a
perpendicular, and PK a semi-ordinate to that diameter ;
the square of PH is equal to the rectangle contained by
DK and the parameter of the axis.

Let F be the focus, and FA the segment of the axis be-
tween the focus and vertex, and therefore one fourth of
the parameter ; join FD, draw DB touching the parabola
at D, and FB a perpendicular from the focus on the tan-
gent. The triangles PKH, FDB are similar, for the an-
gle FDB is equal to BDH (3 Cor. 38), that is, to PKH
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(2 Cor. 8), and the angles at B and H are right angles,
therefore their sides are proportionals. .

and KP?: PH* = DF?: FB>.
But since DF : FB = FB :FA (14),

DF?:FB* = DF :FA (2 Cor. 20, 6, E.);
therefore KP? : PH* = DF ' : FA = 4DF-DK : 4FA'DK.
Now KP? = 4 DF-DK (12), therefore PH* = 4 FA-DK.

Cox. 1. Hence, if two diameters DK, dk, on opposite
sides of a third PQ, be at equal distances from it, semi-or-
dinates PK, P% to the other two, drawn from P the vertex
of the middle diameter, will cut off equal abscisses DK,
dk. For the perpendiculars PH, Ph, on the two extreme
diameters, are equal. .

Cor. 2. And if tangents DI dl, be drawn at the ver-
tices of the extreme diameters, they will intersect each
other in the middle diameter QP produced. For the tan-
gents being parallel to the ordinates (8), each will cut off
from PQ a segment PI equal to the absciss of the dia-
meter at the point of contact; and the abscisses DK, dk
being equal, the tangents will cut off equal segments from
PQ, and therefore will pass through the same point L ’

Cog. 8. And if two diameters be at equal distances from
a third, on opposite sides, and chords be drawn from the
vertex of the middle diameter to the vertices of the other
two, tangents drawn parallel to the chords will intersect
each other in the middle diameter produced.. For the
semi-ordinates PK, P#, are the halves of chords so drawn,
and DI, dI are tangents parallel to these chordi.
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PROPOSITION XVI.

Let CD, any diameter igf a ﬁdrabola whose vertex is C, in-
tersect a chord AB in D ; ﬁom the ends of the chord in-
Slect straight kines AE, BE, to E, any point in the curve,
and let these cut the diameter in H and K, the point H
being in AE, and K in BE ; the segments AD, BD of the
chord shall have the same ratio as the segments CH, CK
of the diameter between its vertex and the inflected lines.

From A, either extremity of the chord, draw AF paral-
lel to the diameter CD, meeting BE in F.
By similar tna.ngles, BF: BK = BA: BD,
' o ~ and FE : KE = AF: HK;
therefore, taking the rectangles of corresponding terms of
the ratios, ' )
BF - FE: BK ' KE = BA - AF: BD - HK.
But (Cor. 13) BF - FE: BK - KE = AF : KC = BA
-AF: BA-KC (1,6, E.);
therefore BD - HK = BA - KC;
and hence BA : BD = HK : KC;
and, by division, AD : BD = HC: KC.
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Cor. Let BA be any chord in a parabola, and BI a
tangent to the curve at one extremity of the chord ; let
any straight line DCL parallel to the axis meet the chord
in D, the curve in C, and.the tangent in L; the chord AB
and the line DL will be similarly divided at D and C, that
is, AD: DB = DC: CL.

Draw chords to E, any point in the curve, and let them
meet DL in H and K : By the proposition AD : DB
= HC: CK. '

Suppose now that the point E moves along the curve
until at last it come to B, the point of contact of the tan-
gent; the line BK will then become BL, and AH will
become AD, and the ratio of CH to CK will become the
ratio of CD to CL; therefore AD : DB = CD : CL.
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PROPOSITION XVII. PROBLEM.

The directriz and focus of a parabola being given by position,
to describe the parabola by a mechanical construction.

TJc

Let AB be the given directrix, and F the focus. Place
the edge of the ruler ABKH along the directrix, and keep
it fixed in that position. Let LCG be another ruler, of
such a form that the side LC may slide along AB, the
edge of the fixed ruler ABKH, and the part CG may have
- its edge CD constantly perpendicular to AB. Let GDF
be a string of the same length as GC, the edge of the
moveable ruler; let one end of the string be fixed at F,
and the other fastened to G, a point in the moveable ruler.
By means of the pin D let the string be stretched so that
the part of it between G and D may be applied close to
the edge of the moveable ruler, while at the same time
the ruler slides along BA, the edge of the fixed ruler; the
pin D will thus be constrained to move along CG, the
edge of the ruler, and its point will trace upon the plane
in which the directrix and focus are situated, a curve line
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DE, which is the parabola required. For the string GDF
being equal in length to GDC, if GD be taken from both,
there remains DF equal to DC; that is, the distance of the
moving point D from the focus is equal to its distance from
the directrix, therefore the point D describes a parabola.

PROPOSITION XVIII. PROBLEM.
. A parabola being given by position, to find its directriz and

Let DPd be the given parabola ; draw any two parallel
chords Dd, Ee, and bisect them at H and K; join KH,
meeting the parabola in P; the straight line PHK isa
diameter (4 Cor. 8), the point P is its vertex, and Dd, Ee
are ordinates to it. In HP produced take PL equal to
one fourth part of a third proportional to PH and HD, and
draw LN perpendicular to PL, the line LN will evident-
ly be the directrix (12, and Def. 9). Draw PM parallel
to the ordinates to the diameter PK, then PM will be a
tangent to the curve at P (2 Cor. 8) Draw LM perpen-
dicular to PM, and take MF = ML, and the point F will
be the focus of the parabola (2 Cor. 8).
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PART IL

OF THE ELLIPSE.

DEFINITIONS.

\J\,

&

I. If two points F and f be given in a plane, and a
point D be conceived to move around them in such a
manner that Df + DF, the sum of its distances from them,
is always the same; the point D will describe upon the
plane a line ABab, which is called an ellipse.

IL The given points F, f are called the foci of the ellipse.

IILI. The point C which biseets the straight line between
the foci is called the centre.

IV. The distance of either focus from the centre is call-

‘edtheeccenmmy

V. A straight line passing through the centre, and ter-
minated both ways by the ellipse, is called a diameter.
VI. The extremities of a diameter are called its vertices.
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VII. Thediameter which passes through the foeci is call-
ed the transverse azis, also the greater axis.

VIII. The diameter which is perpeundicular to the trans-
verse axis is called the conjugate axis, also thé lesser axis.

IX. Any straight line not passing through the centre,
but terminated both ways by the ellipse, and bisected by
a diameter, is called an ordinate to that diameter.

X. Each of the segments of a diameter intercepted be-
tween its vertices and an ordinate, is called an absciss.

XI. A straight line which meets the ellipse in one point
only, and everywhere else falls without it, is said to touck
the ellipse in that point, and is called a tangent to the ellipse.

PROPOSITION I.

If from any point in an ellipse two straight lines be drawn to
the foci, their sum is equal to the transverse axis.

B Let ABab be an ellipse, of

which F, fare the foci, and Aa
the transverse axis; let D be
ia any point in the curve, and

DF, Df lines drawn to the
foci; Df + DF = Aa.

& Because A, a are points in
the ellipse, Af+ AF = aF + af (Def. 1), '

therefore Ef+ 2 AF = Ff + 2 of;
hence 2 AF =2 qf; and AF = qf;
and Af + AF = Af + af = Aa.
But D and A being points in the ellipse,
Df + DF = Af + AF, therefore Df + DF = Aa.

C

/"7"{
&
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Cor. 1. The sum of two straight lines drawn from a
point without the ellipse to the foci is greater than the
transverse axis. And the sum of two straight lines drawn
from a point within the ellipse to the foci is less than the
transverse axis.

Let PF, Pf be drawn from a point without the ellipse
to the foci; let Pf meet the ellipse in D; join FD; then
Pr + PF is greater than Df 4+ DF (21, 1, E.), that is,
than Aa. Again, let QF, Qf be drawn from a point with-
in the ellipse; let Qf meet the curve in D, and join FD ;
Qf + QF is less than Df + DF (21, 1, E.), that is, than
Aa.

Cor. 2. A point is without or within the ellipse, ac-
cording as the sum of two lines drawn from it to the foci
is greater or less than the transverse axis.

Cor. 8. The transverse axis is bisected in the centre.

Let C be the centre, then CF = Cf (Def. 8), and FA = fa,
therefore CA = Ca.
" Cor. 4. The distance of either extremity of the conju-
gate axis from either of the foci is equal to half the trans-
verse axis. Let Bb be the conjugate axis; join Fb, fb.
Because CF = Cf; and Cb is common to the triangles CFb,
Crb, also the angles at C are right angles, these triangles
are equal ; hence Fb = fb, and since Fb + bf= Aa, Fb
= AC.

Cogr. 5. The conjugate axis is bisected in the centre.

- Join £, fB. By the last corollary Bf = §f'; therefore the
angles fBC, fC are equal ; now fC is common to the tri-
angles fCB, fCb, and the angles at C are right angles,
therefore (26, 1, E.) CB=Cb. :
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PROPOSITION 1L

Every diameter of an ellipse is bisected in the centre.

K Let Pp be a diameter,
it is bisected in C. For if
Cp be not equal to CP, take
CQ, equal to CP, and from

. the points P, p, Q, draw

% lines to F, £ the foci. The

P triangles FCP, fCQ hav-

/3 ing FC = ¢f, PC = CQ,
and the angles at C equal, are in all respects equal,
therefore FP = AQ ; in like manuer it appears that /P =

FQ, therefore FQ + fQ is equal to FP + fP, or (Def. 1)

to Fp + fp, which is absurd (21, 1, E.); therefore PC

= Cp. .
Cor. 1. Every diameter meets the ellipse in two points

only.

Cor. 2. Every diameter divides the ellipse into two
parts, which are equal and similar, the like parts of the
curve being at opposite extremities of the diameter.
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PROPOSITION III.

The square of half the conjugate axis of an ellipse is equal to
the rectangle contained by the segments into which the trans-
verse axis i divided by either focus.

P.D__B
Q

A&ﬂ a
&
Draw a straight line from f] either of the foci, to B,
either of the extremities of the conjugate axis.
Then BC* 4+ Cf* = Bf* = Ca* (4 Cor. 1).
But because Aa is bisected at C,
' Ca* = Af " fa + Cr* (5, 2, E.);

therefore BC* + Cf* = Af - fa + Cf?,
and BC* = Af fa. )

PROPOSITION IV. PROBLEM.

To find any number of points in an ellipse, having given the
transverse axis and foci.

Let F, fbe the foci, Aa the transverse axis, and C the
centre. Suppose the problem resolved, and that D is a
point in the ellipse; join DF, Df; take AH in the axis
equal to DF ; then aH will Le equal to Df (1).
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And HA — Ha = DF — Df;

But HA — Ha = HC + Ca — Ha = 2CH;
therefore DF — Df = 2CH.

Now DF < Ff+ Df;
and hence DF —Df £ Ff;
therefore 2CH <Ff and CH« Cf.
Thus it appears that the point H may be anywhere be-

tween the foci; but that it cannot be between the foci
and the vertices.

D
/2
|
C

NN

) CoNsTRUCTION.—Take H, any point between the foci,
and from F and f as centres, with the distances HA, Ha
describe circles, which will cut each other in two points
D, d, one on each side of the axis. These are points in
the ellipse. ' ,

Join DF, Dy, also dF, df. Because DF 4+ Df = HA
+ Ha = Aq, therefore D is a point in the ellipse. In like
manner it appears that d is in the ellipse.

In this way, by taking different points H, may any
number of points in the ellipse be found.

Cor. I. Any perpendicular to the transverse axis be-
tween its extremities meets the ellipse in two points, and

A\

/
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in no more. For, if the perpendicular Dd could meet
the curve in two points D, IV, on the same side of the
axis, then DF, Df; also D'F, D’f; being drawn to the foci,
DF + Df would be equal to D'F + Df. Now, supposing
D’ to be the point nearer to the axis, DF will be greater
than D'F, and Df greater than D’f (19, 1, E.), and DF
+ Df greater than D'F + DIf'; therefore D and I cannot
both be points in the ellipse.

Cor. 2. Every chord Dd, in an ellipse, perpendicular
to the transverse axis, is bisected by that axis, and there-
fore is an ordinate to it. For the chord Dd in the ellipse
is also a chord in a circle, the centre of which is in the
axis,

Cor. 8. Of all the straight lines that can be drawn
from either focus to the curve, the longest is that which
passes through the centre, and the shortest is the remain-
der of the transverse axis. And only two equal straight
lines can be drawn from the focus to the curve, one on
each side of the axis. -

_ ScuorLium. From this proposition it appears that an
ellipse is a curve, which returns into itself,.thus enclosing
a finite area ; also, that the spaces between the curve and
the axis on each side are alike in every way; so that if
the ellipse were resolved into two portions, by cutting it
along the axis, the space ABDa, if turned over, would
coincide entirely with the space Abda. Now it has been
shown that the same spaces will coincide if one of them
be reversed (2 Cor. 2); and then the curve ABDa will
coincide with adbA. Hence it follows that the two axes
divide the whole ellipse into four portions exactly alike,
and which, by superposition, may be applied on each other.
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PROPOSITION V.

The straight line which bisects the angle adjacent to that
which is contained by two straight lines drawn from any
point in the ellipse to the foci, is a tangent to the curve in

u a Let D be any point in
the curve; let DF, Df be
E straight lines drawn to the
foci; the straight line DE
which bisects the angle

JSDG adjacent to fDF, isa

tangent to the curve at D.

Take H any other point in DE; make DG = Df] and
join Hf, HF, HG, fG; let fG meet DE in L. Because
Df = DG, and DL is common to-the triangles DfL, DGL,
and the angles fDL, GDL are equal, these triangles are
equal, and fL = LG, and hence fH = HG (4, 1, E.),
and FH + fH = FH + HG; but FH 4 HG is greater
than FG, that is, greater than FD + fD or Aa, there-
fore FH + fH is greater than Aa ; hence the point H is
without the ellipse (2 Cor. 1), and therefore DHE is a
tangent to the curve at D (Def. 11).

Cogr. 1. There cannot be more than one tangent at the
same point; for D is such a point in the line DE, that
the sum of DF, Dy, the distances of that point from the
foci, is evidently less than the sum of HF, Hyf, the dis-
tances of H, any other point in that line ; and if another
line KDI be drawn through D, there is in like manner a
point K in that line which will be different from D, such,
that the sum of FK, fK is less than the sum of the dis-
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tances of any other point in KI, and therefore less than
FD + fD; therefore the point K will be within the
ellipse (2 Cor. 1), and the line KI will cut the curve. .

Cor. 2. A perpendicular to the transverse axis at either
of its extremities is a tangent to the curve. The demon-
stration is the same-as for the propesition, if it be consi-
dered that when D falls at either extremity of the axis,
the point L falls also at the extremity of the axis; and
thus the tangent DE, which is always perpendicular to
JSL, is perpendicular to the axis.

Cor. 8. A perpendicular to the conjugate axis at either
of its extremities is a tangent to the curve. For the per-
pendicular evidently bisects the angle adjacent to that
which is contained by lines drawn from the extremity to
the foci.

Cor. 4. A tangent to the ellipse makes equal angles
with straight lines drawn from the point of contact to the
foci. For the angle fDE being equal to GDE, is also
equal to FDM, which is vertical to GDE.

ScuoLiuM. From the property of the ellipse which
forms this last corollary, the points F and f take the name
of Foci. For writers on optics show that if a polished
concave surface be formed, whose figure is that produced
by the revolution of an ellipse about its transverse axis,
rays of light which flow from one focus, and fall upon
that surface, are reflected to the other focus; so that if a
luminous point be placed in one focus, there is formed by
reflection an image of it in the other focus.
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PROPOSITION VI

The tangents at the vertices of any diameter of an ellipse are
parallel.

Let Pp be a diameter,
and HPK, %pk tangents at
its vertices ; draw straight

" lines from P and p to F and
J; the foci. The triangles
72 FCP, fCp, having FC =
P JC, CP=Cp (2), and the
% angles at C equal, are in
all respects equal; and because the angle FPC is equal
to Cpf; FP is parallel to fp (27, 1, E.); therefore Pf is
equal and parallel to pF (33, 1, E.), thus FPfp is a pa-
rallelogram, of which the opposite angles P and p areequal
(34, 1, E.). Now the angles FPH, fphk are evidently half
the supplements of these angles (4 Cor. 5), therefore the
angles FPH, fph are equal, and hence CPH, Cph are also
equal, and consequently HP is parallel to Zp.

Cor. 1. If tangents be drawn to an ellipse at the ver-
tices of a diameter ; straight lines drawn from either focus
to the points of contact make equal angles with these tan-
gents. For the angle Fpk is equal to FPH.

Cor. 2. The axes of an ellipse are the only diameters

which are perpendicular to tangents at their vertices.
For let Pp be any other diameter, then PF and pF are
necessarily unequal, and therefore the angles FpP, FPp
are also unequal ; to these add the equal angles Fpk, FPH,
and the angles Cpk, CPH are unequal ; therefore neither
of them can be a right angle (29, 1, E.).
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PROPOSITION VIIL

If a straight line be drawn from either focus of an ellipse to
the intersection of two tangents to the curve ; it will make

equal angles with straight lines drawn from the same focus
to the points of contact.

Let HP, Hp, tan-_
gents to an ellipse at
Pand p,intersect each
other at H; draw PF,
PF, HF to F, either
of the foci; the line
HF makes equal an- .
gles with FP, Fp.

Draw Pf, pf, Hf to f the other focus, and in FP,
Fp produced take PK = Pf and pk = pf; join HK, H.

The triangles HPK, HPf have PK = Pf; PH common
to both, and the angles KPH, fPH equal (5), there-
fore they are in every way equal (4, 1, E.), and have
HK = Hf. In the same way it may be shown that the
triangles Hpk, Hpf are in every way equal, and therefore
that H: = Hy.

The triangles HFK, HF% have HK = HZ (for each is
equal to Hf'), HF common to both, and FK =F&%, because
each is equal to PF+4Pf or pF 4 pf, that is, to the trans-
verse axis; therefore they are in all respects equal, and
the angle HFK is equal to the angle HF% ; wherefore HF
makes equal angles with FP and Fp.

. Cor. Perpendiculars drawn from the intersection of
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two tangents to straight lines drawn from either focus
through the points of contact, are equal.

Let HI, H: be perpendiculars drawn from H, the in-
tersection of the tangents PH, pH on the lines FP, Fp.
The triangles HFI, HF%, are in all respects equal (26, 1,
E.), therefore HI = Hz.

PROPOSITION VIIIL

Straight lines drawn from the intersection of two tangents to
the foci, make equal angles with the tangents.

Let F, f'be the foci of an ellipse, and let straight lines
HP, Hp, which intersect each other at H, touch the el-
lipse at P and p, also let HF, Hf be lines drawn to the
foci; the angles PHF, pHf are equal.

The same construction being made as in Prop. VII, be-
cause the angles FHK, FHZ are equal,
and FHK = FHP +PHK = FHP +PHf'= 2FHP+FHf, -
and in like manner . ’

FH% = FHp + pHi = FHp + pHf = 2f Hp + FHf; -
therefore 2FHP +FHf = 2fHp+ FHf,
ahd hence 2FHP =2fHp, and FHP = fHp.
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PROPOSITION IX.

If two tangents to an ellipse be at the extremities of a chord,
and a third tangent be parallel to the chord ; the part of this
tangent intercepted by the other two is bisected at the point
of contact.

Let HD, Hd be tangents at the extremities of the chord
Dd, and KP% a tangent parallel to Dd, meeting the other
tangents in K and % ; the intercepted segment K% is bi-
sected at P, the point of contact.

From the points of contact D, P, d, draw lines to F,
either of the foci, and from H, K, %, the intersections of
the tangents, draw perpendiculars to the lines drawn from
the points of contact to the focus, viz. HI, Hi perpendicu-
lar to DF, dF ; and KM, KN perpendicular to FD, FP;
and km, kn perpendicular to Fd, FP.

The triangles DHI, DKM are manifestly equiangular,
also the triangles dHi, dkm ;

therefore DH : DK = HI : KM (4, 6, E.),
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and dH :dk = Hi : km ;
but because Dd is parallel to K%, a side of the triangle
HKz,

DH: DK = dH: dk (2 6, E.),

therefore HI : KM = Hz : Zm. ‘

Now HI = Hi (Cor. 7), therefore KM = km ; but KM
= KN and &m = kn (Cor. 7), therefore KN = kn; and
* since from the similar triangles KPN, £Pn, KN : k&n =KP:
kP, therefore KP is equal to %P.

PROPOSITION X.

Any chord parallel to a tangent, is bisected by the diameter
that passes through the point of contact ; or it is an ordi-
nate to that diameter.

The chord DEd, which is parallel to K%, a tangent at
P, is bisected at E by the diameter PCp.

Draw Lpl, a tangent at p, the other end of the diameter,
and DH, dH, tangents at D and d, the extremities of the
chord, meeting the other fangents in K, %, and L, /: Then
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KP% and Lpl are bisected at P and p (9) ;. therefore the
diameter Pp, when produced, will pass through H, and
bisect Dd, which is parallel to K% or L/, in E. (Lemma
to Prop. 8, Part 1.)

Cor. 1. Straight lines which touch an elhpse in the ex-

tremities of an ordinate to any diameter, intersect each
other in that diameter produced.
. Comr. 2. Every ordinate to a diameter is parallel to a
tangent at its vertex : for if not, let a tangent be drawn
parallel to the ordinate ; then the diameter drawn through
the point of contact would bisect the ordinate; and thus
the same line would be bisected in two different points,
which is absurd.

Cogr. 8. All the ordinates to the same diameter are paral-
lel to each other.

Cor. 4. A straight line that bisects two parallel chords,
and terminates in the curve, is a diameter.

Con. 5. The ordinates to either axis are perpendicular
to that axis : and no other diameter is perpendicular to its
ordinates.

PROPOSITION XL

If a tangent to an ellipse meet a diameter, and from the point
of contact an ordinate be drawn to that diameter ; the semi-
diameter will be a mean proportional between the segments
of the diameter intercepted between the centre and the ordi-

" nate, and between the centre and the tangent.

Let DH, a tangent to the ellipse at D, meet the diame-
ter Pp produced in H, and let DEd be an ordinate to that
diameter; CE : CP = CP : CH.
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Through P and p, the vertices of the diameter, draw
the tangents PK, pL, meeting DH in K and L; draw
PF, pF, to either of the foci, join DF, and draw KM and
KN perpendicular to FD and FP, also LO and LI per-
pendicular to FD and Fp.

The triangles PKN, pLI, are equiangular; for the
angles at N and I are right angles, and the angles NPK
IpL are equal (1 Cor. 6) ; therefore

PK:pL = KN: LI (4, 6, E) = KM : LO (Cor. 7).
But the triangles KDM, LDO, being manifestly equian-
gular,

KM:LO =KD:LD;
therefore PK : pLL = KD : LD.
But because of the parallel lines PK, ED, pL, the tri-
angles HPK, HpL, are equiangular; and the lines HL,
Hp, are similarly divided in K, D, and in P, E (10, 6, E.),
hence
PK:pL = HP: Hp, and KD : LD = PE: pE;
- therefore HP : Hp = PE : pE.
Take CG = CE, and then PE = p@, and by conversion
. HP:Pp =PE:EG; =~
and taking the halves of the. consequents,
HP: PC = PE: EC;
and by composition, HC : PC = PC : EC.
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Cor. 1. The rectangle PE - Ep is equal to the rectangle
HE - EC. '

For PC* = HC - CE (17, 6, E.)
= HE' EC + EC* (3,2, E.);
also PC* = PE - Ep + EC* (5, 2, E.);
therefore HE - EC = PE, Ep.

Cor. 2. The rectangle PH * Hp is equal to the rectangle
EH - HC. ‘
For HC* = PH - Hp + CP?* (6, 2, E.);;
and HC* = EH ' HC + EC - HC (1, 2, E.),

= EH - HC + CP* (by the Prop.) ;
therefore PH - Hp = EH - HC,

PROPOSITION XII.

If a diameter of an ellipse be parallel to the ordinates to another
diameter ; the latter diameter is parallel to the ordinates
to the former. '

Let Qg, a diameter of an ellipse, be parallel to DEd, any
ordinate to the diameter Pp; the diameter Pp shall be
parallel to the ordinates to the diameter Qg.
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Draw the diameter dCd’ through one extremity of the
ordinate Dd, and join d' and D, the other extremity of the
ordinate, meeting Qg in G. Because dd’ is bisected in C
(2), and CG is parallel to dD, the line Dd’ is bisected at
G (2, 6,’E.) ; therefore Dd is an ordinate to the diameter
Qg (Def. 9), and because dd and Dd are bisected at C
and E, the diameter Pp is parallel to D& (2, 6, E.);
therefore Pp is parallel to any ordinate to the diameter

Qq.

DRFINITIONS.

XII Two diameters are said to be conjugate to one
another when each is parallel to the ordinates to the other
diameter.

Cor. Diameters which are conjugate to one another are
parallel to tangents at the vertices of each other.

XIIL A third proportional to any diameter and its con-
jugate is called the Parameter, alsc the Latus Rectum of
that diameter.
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PROPOSITION XIIL,

If an ordinate be drawn to any diameter of an ellipse ; the
rectangle contained by the seqments of -the diameter will be
to the square of the semi-ordinate as the square of the dia-
meter to the square of its conjugate.

Let DEd be an ordinate to the diameter Pp, and let
Qg be its conjugate,

PE - Ep : DE* = Pp*: Q¢*.

Let KDL, a tangent at D, ‘meet the diameter in K, and
its conjugate in L: draw DG parallel to Pp, meeting Qg
in G. Because CP is a mean proportional between CE
and CK (11),

CP? : CE* = CK: CE (2 Cor. 20, 6, E.),

and, by division, CP? : PE * Ep = CK : KE.
But because ED is parallel to CL,
CK : KE = CL: DE or CG,
and because CQ is a mean proportional between CG and
CL (11),
CL : CG = CQ?* : CG* or ED? (2 Cor. 20, 6, E.),
therefore CP? : PE - Ep = CQ?* : DE?,

and, by inversion and alternation,

PE - Ep: DE* = CP*: CQ* = Pp*: Q¢
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Cogr. 1. The squares of semi-ordinates and of ordinates
to any diameter of an ellipse  are to one another as the
rectangles contained by the corresponding abscisses.

Cogr. 2. The ordinates to any diameter, which intercept
equal segments of that diameter from the centre, are equal
to one another ; and, conversely, equal ordinates intercept
equal segments. of the diameter from the centre.

Cor. 8. If a circle be described upon.Aa, either of the
axes of an ellipse, as a diameter, and DE, de, any two
semi-ordinates to the axis, meet the circle in H and &,

DE shall be to de as HE to #e.
D B
¢ A & o) a

For DE? : de* = AE * Ea: Ae* ea = HE?*: ke?,
therefore DE : de = HE : 2

Cogr. 4. If a circle be described on Aa the transverse
axis as a diameter, and DE, any ordinate to the axis, be
produced to meet the circle in H; HE shall be to DE as
the transverse axis Aa to the conjugate axis Bb. For,
produce the conjugate axis to meet the circle in K, then,
by last corollary, '

HE : DE = KC, or AC: BC = Aa: Bb.

Cor. 5. And if HE be divided at .D, so that HE is to
DE as the transverse axis to the conjugate axis, D is a
point in the ellipse, and DE a semi-ordinate to the axis Aa.
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PROPOSITION XIV.

In Bb, the conjugate axis of an ellipse, let thers be taken on
each side of the cemtre C, straight lines CK, CR, eack a
Jourth proportional to CF, the eceentricity, and CA, CB,
half the transverse and conjugate axes : If then from P, a
vertez of any diameter, there be draum PH perpendicular
to Bb ; the square of the semi-diameter PC will have to
the rectangle contained by the segments KH, kH, the con-
stant ratio of the square of CF to the square of CB.

&

Draw PL perpendicular to the transverse axis.
Because (18 of this, and 5,.2, E.)
CA*: CB? = CA* — CL?*: PL3,
and, by division,
CA*— CB*[: CB* = CA? — (CL* + PL?): PL*;
therefore (4 Cor. 1, and 417, 1, E.)
CF?:CB* = CA* —PC*: PL? or CH?.
Bat, by hypothesis, CF? : CB* = CA*:CK?;
therefore CA? : CK* = CA* — PC*: CH?,
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and hence (19, 5, E.) '
PC*:CK* — CH* = CA?*:CK?,
and (5, 2, E.)
PC*:KH* Hi = CA*: CK*= CF*: CB*.

Cor. 1. Hence the squares of any semi-diameters PC,
QC, are to one another as the rectangles KH - H&,
KI * Iz, contained by the segments of the line K, be-
tween its extremities, and perpendiculars from the verti-
ces of the diameters.

Cor. 2. The transverse axis is the greatest diameter,
and the conjugate axis the least ; and a diameter which is
nearer to the transverse axis is greater than one more
remote. '

By hypothesis, CF: CA= CB: CK, therefore CK is
greater than CB, and the points K, %, are without the
ellipse : Suppose now a semi-diameter PC to turn about
C, and that in every position PH is perpendicular to K% :
The rectangle KH - H% will manifestly be greatest when
PC coincides with AC, and least when it coincides with
BC, and will decrease continually while PC passes from
the position AC to BC; therefore the same will be true
of the revolving semi-diameter PC, the square of which
has a constant ratio to the rectangle KH * Hk.

Cor. 3. Diameters which make equal angles with the
transverse axis on opposite sides of it are equal ; and only
two equal diameters can be drawn, one on each side of
the transverse axis.



54 CONIC SECTIONS."

PROPOSITION XV.

If an ordinate be drawn to any diameler of an ellipse, the
rectangle under the abscisses of the diameter 1s to the square
of the semi-ordinate as the diameter to its parameter.

Let DE be a semi-
ordinate to the dia-
meter. Pp, let PG be
the parameter of the
diameter, and Qg the .
conjugate diameter.
By the definition of
the parameter (Def.
13),

Pp:Qq = Qq:PG,

therefore Pp : PG = Pp*: Q¢* (2 Cor. 20, 6, E.). |
But Pp* : Q¢* = PE - Ep: DE* (13),
therefore PE - Ep: DE* = Pp : PG.

Cor. Let the parametér PG be perpendicular to the
diameter Pp ; join pG, and from E draw EM parallel to
PG, meeting pG in M. The square of DE, the semi-
ordinate, is equal to the rectangle contained by PE and

For PE - Ep: DE* = Pp: PG,
and Pp: PG:: Ep: EM = PE - Ep: PE-EM,
therefore DE* = PE - EM.

ScuoLium. If the rectangles PGLp, HGKM, be com-
pleted, it will appear that the square of ED is equal to
the rectangle MP, which rectangle is less than the rect-
angle KP, contained by the absciss PE and parameter
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PG, by a rectangle KH similar and similarly situated to
LP, the rectangle contained by the diameter and para-
meter. It was on account of the deficiency of the square
of the ordinate from the rectangle contained by the ab-
sciss and parameter that Apollonius called the curve line,
to which the property belonged, an ellipse. -

PROPOSITION XVI

If from the vertices of two conjugate diameters of an ellipse
there be drawn ordinates to any third diameter ; the square
of the segment of that diameter intercepted between either
ordinate and the centre is equal to the rectangle contained
by the segments between the other ordinate and the vertices
of the same diameter.

0 ' Let Pp, Qg
L be two conjugate

diameters, - and
PE, QG semi-ordi-
nates to any third
% diameter Rr; CG*
7 =RE-Er,and CE?

=RG * Gr. )

Draw the tangents PH, QK meeting Rr in H and K.
The rectangles HC - CE and KC * CG are equal, for each
is equal to CR* (11), therefore HC: CK = CG : CE.

But the triangles HPC, CQK are evidently similar
(Cor. Def. 12), and PE being parallel to QG, their bases
CH, KC are similarly divided at E and G, therefore
.HC: CK = HE: CG, wherefore CG: CE = HE: CG,

r M

HR\ E G r
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consequently CG* = CE - EH = (1 Cor. 11) RE ' Er.
In like manner it may be shown that CE* = RG - Gr.

Cor. 1. Let 8z be the diameter that is conjugate to Ry,
then Rr is to 8s as CG to PE, or as CE to QG.

For R»* : 8s* = RE * Er, or CG* : PE?;
therefore Rr : 8s:: CG : PE.,
In like manner Rr : Ss:: CE : QG.

Cogr. 2. The sum of the squares of CE, CG, the seg-
ments of the diameter to which the semi-ordinates PE,
QG are drawn, is equal to the square of CR the semi-dia-
meter.

For CE* 4 CG* = CE* + RE- Er = CR* (5, 2, E.)

Con. 3. The sum of the squares of any two conjugate
diameters is equal to the sum of the squares of the axes.

Let Rr, Ss be the axes, and Pp, Qg any two conjugate
diameters ; draw PE, QG perpendicular to R, and PL,
QM perpendicular to Ss. Then

CE* 4+ CG* = CR?,
and CM? 4 CL?, or GQ* 4+ PE* = CS8?,
therefore CE* 4+ PE* 4 CG* 4+ GQ* = CR* 4 CS*;
that is (47, 1, E.), CP* 4+ CQ? == CR?* 4 C8§?,
therefore Pp* + Qg* = Rr* + Ss*.
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PROPOSITION XVIIL

If four straight lines be drawn touching an ellipse at the ver-

tices of any two conjugate diameters; the parallelogram

Jormed by these lines is equal to the rectangle contained by
the transverse and conjugate axes.

G

Let Pp, Qg be any two conjugate diameters; a paral-
lelogram DEGH formed by tangents to the curve at their
vertices is equal to the rectangle contained by Aa, Bb,
the two axes. ' .

Produce Aag, one of the axes, to meet the tangent PE
in K; join QK, and draw PL, QM perpendicular to Aa.

Because CK : TA = CA : CL (11),

and CA :CB =CL : QM (1 Cor. 16),

ex &q. CK: CB = CA: QM,

therefore CK * QM = CB * CA (16, 6, E.).
But CK- QM =twice trian. CKQ=paral. CPEQ(41,1,E.),

therefore the parallelogram CPEQ = CB * CA,

and taking the quadruples of these, the parallelogram
DEGH is equal to the rectangle contained by Aa and Bb.
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PROPOSITION XVIIL.

If two tangents at the vertices of any diameter of an ellipse
meet a third tangent ; the rectangle contained by their seg-
ments between the points of contact and. the points of inter-
section is equal to the square of the semi-diameter to which
they are parallel : and the rectangle contained by the seg-
ments of the third tangent between its point of contact and
the parallel tangents is equal to the square of the semi-dia-
meter to which it is parallel.

" Let PH, ph, tangents at the vertices of a diameter Pp,
meet HDA, a tangent to the curve at any point D, in H
and A : let CQ be the semi-diameter to which the tan-
gents PH, ph are parallel, and CR that to which HA is
parallel :
PH- ph = CQ?, and DH - Dk = CR?.

If the tangent HD# be parallel to Pp, the proposition is

manifest. If it be not parallel, let it meet the semi-diame-
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ters CP, CQ, in L and K. Draw DE, RM parallel to
CQ, and DG parallel to CP. '
Because LP * Lp = LE * LC (2 Cor. 11),

LP:LE=LC:Lp;

hence, and because of the parallels PH, ED, CK, ph, -
PH:ED = CK:ph;

wherefore PH * pk = ED - CK.
But ED ‘' CK = CG - CK = CQ* (11),
therefore PH - ph = CQ?.

Again, the twriangles LED, CMR are evidently similar,
and LD, LE similarly divided at H and P, also at Aand p,
therefore PE: HD = (LE:LD =) CM:CR,

also pE: 2D = (LE:LD =) CM: CR;
hence, taking’the rectangles of the corresponding terms,
PE :pE :HD kD :: CM*: CR* (3 Cor. 20, 6, E.).
Bat if CD be joined, the points D and R are evidently the
vertices of two conjugate diameters (Cor. Def. 12), and
therefore PE  pE = CM?* (16);
therefore HD - 2D = CR*.

Cog. The rectangle contained by LD and DK, the seg-
ments of a tangent intercepted between D the point of
contact, and Pp, Qg, any two conjugate diameters, is
equal to the square of CR, the semi-diameter to which the
tangent is parallel.

Let the parallel tangents PH, pk meet LK in H and 4,
and draw DE a semi-ordinate to Pp. Because of the
parallels PH, ED, CK, pa,

LE:LD = EP: DH,
and EC:DK :: Ep: DA ;
therefore LE-EC: LD DK :: EP-Ep: DH * DA. .
But LE- EC = EP*Ep (1 Cor. 11),
. therefore LD * DK = DH * D4 = (by this Prop.) CR?.
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PROPOSITION XIX.

If two straight lines be drawn from the foci of an ellipse per-
pendicular to a tangent ; straight lines drawn from the
centre to the points in which they meet the tangent will
each be equal to half the transverse axis.

Let DPd be a tan-
gent to the curve at
P, and FD, fd per-
pendiculars to the
tangent from the fo-
ci ; the straight lines
joining the peints C,
D, and C, d, are each
equal to AC, half the
transverse axis.

Join FP, £P, and
produce FD, 7P till
they intersect in E. The triangles FDP, EDP have the
angles at D right angles, and the angles FPD, EPD
equal (4 Cor. 5), and the side DP common to both ; they
are therefore equal, and consequently have ED — DF, and
EP=PF, therefore Ef=FP+Ef=Aa. Now the straight
lines FE, Ff, 'being bisected at D and C, the line DC is
parallel to Ef, and thus the triangles FCD, FfE are simi-

lar:

therefore FC : CD = Ff: fE or Aa.
But FC is half of Ff, therefore CD is half of Aa. In like
manner it may be shown that Cd is half of Aaq.
Cor. If the diameter Qg be drawn parallel to the tan-
gent Dd, it will cut off from PF, Pf the segments PG, Pg,
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each equal to AC half the transverse axis. For CdPG, .
CDPg are parallelograms, therefore PG = dC = AC, and
Pg =DC = AC.

PROPOSITION XX.

The rectangle contained by perpendiculasrs draws from the
Joct of an ellipse o a tangent is equal to the square of half
the congugate axvs.

Let DPd (fig. Prop. 19) be a tangent, and FD, fd,
perpendiculars from the foci; the rectangle contained by
FD and fd is equal to the square of CB half the conju-
gate axis.

It is evident, from the last proposition, that the peints D,
d are in the circumference of a circle whose centre is the
centre of the ellipse, and radius CA half the transverse
axis; now FDd being a right angle, if dC be joined, the
lines DF, dC, when produced, will meet at H, a point in
the circumference; and since FC = fC, and CH = Cd,
and the angles FCH, fCd are equal, FH is equal to fd;
therefore

DF * df = DF : FH = AF * Fa (85, 8, E.) = CB* (3).

Cor. If PF, Pf be drawn from the point of contact to
the foci, the square of FD is a fourth proportional to fP,
FP and BC*. For the lines /P, FP make equal angles
with the tangent (4 Cor. 5), and fdP, FDP are right
angles, therefore the triangles fPd, FPD are similar, and

SP:FP =fd:FD = fd - FD or CB?* : FD>.

DEFINITION.

XIV. A perpendicular to a tangent to the curve at the
point of contact is called a Normal to the curve.
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PROPOSITION XXI.

If from C the centre of an ellipse a straight line CL be drawn
perpendicular to a tangent LD, and: from D the point of
contact a normal be drawn meeting the transverse axis in
H and the conjugate azis in k ; the rectangle contained by
. CL and DH s equal to the square of CB, the semi-con-
Jugate axis ; and the rectangle contained by CL and Dh is
equal to the square of CA, the semi-transverse axis.

Producethe axes
n B to meet the tangent
N in M and m, ‘and
K . from D draw the
AF/E C 7 semi-ordinatesDE,
N De, which will be
4 perpendicular  to
& 3 the axes.

The triangles DEH, CLm are equiangular, therefore
DH : DE = Cm : CL; hence CL - DH = DE * Cn.
But DE * Cm, or Ce * Ce = BC* (11),
therefore CL - DH = BC>.

In the same way it is shown that CL - DA = AC*. "
Cogr. 1.'The segments DH, DA of a normal intercepted
between the point of contact and the axes, are to each
other reciprocally as the squares of the axes by which
they are terminated. '
* For AC*:BC*::CL DA :CL -DH: : Dk : DH.
Cogr. 2. If DF be drawn to either focus, and HK be ‘
drawn perpendicular to DF, the straight line DK shall
be equal to half the parameter of the transverse axis.
Draw CG parallel to the tangent at D, meeting DH in
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N, and DF in G. The triangles GDN, HDK are similar,
therefore GD : DN = HD : DK,
and hence GD - DK = HD - DN.

But-GD = AC (Cor. 19), and ND =CL,
therefore AC * DK = HD * CL = (by the Prop.) CB*;
wherefore AC : BC=BC : DK;
hence DK is half the parameter of Aa (Def. 13).

DEFINITION.
i
H
K ]
o
" D
G EL C S |“
Vs
"

XV. If a point G be taken in the transverse axis of an
ellipse produced, so that the distance of G from the centre
may be a third ‘proportional to CF the eccentricity, and
CA the semi-transverse axis ; a straight line HGA, drawn
through G perpendicular to the axis, is called the directriz
of the ellipse.

Cor. 1. If MFm, an ordinate to the axis, be drawn
through the focus; tangents to the ellipse at the extremi-
ties of the ordinate will meet the axis at the point G (11).

Cogr. 2. The ellipse has two directrices, for the point &
may be taken on either side of the centre.
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PROPOSITION XXII

ledistancequypointiapnell@sefrom either directriz
i8 to its distance from the focus nearest that directriz in
the constant ratio of the semi-transverse axis to the eccen-

i Let D be any point
in the ellipse, let DK be
drawn perpendicular to
" the directrix, and let DF
D be drawn to the focus

nearest the directrix ;
EL ¢ 5 e DK is to DF as CA, half

: the transverse axis, to
= CF, the eccentricity.

Draw Df to the other focus, and DE perpendicular to
Aa ; take L a point in the axis, so that AL = FD, and
consequently La = Df; then CL is evidently half the
difference between AL and aL, or FD and /D, and CE
half the difference between fE and FE ; and because
Df+DF:fF =fE —FE:Df—DF (K, and 16 of 6, E.).

By taking the halves of the terms of the proportion,

CA:CF = CE: CL.
But CA : CF = CG : CA (Def. 15),
therefore CG : CA = CE : CL ;

hence (19, 5, E.) EG : AL = €CG: CA = CA : CF,

that is, DK : DF = CA : CF.

Cor. 1. If the tangent GMN be drawn through M, the
extremity of the ordinate passing through the foeus, and
ED be produced to meet GM in N, EN shall be equal to
DF. For draw MO perpendicular to the directrix, then,
because M and D are points in the ellipse, ’

om,

&
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FM:FD = MO : DK = FG: EG.
But the triangles GFM, GEN being similar,
FG: EG = FM: EN;
therefore FM : FD = FM : EN, and hence FP = EN. .
Cor. 2. If AI and ai be drawn perpendicular to the
transverse axis at its extremities, meeting the tangent GM
in I and ¢, then AI = AF and @i = 4F.
For GA: AF = OM: MF = GF: MF = GA: A],
therefore AF = Al ; and, in like manner, it may be shown
that aF = as.

PROPOSITION XXIII. ProsLEM.

Two unequal straight- lines whick bisect each other at right
angles being given by position ; to describe an ellipse of
which these may be the two axes, by a mechanical con-
struction.

B Let Aa be the transverse,

> ' and Bb the conjugate axes.
About either extremity of the
\ conjugate axis as a centre,

A

F ¢ 7 with a radius equal to CA,
. half the transverse axis, de-
6 . scribe arcs cutting that axis
in F and f'; these points will be the foci (4 Cor. 1). Let
the ends of a string equal in length to Ag be fastened at
the points F, #; and let the string be stretched by a pin
at D, and while it is kept uniformly tense, let the point of
the pin be carried along the plane about the centre C, till
"it return to the place from whence it set out. By this
‘motion the point of the pin will trace on the plane a curve
which.will be the ellipse required, as is evident from the

definition of the ellipse.

E
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PROPOSITION XXIV.

An ellipse being given by position ; to find its axes.

Let ABab be the given ellipse ; draw two parallel chords
Hh, K%, and bisect them at L and M; join LM, and pro-
duce it to meet the ellipse in P and p, then Pp is a dia-
meter (4 Cor. 10). Bisect Pp in C; the point C is the
centre of the ellipse (2).

Take D any point in the ellipse, and on C as a centre,
with the distance CD, describe a circle. If this circle be
wholly without the curve, then CD must be half the trans-
verse axis; but if it be wholly within the curve, then CD
maust be half the conjugate axis (14). If the circle neither
be wholly without nor wholly within the ellipse, let the
circle meet it again in d. Join Dd and bisect Dd in E;
join CE, and produce CE to meet the ellipse in Aand a:
then Aa will be one of the axes (5 Cor. 10) ; for it is per-
pendicular to the line Dd (8, 3, E.), which is an ordinate
to Aa; the other axis Bb will be found by drawing a
straight line through the centre perpendicular to aA.
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PART IIL
OF THE HYPERBOLA.

DEFINITIONS.

c a\ £
S

1. If two points F, fbe given in a plane, and a point D
be conceived to move in such a manner that DA—DF, the
difference of its distances from them, is always the same;
the point D will describe upon the plane a line DAD/
called an Hyperbola. By assuming first one of the given
points F, and then the other f; as that to which the mov-

ing point is nearest, the difference of the lines DF and Df
~ in both cases being the same, there will be two hyperbolas
DAY, dad’ described, opposite to each other, wlnch are
therefore called Opposite Hyperbolas.

Cor. The lines DF, I)f may become greater than any
given line, therefore the hyperbolas extend to a greater

distance from the given points F, f than any which can be
assigned.
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IL. The given points F, f are called the Foci of the hy-
perbola.

III. The point C, which bisects the straight line be-
tween the foci, is called the Centre.

IV. The distance of either focus fromn the centre is
called the Eccentricity.

V. A straight line passing through the centre, and ter-
minated by the opposite hyperbolas, is called a Transverse
Diameter. It is also sometimes called simply a Diameter.

VI. The extremities of a diameter are called its Ver-
VII. The diameter which passes through the foci is

called the Transverse Axis.

Cor. The vertices of the transverse axis lie between the
foci. Let A be either of the vertices, then, because any
side of a triangle is greater than the difference between
the other two sides, Ff is greater than fD—DF, which is
equal to f/A—FA (Def. 1). Now this can only be true
when A is between F and f. ‘

VIIL. A straight line Bb passing through the centre,
perpendicular to the transverse axis, and limited at B and
b by a circle described on one extremity of that axis, with
a radius equal to the distance of either focus from the
centre, is called the Conjugate Axis. 1Tt is also called the

Cor. The conjugate axis is bisected in the centre. This
appears from 3, 3, E.

IX. Any straight line terminated both ways by the hy-
perbola, and bisected by a transverse diameter produced,
is called an Ordinate to that diameter.

X. Each of the segments of a transverse diameter pro-
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duced, intercepted by its vertices and an ordinate, is call-
ed an Absciss. :

XI. A straight line which meets the hyperbola in one
point only, and which everywhere else falls without the
opposite hyperbolas, is. said to touch the hyperbola in that
point, and is called a Tangent to the hyperbola.

PROPOSITION I

If from any point in an hyperbola two straight lines be drawn
&0 the foci, their difference is equal ¢o the transverse azis.

Let DA, da be opposite hyperbolas, of which F, f are
the foci and Aa the transverse axis; let D be any point
in the curve, and DF, Df lines drawn to the foci ;

Df— DF=Aa.
Because A and a are points in the hyperbola,
Af—AF =aF—af (Def. 1),
therefore Ff—2AF =Ff—2¢f ;
hence 2AF =2qf; and AF =gaf,
and A/—~AF =Af—af=Aa.
But D and A being points in the hyperbola,
Dy—DF =Af—AF, therefore Df~DF = Aaq.
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Cor. 1. The difference of two straight lines drawn from
a point without the opposite hyperbolas to the foei is less
than the transverse axis, and the difference of two straight
lines drawn from a point within either of them to the foci
is greater than the transverse axis.

Let Pf, PF be lines drawn from a point without the hy-
perbolas, that is, between the curve and its conjugate axis.
The line PF must necessarily meet the curve; let D be
the point of intersection ; Pf'is less than PD 4 Df (20, 1,
E.), therefore Pf—PF is less than (PD 4 Df) — PF,
that is, less than DDf — DF, or Aa. Again, let Qf; QF be
lines drawn from a point within either of the hyperbolas,
Qf must necessarily meet the curve; let D be the point
of intersection, join FD; QF is less than QD + DF, and
therefore Qf— QF is greater than Qf— (QD + DF),
that is, greater than Df— DF or Aa.

Cor. 2. A point is without or within the hyperbolas,
according as the difference of two lines drawn from that
point to the foci is less or greater than the transverse axis.

Cor. 3. The transverse axis is bisected in the centre.
Let C be the centre ; then CF = Cf (Def. 8), and FA =
fa, therefore CA = Ca.

Lemma L

Let APB be a triangle, of which the side PA is greater
than the side PB; draw a straight line from P, the ver-
tex, to O, the middle of the base AB, and straight lines
AQ, BQ, to any point in PO ; the line QA will be greater
than the line QB; and the excess of PA above PB will
be greater than the excess of QA above QB.
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Draw AC perpendicular to PO, and BD parallel to it,
meeting AC in D ; and join QD, PD, this last line meet-
ing QB in E.

D

The triangles AOP, BOP have AO = BO, PO com-
mon to both, and PA greater than PB, therefore the
angle AOQ is greater than the angle BOQ (25, 1, E.) ;
and hence again, in the triangles AOQ, BOQ, the line
AQ will be greater than BQ (24, 1, E.).

And because CO is parallel to DB, and AO =OB,
therefore AC = CD (2, 6, E.). The triangles ACP, DCP
have thus AC = D€, CP common, and the angle ACP
equal to DCP, therefore PA = PD; and in the same way
it appears that QA = QD.

And since PA is greater than PB, and QA than QB,
therefore PD is greater than PB, and QD than QB.

Again, since DE + EQ>DQ,
therefore DE 4+ EQ — QB>DQ— QB;
that is, DE—~EB>AQ — QB;
also, since PB<PE + EB,

fherefore DP —PB>DP —PE —EB; |

that is, AP — PB>DE — EB.
Now it was shown that DE—EB>AQ — QB;
much more then is AP — PB>AQ— QB.
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PROPOSITION II.

Every transverse diameter of an hyperbola is bisected in the
centre.
Let Pp be a transverse
7/ diameter ; it is bisected in
C; for if CP and Cp be
unequal, take CQ equal to
CP ; from the points P, p,
Q, draw straight lines to
Ny F and f the foci, The tri-
angles PCF, QCf have CP
equal to QC and CF equal
to Cf (Def. 8), and the
p\ angles at C equal, there-
fore they are in every way
equal, and PF is equal to Qf. In the same way, it ap-
pears that the triangles PCf, QCF are equal, and that Pf
is equal to QF ; therefore Pf— PF = QF — Qf'; but be-
cause P and p are points in the hyperbola Pf— PF = pF
— pf, therefore pF — pf = QF — Qf. Now this is im-
possible, because, bythe preceding Lemma, pF — pf> QF
— Qf'; therefore CP and Cp are not unequal, that is, they
are equal. '

Cor. 1. Every transverse diameter meets the hyperbola
in two points only.

Cor. 2. Every transverse diameter divides the opposite
hyperbolas into two parts which are equal and similar,
the like parts being at opposite parts of the diameter.
From which it follows that the opposite hyperbolas may
be applied one upon the other, so as entirely to coincide.
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PROPOSITION III.

The square of half the conjugate axis of an hyperbobe is equal
to the rectangle contained by the straight lines between either
Jocus and the extremities of the transverse axis.

t

I'J‘A C a

]

'd

Draw a straight line from -A, -either of the extremities 1
of the transverse axis, to B, either extremity of the con-
jugate axis. Then, BC*+CA*=BA?* (47, 1, E.) =CF*
(Def. 8). But because Aa is bisected at C and produced
to F,

CF*=AF * Fa + CA* (6, 2, E.),
therefore BC* 4+ CA* = AF * Fa'+ CA*:
and BC* = AF - Fa.
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Lemma 1L

Let ABC bea triangle, of which the side BA is greater
than the side BC; draw BE perpendicular to the side AC,
and straight lines AD, CD to any point in BE; the line
DA will be greater than the line DC; and the excess of
DA above DC will be greater than the excess of BA above
BC.

B

A cC E ¢

First, let the perpendicular BE fall without the trian-
gle ABC, and let AD meet BC in H.

The angle DCA is greater than BCA ; but BCA being
an obtuse angle, is greater than BAC, which is acute;
and again BAC is greater than DAC; much more then is
DCA greater than DAC; therefore DA is greater than
DC (19, 1, E.).

And since AH + HB > AB,
therefore AH + HB — BC > AB—BC;
that is, AH — HC > AB—BC.
Again, since CD < DH + CH,
therefore AD—CD > AD—DH—CH ;
that is, AD—CD > AH—CH.
But it was shown that AH—CH > AB—BC;
much more then is AD—DC > AB—BC.
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Next, let the perpendicular fall within the triangle
ABC’; take EC=EC', and join BC, DC; then BC=BC,
and DC=DC, therefore DA >DC,

and BA—BC=BA—BC,
also DA—DC=DA—D(C’;
but DA—DC > BA—BC,
therefore DA—DC’ >BA—BC.

PROPOSITION IV. PROBLEM.

Tb find any number of points in an hyperbola, having git;en
the transverse axis and foci.

' Let F, f'be the foci, Aa the transverse axis, and C the
centre. Suppose the problem resolved, and that D is a
point in the hyperbola. Join DF, f. Take AH in the
axis equal to DF; then aH will be equal to Df (Def. 1),

and HA+ Ha=DF+Df;
but HA+Ha=HC+Ca+Ha=2CH,
therefore DF+Df=2CH.
Now DF+Df> Ff;
therefore 2CH > Ef and CH > Cf.
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Thas it appears that the point H cannot be between the
foci F, £, and that it may be anywhere in the line Ef] pro-
duced both ways.

ConstrucTrioN.—Take H, any point in the axis pro-
duced both ways, except between F and f the foci, and
from F and f as centres, with the distances HA, Ha, de-
scribe circles which will cut each other in two points D, d,
one on each side of the axis. These are points in the
hyperbola.

Join DF, D)f; aleo dF, df. Because DF — Df = HA
—Ha=Aa, therefore D is a point in the hyperbola; and
in like manner it appears that d is a point in the hyper-
bola.

In this way may any number of points in the hyperbola
be found.

Cor. 1. Any perpendicular to the transverse axis which
meets it produced either way, will cut the curve in two
points, and in no more. For if the perpendicular Dd could
meet the curve in two points D, TV, on the same side of
the axis, then DF, Dy, also D'F, Df; being drawn to the
foci, DF— Df would be equal to D'F — Df; which is im-
possible (Lemma 2).

Cor. 2. Every chord Dd in an hyperbola, perpendicular
to the transverse axis, is bisected by that axis, and.there-
fore is an ordinate to it.

Cor. 8. Of all the straight lines which can be drawn
from either focus to either of the opposite hyperbolas, the
shortest is that which passes through the centre (being
produced if necessary); and only two equal straight lines
can be drawn from either focus to one of the opposite hy-
perbolas, viz. one line on each side of the centre.

ScroLiuM. From this proposition it appears that the
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opposite hyperbolas recede continually from the foci and
from the axis, and that they are entirely separated from
each other, their nearest approach being at the vertices
of the transverse axis. Also, that if the space Dad, bound-
ed by either, were resolved into two by cutting it along
the axis CH, the portions on each side of the axis would
entirely coincide if one were turned over on the other.
Now it was shown that the opposite hyperbolas might be
applied one upon the other, viz. the curve Dad on 3Aa
(2 Cor. 2), therefore the transverse axis divides the op- -
posite hjperbo]as into four spaces, indefinite in extent,
but which are exactly alike, and may be placed one on an-
other, so as entirely to coincide.
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PROPOSITION V.

The straight line which bisects the angle contained by two 1
straight lines drawn from any point in the hyperbola to the
Joci, 18 a tangent to the curve ot that point.

D

F A CEa\f

\
\ .

Let D be the point in the curve ; let DF, Df be straight
lines drawn to the foci; the straight line DE which bi-
sects the angle fDF, is a tangent to the curve.

Take H any other point in DE ; take DG =Dy, and join
Hf, HF, HG, fG; let fG meet DE in L. Because Df
= DG, and DL is common to the triangles DfL, DGL,
and the angles fDL, GDL are equal, these triangles are
equal, and fL = LG, and hence fH = HG (4, 1, E.) ;
and FH — fH = FH — HG : but since FH is less than
FG + GH, FH — HG is less than FG, that is, less than
FD —fD or Aa, therefore FH — fH is less than Aa;
hence the point H is without the hyperbola (2 Cor. 1),
and consequently DHL is a tangent to the curve at D
(Def. 11).

Cor. 1. There cannot be more than one tangent to the
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hyperbola at the same point. For D is such a point in
the line DE, that the difference of the lines DF, Dy,
the distances of that point from the foci, is greater
than the difference of FH, fH, the distances of H, any
other pointin that line ; and if another line KD be drawn
through D, there is in like manner a point K in that line
which will be different from D, such that the difference
of FK, fK is greater than the difference of the distances
of any other point in KD, and therefore greater than
FD — fD; therefore the point K will be within the hy-
perbola (2 Cor. 1), and the line KD will cut the curve.

Cor. 2. A perpendicular to the transverse axis at either
of its extremities is a tangent to the curve. The demon-
stration is the same as for the proposition, if it be consi-
dered that when D falls at either extremity of the axis,
the point L falls also at the extremity of the axis, and
thus the tangent DE, which is always perpendicular to
JL, is perpendicular to the axis.

Cor. 8. Every tangent to either of the opposite hyper-
bolas passes between that hyperbola and the centre. Let
the tangent DL meet the axis in E. Because DE bisects
the angle ¥Df,

FD:fD:: FE:fE (8, 6, E.).

But FD is greater than fD (Def. 1), therefore FE is
greater than f'E, and herice E is between C and the vertex
of the hyperbola to which DE is a tangent.

ScuoLiuM. From the property of the hyperbola which
forms this proposition, the points F and f are called foci ;
for rays of light proceeding from ome focus, and falling
upon a polished surface whose figure is that formed by
the revolution of the curve about the transverse axis, are
reflected in lines passing through the other focus.
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PROPOSITION VL

The tangents at the vertices of any transverse diameter of an
hyperbola are parallel.

Let Pp be a diameter,
HP, ’/p tangents at its
vertices; draw straight
lines from P and p to F
and f; the foci. The tri-
angles FCP, fCp, having
FC = fC, CP = Cp (2),
and the angles at C equal,
are in all respects equal ;

» and | because the angle
FPC is equal to Cgf; FP is parallel to fp (27, 1, E.),
therefore Pfis equal and parallel to pF (83, 1, E.): thus
FPfp is a parallelogram of which the apposite angles P
and p are equal (34, 1, E.). Now the angles FPH, fpk are
the halves of these angles (4), therefore the angles FPH,
Jph, and hence CPH, Cph, are also equal, and consequent-
ly HP is parallel to Ap.

Cor. 1. If tangents be drawn to an hyperbola at the
vertices of a transverse diameter, straight lines drawn
from either focus to the points of contact make equal
angles with these tangents; for the angle Fph is equal to
FPH.

Cogn. 2. The transverse axis is the only diameter which
is perpendicular to tangents at its vertices. For let Pp
be any other diameter. The angle CPH is less than FPH,
that is; less than the half of FPf; therefore CPH is less
than a right angle. '
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PROPOSITION VIL

If a straight line be drawn from either focus of an hyperbola
to the intersection of two tangents to the curve ; st will make
equal angles with straight lines drawn from tfze same focus
to the points of contact.

Let HP, Hp, tangents to an hyperbola at P and p, in-
tersect each other at H; draw PF, pF, HF to F, either of
the foci; the line HF makes equal angles with FP, Fp.

Draw Pf, pf, Hf, to f; the other focus, and in FP,
Fp take PK = Pfand pk = pf; join HK, Hz.

The triangles HPK, HPf have PK = Pf, PH common
to both, and the angles KPH, fPH equal (5); there-
fore they are in every way equal, and have HK = Hyf.
In the same way it may be shown that the triangles Hpk,
Hpf are in every way equal, and therefore that Hx = Hf:

The triangles HFK, HF% have HK = HZ (for each is
equal to Hf'), HF common to both, and FK =F%, because

F



82 CONIC SECTIONS.

each is equal to PF—Pf or pF—pf; that is, to the trans-
verse axis; therefore they are in all respects equal; and
the angle HFK is equal to the angle HF% ; wherefore HF
makes equal angles with FP and Fp.

- Cor. Perpendiculars drawn from the intersection of
two tangents to straight lines drawn from either focus
through the points of contact are equal. Let HI, H: be
perpendiculars drawn from H, the intersection of the tan-
gents PH, pH on the lines FP, Fp. The triangles HFI,
HFi are in all respects equal (26, 1, E.) ; therefore HI
= Hi.

PROPOSITION VIII.

Straight lines drawn from the intersection of two tangents to
the foci, make equal angles with the tangents.

Fig. 1.
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Let F, £ be the foci of an hyperbola, and let straight
lines HP, Hp, which intersect each other at H, touch the
hyperbola at P and p ; also let HF, Hf be lines drawn to
the foci; and let FH be produced to any distance O, the
angles PHO, pHf are equal.

" The same construction being made as in Prop. 7,.be-
cause the angles FHK, FHZ are equal, the angles KHO,
#HO are equal. ' .

= KHf 4 fHO,

Now KHO g = 2PHf + fHO,
= 2PHO — fHO,
= kHf—fHO,

d 2HO
s -{=@m>ﬂm;

. therefore 2PHO = 2pHf, and PHO = pHf.
When the tangents are drawn to opposite hyperbolas
(fig- 2), the demonstration is the same as the above, except
that the angle XH f being equal to twice the supplement
of pHf, PHO = Supp. pHf; and consequently PHF =
rHf. o . :
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PROPOSITION IX.

If two tangents to an hyperbola be at the extremities of a chord,
and a third tangent be parallel to the chord, the part of this
tangent intercepted by the other two is bisected at the point
of contact.

Let HD, Hd be tangents at the extremities of the chord
Dd ; and let K%, a tangent parallel to Dd, meet the other
two tangents in K and 2. The intercepted segment Kk is
bisected at P, the point of contact. '

From the points of contact D, P, d, draw lines to F,
either of the foci; and from H, K, %, the intersections of
the tangents, draw perpendiculars to the lines drawn from
the points of contact to the focus, viz. HI, Hi perpendicular
to DF, dF, and KM, KN perpendicular to FD, FP, and
km, kn perpendicular to Fd, FP.

The triangles DHI, DKM are manifestly equiangular,
also the triangles dH:, dkm ;

therefore DH : DK = HI: KM (4, 6, E.),
and dH : dk = Hi : km.
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But because Dd is parallel to K%, a side of the triangle

HK&%, DH : DK = dH : dk (2, 6, E.),
therefore HI : KM = Hz, &m.

Now, HI = Hi (Cor. 7), therefore KM = Am ; but KM

= KN, and ~m = kn (Cor. 7), therefore KN = kn; and

since from the similar triangles KPN, “APn, KN : in

= KP : &P, therefore KP is equal to AP.

Lemma IIIL

Let KL be a triangle, having its base Li bisected at p,
and let HA, any straight line parallel to the base, and ter-
minated by the sides produced, be bisected at P, then P,
2, the points of bisection, and K, the vertex of the triangle,
are in the same straight line, and that line bisects Dd, any
other line parallel to the base.

L p {

Join KP, Kp ; the triangles KHA, KL being similar,
and HA, LI similarly divided at P, p,
KH : KL=(HhA: L) HP: Lp.
Now the angles at H and L are equal, therefore the tri-
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angles KHP, KLp are similar, and the angle PKH is
equal to pKL; ‘to each add the angle HKp, and the angles
PKH, HKp are equal to pKL, HKp, that is, to two right
angles ; therefore KP, Kp are in the same straight line
(14, 1, E.) '
: ~ Next let Dd meet KP in E, then
HP : DE (=PK : EK)=Ph: Ed,
But HP = P&, therefore DE = Ed.

PROPOSITION X.

Any chord parallel to a tangent is bisected by the diameter
. which passes through the point of contact ; or it is an ordi-
nate to that diameter.

The chord DEd, which is parallel to K%, a tangent at
P, is bisected at E by the diameter PCp. :
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Draw Lp, a tangent at p, the other end of the diameter,
and DH, dH tangents at D and d, the extremities of the
chord, meeting the other tangents in K, % and L, . Then
KP% and Lpl are bisected at P and p (9), therefore the
diameter Pp, when produced, will pass through H, and bi-
sect Dd, which is parallel to Kz or Ll in E. (Lemma 8.)

Cor. 1. Straight lines which touch an hyperbola in the
extremities of an ordinate to any diameter, intersect each
other in that diameter.

Cor. 2. Every ordinate to a diameter is parallel to a
tangent at its vertex; for if not, let a tangent be drawn
parallel to the ordinate; then the diameter drawn through
the point of contact would bisect the ordinate, and thus
the same line would be buor.ted in two different points,
which is absurd.

Cox. 8. All the ordinates to the same diameter are pa-
rallel to each other.

Cor. 4. A straight line that bisects two parallel chords,
and terminates in the curve, is a diameter.

Cog. 5. The ordinates to either axis are perpendicular
to that axis, and no other diameter is perpendicular to its
ordinates.
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PROPOSITION XI.

If a tangent to an hyperbola meet @ transverse diameter, and
Jrom the point of contact an ordinate be drawn to that dia-
meter, the semi-diameter will be a mean proportional be-
tween the segments of the diameter, tnlercepted between the
centre and the ordinate, and between the centre and the

Let DH, a tangent to the hyperbola at D, meet a trans-
verse diameter Pp in H, and let DEd be an ordinate to
that diameter, then CE : CP=CP : CH.

Through P and p; the vertices of the diameter, draw
the tangents PK, pL, meeting DH in K and L ; draw PF,
PF to either of the foci, join DF, and draw KM and KN
perpendicular to FD and FP, and also LO and LI per-
pendicular to FD and Fp.
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The triangles PKN, pLI are equiangular, for the angles
at N and I are right angles, and the angles NPK, IpL
are equal (1 Cor. 6) ; therefore :

PK:pL=KN:LI (4,6, E) = KM: LO: (Cor. 7.)

But the triangles KDM, LDO being manifestly equi-

angular, KM:LO=KD:LD;

, therefore PXK : pL. =KD : LD.

But because of the parallel lines PK, ED, pL, the tri-
angles HPK, HpL are equiangular, and the lines HL,
Hp are similarly divided in K, D, and in P, E (10, 6, E.)
hence '

PK : pL=HP : Hp, and KD : LD=PE : pE;
therefore HP : Hp=PE : pE.
Take CG =CE, and then PE =pG, and, by composition,
HP: Pp=PE : EG;
. and taking the halves of the consequents,
HP: PC=PE: EC,
and, by division, HC : PC=PC : EC.

Cor. 1. The rectangle PE - Ep is equal to the rect-
angle HE - EC. '

For PC*=HC*CE(l11,6, E.)=EC* —HE-EC (1,2, E.),
also PC*=EC* —PE ‘' Ep (6, 2, E.);
therefore HE - EC=PE * Ep.

Cozx. 2. The rectangle PH * Hp is equal to the rect~
angle HE : HC.

For HC*=CP? — PH ‘- Hp (5, 2, E.)
and HC*=EC-HC—EH'HC (1,2, E.)=
CP* — EH * HC (by the Proposition) ;
therefore PH - Hp=EH * HC.
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PROPOSITION XIL

If a tangent to an hyperbola meet the conjugate axis, anJﬁ-om
_ the point of contact a perpendicular be drawn to thal axis,
the semi-axis will be a meanproportionalbwweentﬁeseg-
ments of the axis intercepted between the centre and the per-
pendicular, and between the centre and the tangent.

C

R
b

Let DH, a tangent to the hyperbola at D, meet the
conjugate axis Bb in H, and let DG be perpendlcu]ar to
that axis, then CG:CB=CB: CH.

Let DH meet the transverse axis in K; draw DE per-
pendicular to that axis ; draw DF, I)f to the foci, and de-
scribe :a circle about the triangle D fF; the conjugate
axis will evidently pass through the centre of . the circle ;
and because the angle FDf is bisected by the tangent
DK, the line DK will pass through H, the intersection of
the conjugate axis with the circumference ; therefore the
circle passes through H. Draw DL to the other extre-
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mity of the diameter. The triangles LGD, KCH are simi-
lar, for each is similar to the right-angled triangle LDH,
~ therefore
LG:GD (or CE)=CK:CH;
hence LG * CH=CE * CK=CA?* (11).
Now LC - CH=CF* (85, 8, E.),
therefore LC-- CH — LG - CH=CF* — CA?;
that is, CG - CH=CB?* (Def. 8),
wherefore CG : CB=CB : CH.

DEFINITION.
Fla >F
l/ & b N \d
p//)

XII. If through A, one of the vertices of the transverse
axis, a straight line HA% be drawn, equal and parallel to
Bb the conjugate axis, and bisected at A by the trans-
verse axis ; the straight lines CHM, Chm drawn through
the centre, and the extremities of that parallel, are called

" Cog. 1. The asymptotes of two opposite hyperbolas are
common to both. Through a, the other extremity of the
axis, draw H'a//, parallel to Bb, and meeting the asymp-
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totes of the hyperbola DAD' in H' and 4. Because aC is
equal to AC, cH' is equal to Ak, and ak’ to AH.

Coz. 2. The asymptotes are diagonals of a rectangle
formed by drawing perpendiculars to the axes at their
vertices ; for the lines AH, CB, aH', being equal and pa-
rallel, the points H, B, H', are in a straight line parallel
to Aa ; the same is true of the points 4, b, &.

PROPOSITION XIIIL

The asymptotes do not meet the hyperbola ; and if from any
point in the curve a straight line be drawn parallel to the
conjugate axis, and terminated by the asymptotes, the rect-
angle contained by its segments between that point and the
asymptotes is equal to the square of half the conjugate axis.

N

Through D, any point in the hyperbola, draw a straight
line parallel to the conjugate axis, meeting the transverse
axis in E, and the asymptotes in M and m ; the points
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M and m are without the hyperbola, and the rectangle
MD - Dm is equal to the square of BC.
Draw DG perpendicular to Bb the conjugate axis; let
a tangent to the curve at D meet the transverse axis in
K, and the conjugate axis in L, and let a perpendicular at
the vertex A meet the asymptote in H. Because DK is
a tangent, and DE an ordinate to the axis, CA is a mean
proportional between CK and CE (11); and therefore
CK : CE=CA?* : CE* (2 Cor. 20, 6, E.).
But CK : CE=LC: LG,
and CA* : CE?* :: AH* : EM?,
therefore LC : LG :: AH* : EM?.
Again, CB being a mean proportional between CL and
CG (12),
LC:CG=CB*: CG?,
and therefore, by composition,
LC: LG=CB* : CB* 4 CG?, or CB* 4 ED?;
wherefore AH* : EM?* =CB* : CB* 4 ED>.
Now AH? =CB? (Def. 12),
therefore EM? =CB?* 4 ED?,
consequently EM? is greater than ED?*, and EM greater
than ED, therefore M is without the hyperbola. In like
manner it appears that m is without the hyperbola, there-
fore every point in both the asymptotes is without the hy-
perbola. Again, the straight line Mm, terminated by the
asymptotes, being manifestly bisected by the axis at E,
ME? =MD * Dm + DE? (5, 2, E.)
but it has been shown that
ME?*=BC* + DE?,
therefore MD - Dm=BC*.
Cogr. 1. Hence, if in a straight line Mm, terminated by
the asymptotes, and parallel to the conjugate axis, there
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be taken a point D such that the rectangle MD * Dm is
equal to the square of that axis, the point D is in .the
hyperbola. :

Cog. 2. If straight lines MDm, NO#n, be drawn through
D and R, any points in the hyperbola, or opposite hyper-
bolas, parallel to the conjugate axis, and meeting the
asymptotes in M, m, and N, #, the recta.nglel MD - Dm,
NR ‘ Rn are equal.

PROPOSITION XIV.

The hyperbola and its asymptote, when produced, continually
" approach to each other, and the distance between them be-
comes less than any given line. '

(\J

X

Take two points E and O in the transverse axis pro-
duced, and through these points draw straight lines pa-
rallel to the conjugate axis, meeting the hyperbola in D,
R, and the asymptotes in M, m and N, z.
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Because NO* > ME? ,
and NR * Ra=MD * Dm (2 Cor. 18),
therefore NO* —NR * Rn > ME* — MD * Dm;
that is, RO* > DE?,
and RO > DE.
Now On > Em,
therefore Rn > Dm ;
and since Rz : Dm=DM : RN (2 Cor. 13),
- DM>RN,
therefore the point R is nearer to the asymptote than D,
that is, the hyperbola, when produced, approaches to the
asymptote. ~

Let S be any line less than half the conjugate axis;
then, because Dm, a straight line drawn from a point in
the hyperbola, parallel to the conjugate axis, and termi-
nated by the asymptote on the other side of the transverse
axis, may evidently be of any magnitude greater than A#,
which is equal to half the conjugate axis, Dm may be a
third proportional to S and BC; and since Dm is also a
third proportional to DM (the segment between D and
the other asymptote) and BC, DM may be equal to S;
but the distance of D from the asymptote is less than DM,
therefore that distance may become less than S, and con-
sequently less than any given line.

Cor. Every straight line passing through the centre
within the angles contained by the asymptotes through
which the transverse axis passes, meets the hyperbola,
and therefore is a transverse diameter ; and every straight
line passing through the centre within the adjacent angles
falls entirely without the hyperbola.

ScuHoriuM. The name asymptotes (nom concurrentes)
has been given to the lines CH, Ck, because of the pro-
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perty they have of continually approaching to the hyper-
bola without meeting it, as has been proved im this pro-

position.

PROPOSITION XV.

If from two points in an hyperbola, or opposite hyperbolas,
two parallel straight lines be drawn to meet the asymp-
totes, the rectangles contained by their segments between
the points and the asymptotes are equal. '
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Let D and G beé two points in the hyperbola, or oppo-
site hyperbolas ; let parallel lines EDe, HG% be drawn to
meet the asymptotes in E, e, and H, A; the rectangles
ED - De, H& * G4 are equal.

Through D and G draw straight lines parallel to the
conjagate axis, meeting the asymptotes in the points L, 4
and M,'m. The triangles HGM, EDL are similar, as also
the triangles AGm, eD/

" therefore DL: DE = GM :GH,
and D/: De = Gm : GA;
hence, taking the rectangles of the corresponding terms
of the propoértious,

* LD*DI:ED*De=MG -Gm: HG * GA;

but LD * DI=MG * Gm (2 Cor. 13),
therefore ED * De=HG * GA.

Cor. 1. If a straight line be drawn through D, d, two
points in the same or opposite hyperbolas, the segments
DE, de between those points and the asymptotes are equal.
For in the same manner that the rectangles ED * De,
GH ¢ GA have been proved to be equal, it may be shown
that the rectangles Ed * de, HG * GA are equal, there-
fore ED * De=Ed - de. Let Ee be bisected in O, then
ED * De = EO*—O0OD?, and Ed * de = EO*—QOd?, there-
fore EO* — OD?* = EO? — 0d?* ; hence OD = Od, and
ED = ed.

Cor. 2. When the points D and d are in the same hy-
perbola, by supposing them to approach till they coincide
at P, the line Ee will become a tangent to the curve at
P. Therefore any tangent KPZ, which is terminated
by the asymptotes, is bisected at P, the point of contact.

Cor. 8. And if any straight line KP%, limited by the

asymptotes, be bisected at P, a point in the carve, that
G
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line is a tangent at P. For it is evident that only one line
can be drawn through P, which shall be limited by the
asymptotes, and bisected at P.

Cor. 4. If a straight line be drawn through D, any
point in the hyperbola, parallel to a tangent KP%, and
terminated by the asymptotes at E and e, the rectangle
ED ° De is equal to the square of PK or P%, the segment
of the tangent between the point of contact and either
asymptote. The demonstration is the same as in the pro-
position.

Cor. 5. If from any point D in an hyperbola (fig. 2)
a straight line be drawn parallel to Pp, any diameter,
meeting the asymptotes in E and ¢, the rectangle ED * De
is equal to the square of half that diameter. The demon-
stration is the same as in the proposition.

PROPOSITION XVI.

If two straight lines be drawn from any point in an hyper-
bola to the asymptotes, an? from any other point in the same
or opposite hyperbolas two other lines parallel-to the for-
mer be drawn to meet the same asymptotes ; the rectangle
contained by the first two lines will be equal to the rectangle
contained by the other two lines.

From D), any point in the hyperbola, draw DH and DK
to the asymptotes, and from any other point d draw dk
and dk respectively parallel to DH and DK, and meeting
the asymptotes in %4 and k2. The rectangles HD - DK,
hd - dk are equal.

Join D, d, meeting the asymptotes in E, e. From simi-
lar triangles
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ED : DH = Ed: da,
and ¢D : DK = ed : dk;
therefore, taking the rectangles of the corresponding terms,
ED ‘De: HD DK = Ed * de: hd * dk ;
but ED * De = Ed * de (1 Cor. 15),
therefore HD * DK = Ad - dk.

* Cor. 1. If the lines D’K’, D'H’, &'¥/, &'¥/, be parallel to
the asymptotes, and thus form the parallelograms D’K'CH’,
@kCH, these are equal to one another (14, 6, E.). And if
D'C, @C be joined, the halves of the parallelograms, or the
triangles D'’K'C, @%C are also equal.

Coz. 2. If from D, &, any two points in an hyperbola,
straight lines D’K!, @% be drawn parallel to one asymp-
tote, meeting the other in K’ and ¥, these lines are to each
other reciprocally as the distances of K’ and # from the
centre, or D'K': @& :: Ck’: CK'. This appears from last
corollary, and 14, 6, E.
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_DEFINITIONS. R
E E
D d
B 4
Al a
(3
D
e

XIIL If Aa be the transverse axis and Bb the conjugate
axis of two opposite hyperbolas DAD, dad, and if Bb be
the transverse axis and Aa the conjugate axis of other two
opposite hyperbolas EBE, ebe, these hyperbolas are said
to be conjugate to the former. When all the four hyperbo-
las are mentioned they are called conjugate hyperbolas.

. Cor. The asymptotes of the hyperbolas DAD, dad are
also the asymptotes of the hyperbolas EBE, ebe. This is
evident from Cor. 2 to Definition 12.

XIV. Any diameter of the conjugate hyperbolas is call-
‘ed a second diameter of the other hyperbolas.

Cor. Every straight line passing through the centre,
within the angle of the asymptotes through which the cop-
jugate axis passes, and terminated by the opposite hyper-
bolas, is a second diameter of the hyperbola.

XV. Any straight'line not passing through the centre,
but terminated both ways by the opposite hyperbolas, and
bisected by a second diameter, is called an ordinate to that
diameter.
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PROPOSITION XVIL

Any straight line not passing through the centre, but terminated
by the opposite hyperbolas, and parallel to a tangent lo
either of the conjugate hyperbolas, is bisected by the second
diameter that passes through the point of contact, or is an
ordinate to that diameter.

The straight line Dd terminated by the opposite hyper«
bolas, and parallel to the tangent KQZ, is bisected at B
by Qg, the diameter that passes through the point of con-
tact. - :

Let Dd meet the asymptotes in G and g, and let the
tangent meet them in K and 2 The straight lines Gy,
KZ are evidently similarly divided at E and Q; and since
KQ = Q% (2 Cor. 15), therefore GE = Eg ; now DG =
gd (1 Cor. 15), therefore DE = Ed.

Cogr. 1. Every ordinate to a seeond diameter is parallel
to a tangent at its vertex. The demonstration is the
‘same as in Cor. 2, Prop. 10. '

Car. 2. All the ordinates to the same second diameter
are parallel to each other.

Conr. 8. A straight line that bisects two parallel straight



- 102 CONIC SECTIONS.

lines which terminate in the opposite hyperbolas is a se-
_cond diameter.

Cor. 4. The ordinates to the conjugate or second axis
are perpendlcular to it, and no other second diameter is
perpendicular to its ordinates.

Cor. 5. The opposite hyperbolas are similar to one an-
other, and like portions of them are in all respects equal.

PROPOSITION XVIIL

If a transverse diameter of an hyperbola be parallel to the
ordinates to a second diameter ; the latter shall be parallel
to the ordinates to the former.

Let Pp, a transverse
- P, 5 M&/

diameter of an hyperbola,
be parallel to DGd’, any
ordinate to the second
diameter Qg ; the second
diameter Qg shall be pa- .
rallel to the ordinates to '
the diameter Pp. / \

Draw the diameter dCa through one extremity of the
ordinate &'D, and join d and D, the other extremity, meet-
ing Pp in E. Because dd’ is bisected at C, and CE is pa-
rallel to @D, the line Dd is bisected at E, therefore Dd
is an ordinate to the diameter Pp. And because Dd and
dd' are bisected at G and C, the diameter Qg-is parallel
to Dd (2, 6, E.) ; therefore (2 Cor. 17) Qg is parallel to
any ordinate to the diameter Pp.
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DEFINITIONS.

" XVIL Two diameters are said to be conjugate to one an-

other when each is parallel to the ordinates to the other
diameter.

Cor. Diameters which are conjugate to one another are
parallel to tangents at the vertices of each other.
XVIL. A third proportional to any diameter and its con-

" jugate is called the Parameter, also the Latus rectum of
that diameter. )

PROPOSITION XIX.
The tangent at the vertex of any transverse diameter of an
hyperbola, which is terménated by the asymptotes, is equal
o the diameter that is conjugate to that transverse diameter.

" Let P€p be any transverse diameter of an hyperbola,
HP/ a tangent at its vertex, meeting the asymptotes in
H and A, and Qg the diameter which is conjugate to Pp ;
the tangent H# is equal to the diameter Qg.
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Through D, any point in the hyperbola, draw a straight
line parallel to the tangent and diameter, cutting either
of the conjugate hyperbolas in d, and the asymptotes in I
and ¢, and through D and d draw lines parallel to Bb, the
conjugate axis, meeting the asymptotes in the points K,
R, and L, .. The triangles DIK, dIL are similar, as also
tDk, idl, therefore

KD:DI::Ld:dl,
and 2D : Di:: ld: di;
therefore, taking the rectangles of the corresponding
terms,
KD*‘Di:IDDi::Ld-dl:1d-di.;
But. KD * DA=BC?* (13), and BC*= Ld - d! (5 Cor. 15),
' therefore ID * D = Id - di.
Now ID * Di = HP? (4 Cor. 15),
and Id * di = QC* (5 Cor. 15);
therefore HP* = QC?, and HP = QC,
and consequently Hi = Qq.

Cor. 1. If another tangent be drawn to the curve at p,
meeting the asymptotes in H' and X, the straight lines
which join the points H, H', also A, ¥, are tangents to
the conjugate hyperbolas at Q and ¢g. For pH', as well as
PH, is equal and parallel to CQ; therefore the points H,
Q, H/, are in a straight line parallel to Pp, and HQ=H'Q
(34, 1, E.), therefore (8 Cor. 15) HQH' is a tangent to
the curve at Q. In like manner it appears that Aghk’ is a
tangent at q.

Cogr. 2. If tangents be drawn at the vertices of two
conjugate diameters, they will meet in the asymptotes,
and form a parallelogram, of which the asymptotes are
diagonals.
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PROPOSITION XX.

If a tangent to an hyperbola meet a second diameter, and from
the point of contact an ordinate be drawn to that diameter ;
half the second diameter will be a mean proportional be-
tween the segments of the diameter, intercepted between the
centre and the ordinate, and between the centre and the tan~
gent. '

Let DL, a tangent to the curve at D, meet the second
diameter Qg in' L, and let DGd’ be an ordinate to that
diameter ; then

CG:CQ =CQ:CL.

Let Pp be the diameter that is conjugate to Qg; let HPA
be a tangent at the vertex, terminated by the asymptotes ;
through D draw the ordinate DEd to the diameter Pp,
meeting the asymptotes in M and m ; .let K be the inter-
section of DL and Pp. Because DK is a tangent at D,
and DEd an ordinate to Pp, CP is a mean proportional
between CE and CK (11), aud therefore '
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CE?: CP*:: CE: CK.
Now, the linesCQ, PH, EM, being parallel (2 Cor. 10,
and Def. 16), from similar triangles,
CE? : CP* = EM? : PH?,
and CE or DG : CK = LG : LC;
therefore EM* : PH* = LG : LC,
and, by division, &e.
EM? — PH?* : PH* = CG: LC = CG*: CG - LC.
But since PH* = MD * Dm (4 Cor. 15),
EM? —PH? = ED* = CG* (5, 2, E.);
therefore PH* = CG - LC;
hence, and since PH = CQ (19),
CG:CQ =CQ:CL.

PROPOSITION XXI.

If an ordinate be drawn to any transverse diameter of an hy-
perbola ; the rectangle under the abscisses of the diam
will be to the square of the semi-ordinate as the square of
the diameter to the square of ils conjugate.

Let DEd be an ordinate to the transverse diameter Pp,
aud let Qg be its conjugate diameter ;
PE - Ep: DE? = Pp* : Q¢*.
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Let DKL, a tangent at D, meet the diameter in K, and
its conjugate in L. Draw DG parallel to Pp, meeting Qg
in G. Because CP is a mean proportional between CE
and CK (11),

CP? : CE* = CK : CE,
and, by division, CP* : PE * Ep = CK : KE.
But, because ED is parallel to CL,
CK: KE =CL : DE, or CG:;
and because CQ is a mean proportional between CG and
CL (20), -
CL : CG = CQ? : CG?, or DE?,
therefore CP? : PE - Ep = CQ?* : DE?,
and, by inversion and alternation,
PE - Ep: DE* = CP?: CQ* = Pp* : Q¢*.

Cor. 1. If an ordinate be drawn to any second diame-
ter of an hyperbola, the sum of the squares of half the se-
cond diameter and its segment, intercepted between the
ordinate and the centre, is to the square of the semi-or-
dinate as the square of the second diameter to the square
of its conjugate.

Let DG be a semi-ordinate to the second diameter Qgq.
It has been shown that

CG*: CQ* =PE - Ep: CP*;
therefore, by composition,
CQ?* 4+ CG* : CQ* = CE? or DG* : CP?,
and, by alternation,
CQ* 4+ CG* : DG* = CQ?* : CP?* = Qg* : Pp*.

Cogr. 2. The squares of semi-ordinates, and of ordinates
to any transverse diameter, are to one another as the rect-
angles contained by the corresponding abscisses; and the
squares of semi-ordinates, atd of ordinates to any second
diameter, are to one another as the sums of the squares
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of half that diameter, and the segments intercepted be-
tween the ordinate and the centre.

Cog. 8. The ordinates to any transverse diameter, which
intercept equal segments of that diameter from the centre,
are equal to one another ; and, conversely, equal ordinates
intercept equal segments of the diameter from the centre.

PROPOSITION XXII.

In Aa, the transverse axis of an hyperbola, let there be taken
on each side of the centre C, straight lines CK, Ck, each a
Jourth proportional to CF the eccentricity, and CA, CB,
half the transverse and conjugate axes : if then from P, a
vertex of any diameter, there be drawn PH perpendicular
to Aa ; the square of the semi-diameter PC will have to
the rectangle contained by the segments KH, AH the con-
stant ratio of the square of CF to the square of CA.

(3

/

Q

Draw PL perpendicular to the conjugate axis.
Because CB? : CA* = CB* + CL*: PL* (1. Cor. 21),
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by composition,
» CB* 4+ CA? : CA* = CB* 4 CL* 4+ PL*:PL?,
therefore (47, 1, E. and Def. 8)
CF? : CA*=CB?*+PC?*: PL? or CH?;
but, by hypothesis, CF* : CA* = CB?* : CK?,
therefore CB* : CK* = CB* 4+ PC* : CH* :
and hence (19, 5, E.)
PC* : CH* — CK* = CB* : CK?, and (6, 2, E.)
PC? : KH - Hk = CF? : CA2,
Cor. 1. Hence the squares of any semi-diameters PC,
QC are to one another as the rectangles KH - H, KI - 1%,
contained by the segments of the line K% between its ex-

~ tremities, ‘and perpendiculars from the vertices of the dia-

meters.

Cox. 2. The transverse axis is the least of all the trans-
verse diameters, and a diameter which is nearer to the
transverse axis is less than one more remote, and a semi-
diameter may be found greater than any given line.

By hypothesis, CF or AB: CA=CB: CK. Now AB
is greater than CB (19, 1, E.), therefore CA is greater
than CK, and the points K, % are between Aa, the ver-
tices of the transverse axis. Suppose now a semi-diameter
PC to turn about C, and that in every position PH is per-
pendicular to K& produced both ways; the rectangle
KH * H, and the square of PC, to which the rectangle
has a constant ratio, will manifestly be least when PC
coincides with AC, and both will increase as H recedes
from C ; and, as the rectangle may exceed any given space,
the semi-diameter may become greater than any given line.

Cor. 8. Diameters which make. equal angles with the
transverse axis on opposite sides of it are equal ; and only
two equal diameters can be drawn, one on each side of the
transverse axis.
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PROPOSITION XXIII.

If an ordinate be drawn to any transverse diameter of an
hyperbola, the rectangle under the abscisses of the diameter
t8 to the square of the semi-ordinate as the diameter to its

Let DE be a semi-ordinate to the transverse diameter
Pp; let PG be the parameter of the diameter, and Qg the
conjugate diameter. By the definition of the parameter
(Def. 16), Pp:Q9=0Qq: PG,

therefore Pp : PG = Pp*: Qg* (2 Cor. 20, 6, E.).
But Pp*: Q¢*= PE- Ep: DE*® (21);
therefore PE < Ep: DE? = Pp : PG.

Cor. Let the parameter PG be perpendicular to the dia-
meter Pp ; join pG, and from E draw EM parallel to PG,
meeting pG in M. The square of DE, the semi-ordinate,
is equal to the rectangle contained by PE and EM.

For PE * Ep: DE2="Pp : PG,
and Pp: PG=Ep: EM=PE ' Ep: PE + EM,
therefore DE* = PE - EM. :
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SCHOLIUM."

If the rectangles PGLp, HGKM be completed, it will
appear that the square of ED is equal to the rectangle
MP, which rectangle is greater than the rectangle KP,
contained by the absciss PE and the parameter GP, bya
rectangle KH similar and similarly situated to LP, the
rectangle contained by the parameter and diameter. It
was on account of the excess of the square of the ordinate
above the rectangle contained by the absciss and para-
meter that Apollonius gave the curve to which the property
belonged the name of Hyperbola.

PROPOSITION XXIV. s

If from the vertices of two conjugate diameters of an hyper-
bola there be drawn ordinates to any third transverse dia-
meter ; the square of the segment of that diameter, inter-
cepted between the ordinate from the vertex of the second
diameter and the centre, is equal to the rectangle contained
by the segments between the other ordinate and the vertices
of the third transverse diameter. And the square of the
segment intercepted between the ordinate from the vertex of
the transverse diameter and the centre, is equal to the square
of the segment between the other ordinate and the centre,
together with the square of half the third transverse diame-
ter.
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Let Pp, Qg be two conjugate diameters, of which Pp
is a transverse and Qg .a second diameter ; let PE, QG
be semi-ordinates to any third transverse diameter Rr ;
then CG* =RE * Er, and CE* = CG* + CR>.

Q ;r/
8
C

r

P

™.

Draw the tangents PH, QK, meeting Rs in H and K.
The rectangles HC - CE and KC * CG are equal, for each
is equal to CR* (11 and 20), therefore

HC: CK = CG: CE.
But the triangles HPC, CQK are evidently similar (Cor.
Def. 16) ; and since PE, QG are parallel, their bases CH,
KC are similarly divided at E and G, therefore
HC: CK = HE: CG,
wherefore CG : CE = HE : CG,
consequently CG* = CE * EH = (1 Cor. 11), RE - Er.
Again, from the similar triangles HPC, CQK,
HC: CK = CE: KG. '
Now, it was shown that HC : CK = CG : CE,
therefore CG : CE = CE :KG,
consequently
CE*=CG*GK = (8,2, E.), CG’+GC CK
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but GC - CK = CR* (20)
theréfore CE* = CG* + CR*.
. Com. 1. Let Ss be the diameter that is conjugate to-Rr, .
thenerstoSsasCGtoPE, orasCEtoQG
For Rr* : Ss* = RE - Er, or CG* : PE? (21), o
* therefore Rr 88 = CG : PE.
In like manner Rr : Ss = CE : QG. -

Cor. 2. The difference between the squares of CE, CG,
the segments of the _transverse diameter to which the
semi-ordinates PE, QG are drawn, is equal to the square -
of CR the semi-diameter. For it has been shown that

~ CE* = CG* + CR?,

therefore CE* — CG* = CR>.
- Cor. 8. The difference of the squares of any two con-
jugate diameters is equal to the difference of the squares
of the axes. Let Rr, Ss be the axes, and Pp, Qg any two
conjugate diameters; -draw PE, QG perpendicular to Rr,
and PL, QM perpendicular to Ss. Then
CE* — CG* = CR?
and C’\I‘ — CL’, pr GQ? = PE* = CS?;
" therefore CE* + PE' —_ (CG’ + GQ?*) = CR* — CS’
that is (47, 1, E.), CP* —CQ* = CR* —CS8?, =
therefore Pp* — Q¢* = Rr* — Ss‘
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PROPOSITION XXYV.

If four straight lines be drawn touching conjugate kyperbolas
at the vertices of any two conjugate diameters ; the paral-
lelogram formed by these lines is equal to the rectangle con-
tained by the transverse and conjugate azes.

Let Pp, Qg be any two conjugate diameters, a paral-
lelogram DEGH formed by tangents to the conjugate hy-
perbolas at their vertices is equal to the rectangle con-
tained by Ag, Bb, the two axes.

Let Ag, one of the axes, meet the tangent PE in K;
join QK, and draw PL, QM perpendicular to Aa.

Because CK: CA = CA: CL (11),
and CA : CB = CL : QM (1 Cor. 25),
ex. #q. CK: CB = CA: QM,
" therefore CK QM = CB * CA.

But CK* QM =twicetrian. CKQ = paral. CPEQ(41, 1, E.),
therefore the parallglogram CPEQ =CB - CA;
and, taking the quadruples of these, the parallelogram
DEGH is equal to the rectangle contained by Aa and Bb.
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PROPOSITION XXVI.

If two tangents at the vertices of a transverse diameter of an
Ayperbola meet a third tangent ; the rectangle contained by
their segments between the points of contact and the points
of intersection is equal to the square of the semi-diameter to
which they are parallel : and the rectangle contained by
the segments of the third tangent petween its point of con-
tact and the: parallel tangents, is equal to the square of the
semi-diaméter to which it is parallel.

Let PH, ph, tangents at the vertiees of a transverse
diameter Pp, meet DHZA, a tangent to the curve at any
point D, in H and 4: let CQ be the semi-diameter to
which the tangents PH, pk are parallel, and CR that to
which DH? is parallel ; then

PH * pk = CQ* and DH Dk = CR?,

Let HA meet the semi-diameters CP, CQ in L and K.

Draw DE, RM parallel to CQ, and DG parallel to CP.
Because LP * Lp = LE - LC (2 Cor. 11),
LP:LE=LC :Lp;
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hence, and because of the parallels PH, ED, CK, ok,
PH:ED =CK: ph;
wherefore PH' ph = ED - CK. .
‘But ED - CK'= €G - CK = CQ* (20),
. therefore PH ph = CQ*. ,

Agam, the triangles LED CMR are evxdently similar,
and LD LE are smnlarly d1v1ded at H and P, also at h
and p; '

therefore PE : HD = (LE: LD =) CM: CR,
. alsopE i AD = (LE: LD =) CM: CR;

hence, taking the rectangles of the corresponding terms,

PE : pE : HD * AD = CM? : CR*.
Bat if CD be Jomed, the points D and R are evidently
the vertices of two conjugate diameters (Cor. Def. 16),
and therefore PE - pE = CM* (24) ; '

) therefore HD - AD = CR?2.

Cor. The rectangle contained by LD and DK, the seg-
ments of a tangent intercepted between D the point of
contact, and Pp, Qg, any two conjugate diameters, is
equal to the square of CR, the semi-diameter to wlnch the
tangent is parallel. _

Let the parallel tangents PH, ph meet LK in Hand 4,
and draw DE, a semi-ordinate to Pp. ' Because of the
parallels ED, PH, CK, ph, - ' .

" . LE:LD = EP: DH,
‘and EC : DK = Ep : Db, -
therefore ' o
LE-EC: LD DK = EP.“Ep:DH * Da.
. ButLE* EC = EP" Ep (1 Cor. 11),
therefore LD - DK = DH * DA = (by this Prop.) CR?. .
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' PROPOSITION XXVIL.

If two straight lines be drawn from the foci of an hyperbola

perpendicular t a tangent ; straight lines drawn from the
. centre, to the points in which they meet the tangent,-will
. edch be oqual to half the transvérse azis. - .

Let PdD be a tangent to the curve at P, and FD, fd
perpendiculars to the tanéent from the foci; the straight
lines joining the points C, D and C, d are each equal to
AQC, half the transverse axis. .

Join FP, fP, and produce FD, Py till they intersect
in E. The triangles FDP, EDP have the angles at D
right angles, and the angles FPD, EPD equal (5), and
the side DP common to both ; they are therefore equal,
and consequently have ED = DF, and EP = PF; where-
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fore Ef=FP —Pf = Aa. Now the straight lines FE,
Ef being bisected at D and C, the line DC is parallel to
Ef; and thus the triangles F fE, FCD, are similar,
therefore Ff: fE, or Aa = FC: CD;
but FC is half F £; therefore CD is half of Aa.
Coz. If a straight line Qg be drawn through the centre
parallel to the tangent Dd, it will cut off from PF, Pf the
segments PG, Pg, each equal to AC half the transverse
axis. For CdPG, CDPg are parallelograms, therefore
PG = dC = AC, and Pg = DC = AC.

.

PROPOSITION XXVIIL

The rectangle contaired by perpendiculars drawn from the
Joci of an hyperbola to a tangent, is equal to the square of
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Let PdD be a tangent, and FD, fd perpendiculars from
the foci, the rectangle contained by FD and fd is equal to
the square of BC half the conjugate axis. -

It is evident from last proposition that the points D, d,
are in the circumference of a circle, whose centre is the
centre of the hyperbola, and radius CA half the transverse
axis. Now FDd being a right angle, if dC be joined and
produced, it will meet DF in H, a point in the circum-
ference; and since FC = fC, and CH = Cd, and the
angles FCH, fCd are equal, FH is equal to fd, therefore
DF - df=DF * FH = AF - dF (36, 3, E.) = CB* (3).

Cor. If PF, Pf, be drawn from the point of contact to
the foci, the square of FD is a fourth proportional to /P,
FP, and CB?. For the angles fPd, FPD are equal (5),
and FDP, fdP are right angles, therefore the triangles
FDP, fdP are similar, and

JP:FP=fd: FD =fd - FD or BC* : FD.

DEFINITION.

XVIIIL A straight line perpendicula; to a tangent to
the curve at the point of contact is called a Normal to the
curve.
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PROPOSITION XXIX.

y’ﬁom C the centre of an hyperbolaaatrazght line CL be
drawnperpmdwuhzrtoatamgentLD,andﬁmnDthe
point of contact a normal be drawn meeting the. transverse
. azis in H and the comjugate ‘axis in h ; the rectangle con-
tained by CL and DH is equal to the square of CB, the
wm-oo'yuyateazw ‘and _the rectangle contained by CL
' andthequalto the square of CA, thesemz-tramverse

[

)

. Let the axes meet the tangent in M and m, and from
D draw the semi-ordinates DE, De, which will be perpen-
_dicular to the axes.
The triangles DEH, CLm, are evidently equiangular,
therefore DH : DE = Cm : CL,
hence CL * DH=DE * Cm ;
but DE - Cm, or Ce * Cm = BC* (12),
therefore CL - DH = BC*.
In the same way it may be shown that CL * Dk = AC?.
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. Cor. 1. The segments DH, DA of a normal intercepted
between the point of contact and the axes are to each
other reciprocally as the squares of the axes by which
they are terminated.
For AC?* : BC* =CL - DA: CL - DH =Dh : DH.
Cog. 2. If DF be drawn to either focus, and HK be
drawn perpendicular to DF; the straight line DK shall
be equal to half the parameter of the transverse axis.
~ Draw CG parallel to the tangent at D, meeting DH in
N, and DF in G. The triangles GDN, HDK, are similar,
therefore GD : DN =HD : DK;
and hence GD - DK = HD * DN.
But GD = AC (Cor. 27) and ND = CL,
. therefore AC * DK = HD ° CL = (by the Prop.) CB?,
wherefore AC: BC=BC:DK;
hence DK is half the parameter of Aa (Def. 17).

DEFINITION.

N H
K

Ni
 XIX. If a point G be taken in 'the transverse axis of
an hyperbola, so that the distance of G from the centre
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may be a third proportional to CF, the distance of either
focus from the centre, and CA the semi-transverse axis ;
a straight line H@4 drawn through G, perpendicular to
the axis, is called the directriz of the hyperbola. -

Cor. 1. If an ordinate to the axis be drawn through
the focus ; tangents to the hyperbola at the extremities of
the ordinate will meet the axis at the point G (11).

Cor. 3. The hyperbola has two directrices, for the point
G may be taken on either side of the centre.

PROPOSITION XXX.

The distance of any point in an hyperbola from either direc-
triz 18 to its distance from the focus nearest that directriz,
in the constant ratio of the semi-transverse axis to the dis-
tance of the focus from the centre.

Let D be any point in the hyperbola; let K be drawn
perpendicular to the directrix, and DF to the focus near-
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est the directrix ; DK is to DF as CA, half the transverse
axis, to CF, the distance of the focus from the centre.

Draw Df to the other focus, and DE perpendicular to
Aa; take L a point in the axis so that AL = FD, and
consequently La = Df; then CL is evidently half the
sum of AL and gL, or of FD and D, and CE half the
sum of FE and fE: and because

Df—DF: Ef = fE + FE : DY + DF (K, 6, E.),
by taking the halves of the terms of the proportion,

CA:CF = CE: CL.
But CA : CF = CG : CA (Def. 19),
therefore CG : CA = CE : CL;
hence (19, 5, E.) EG: AL = CG: CA = CA: CF,
that is, DK : DF = CA : CF.

Cor. 1. If the tangent GMN be drawn through M, the
extremity of the ordinate passing through the focus, and
ED be produced to meet GM in N; EN shall be equal to
DF. For, draw MO perpendicular to the directrix, theén,
because M and D are points in thé hyperbola, and from
similar triangles, S

FM:FD = MO:DK = GF: GE = MF: EN,
. therefore FD = EN.

Cor. 2. If AI and ai be drawn perpendicular to the
transverse axis at its extremities, meeting the tangent G
in I and i, then, by the preceding corollary, AI = AF and
ai = aF.
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PROPOSITION XXXI.
If through P and Q the vertices of two semi-diameters of an
. hyperbola there be drawn straight lines PD, QE parallel
to ome of the asymptotes CM, meeting the other asympiote in.
D and E ; the hyperbolic sector PCQ 13 equal to the hyper-
bolic trapezium PDEQ.

. Let CQ meet PD in L.  The triangles CDP, CEQ are
equal (1 Cor. 16); therefore, taking the triangle CDI
from both, the triangle CIP is equal to the quadrilateral
DEQL  To these add the figure PIQ, and the hyperbolic
sector PCQ is equal to the hyperbolie trapezium PDEQ.

PROPOSITION XXXII.

If from the centre of an hyperbola the segments CD, CE, CH
be taken in continued proportion in one of the asymptotes,
and the straight lines DP, EQ, HR be drawn parallel to
the other asymptote, meeting the hyperbola in P, Q, R;
the hyperbolic areas PDEQ, QEHR are equal.
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Through Q (fig. of last Prop.) draw a tangent to the
curve, meeting the asymptotes in K and L: join PR,
meeting the asymptotes in M and N; draw the 'eemi-dia-
meters CP, CQ, CR ; and let CQ meet PR in G. . .

Because QE is parallel to CM, and - KQ is equal to
QL (2 Cor. 15), CE is equal to EL ; and because MC,
PD, RH, are parallel, and MP is equal to RN (1 Cor.
15), CD is equal to HN. Now, by hypothesis,

CD:CE = CE:CH,
tberefore NH:LE = CE: CH;
but CE: CH = HR : EQ (2 Cor, 16),
therefore NH : LE = HR : EQ,
and, by alternation, NH : HR = LE : EQ.

Now the 'angles at H and E are equal, therefore the
triangles NHR, LEQ are equiangular, and NR is parallel
to LQ; conisequently RP is an ordinate to the diameter
CQ (10), and is bisected by it at G; and as cQ bisects
all lines whlch are parallel to KL, and are terminated by
the hyperbola, it will bisect the area PQR. Let the equal
areas PQG; RQG be taken from the eqjual triangles PCG,
RCG, and there will remain the hyperbolic sectors PCQ,
RCQ equal to each other. Therefore (81) the areas
. DPQE, EQRH are also equal
" Cor. Hence if CD, CE, CH, &ec. any number of seg-
.ments of the asymptote, be taken in continued proportion,
the areas DPQE, DPQRH, &c. reckoned from the ﬁrst
line DP, will be in arithmetical progresslon
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PROPOSITION XXXIIL PROBLEM.

Two straight lines Aa, Bb, whick bisest each other at right
angles in C, being given by position ; to describe an hyper-
bola, of whick Aa shall be the transverse and Bb the con-
Jugate axes.

JoinAB,and
in Aa produ-
ced take CF,
“ Gfeachequal
to AB; the
points F, f
will be the
4 foci of the
hyperbola.

D b (Def. 8.)

Let one end of a string be fastened at F, and the other
to G the extremity of a ruler fDG@, and let the difference
between the length of the ruler and the string be equal to
Aa. Let the other end of the ruler be fixed to the point
J; and let the ruler be made to revolve about /' as a centre
in the plape in which the axes are situated, while the string
is stretched by means of a pin D, so that the part of it be-
tween G and D is applied close to the edge of the ruler;
the point of the pin will by its motion trace a curve line
DAD upon the plane, which is one of the hyperbolas re-
quired.

If the ruler be made to revolve about the other focus
F, while the end of the string is fastened to f; the oppo-
site hyperbola will be described by the moving point D ;
for in either case Gff — (GD + DF), that is, Df — DFis
by hypothesis equal to Aa the transverse axis.
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PROPOSITION XXXIV. ProBLEM. )
An hyperbola being given by position ; to find its axes.

Let HAZ% be the given hyperbola. Draw two parallel
straight lines HA, K%, terminating in either of the oppo-
site hyperbolas, and bisect them at L and M; join LM,
and produce it to meet the hyperbola in P; then LP will
be a transverse diameter (4 Cor. 10). Let p be the point
in which it meets the opposite hyperbola, bisect Pp in C,
the point C is the centre (2). Take D any point in the
hyperbola, and on C as a centre with the distance CD de-
scribe a circle ; if this circle lie wholly without the oppo-
site hyperbolas, then CD must be half the transverse axis
(2 Cor. 22) ; but if not, let the circle meet the hyperbola
again in d : join Dd, and bisect it in E; join CE, meeting
the opposite hyperbolas in A and g, then Aa will be the
transverse axis (5 Cor. 10) ; for it is perpendicular to Dd
{3, 8, E.), which is an ordinate to Aa. The other axis
will be found by drawing Bb a straight line through the
centre perpendicular to Ag, and taking CB so that BC*
may be a fourth proportional to the rectangle AE * Ea,
and the squares of DE and CA; thus CB is half the con-
jugate axis (21).
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* PART IV.

SECTION I.

OF THE CONE AND ITS SECTIONS.

DEFINITIONS.

L If through the point V, without the plane of the circle
ABD, a straight line AVE be drawn, and produced inde-
finitely both ways, and if the point V remain fixed while
the straight liné.AVE is moved round the whole circum-
ference of the circle; two superficies will be generated by
its motiqn, each of which is called a Conical Superficies,
and these mentioned together are called Oppoazte ‘Conical
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II. The solid contained by the conical superficies and
the circle ADB is called a Cone.

IIL. The fixed point V is called the Vertex of the cone. .

IV. The circle ADB is called the Base of the cone.

V. Any straight line drawn from the vertex to the cir-
cumference of the base is called a Side of the cone.

VL A straight line VC drawn through the vertex of the
cone, and the centre of the base, is called the Axis of the
cone. .

VIL If the axis of the cone be perpendicular to the base,
it is called a Right cone.

VIIL. If the axis of the cone be not perpendicular to the
base, it is called a Scalene cone.

PROPOSITION I. -

If a cone be cut by a plane passing through the vertex ; the
section will be a triangle.

Let ADBYV (fig. page 128) be a cone of which VC is the
axis ; let AD be the common section of the base of the
cone and the cutting plane; join VA, VD. When the
generating line comes to the points A and D, it is evident
that it will coincide with the straight lines VA, VD ; these
lines are therefore in the surface of the cone, and they
are in the plane which passes through the points V, A, D;
therefore the triangle VAD is the common section of the
cone, and the plane which passes through its vertex.
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PROPOSITION II,

It a cone be cut by a plané varallel to its base ; the section will
e a circle, the ventre of which is in the azis.

\
v

Cc B
D

Let EFG be the section made by a plane parallel to the
base of the cone, and VAB, VCD two sections of the cone
made by any two planes passing through the axis VC; let
EG, HF be the common sections of the plane EFG, and
the planes VAB, VCD. Because the planes EFG, ADB are
parallel, HE, HF will be parallel to CA, CD, and

AC:EH = (VC: VH =) CD: HF;
but AC = CD, therefore EH = HF. For the same reason
GH = HF, therefore EFG is a circle of which H is the
centre and EG the diameter.

PROPOSITION III.

If a scalene cone ADBV be cut through the axis by a plane
perpendicular to the base, making the triangle VAB, and
Jrom any point H in the straight line AV a straight line
HK be drawn in the plane of the triangle VAB, so that
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the angle VHK may be equal to the angle VBA, and the
cone be cut by another plane passing through HK pérpen-
dicular to the plane of the triangle ABV, the common sec-
tion HFKN of this plane and the eone will be a circle.

Take any point L in the straight line HK, and through
L draw EG parallel to AB, and let EFGN be a section
parallel to the base, passing through EG; then the two
planes HFKN, EFGN being perpendicular to the plane
VAB, their common section FLN is perpendicular to
ELG, and since EFGN is a circle (by last Prop.), and EG
its diameter, the square of FL is equal to the rectangle
contained by EL and LG (85, 8, E.) ; but since the angle
VHK is equal to VBA or VGE, the angles EHK, EGK
are equal, therefore the points E, H, G, K, are in the cir-
cumference of a circle (21, 8, E.), and HL - LK=EL LG
(85, 8, E.) = FL?, therefore the section HFKN is a cir-
cle of which HLK is a diameter (35, 8, E.)

This particular section of the cone is called a Subcon-
trary Section.
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PROPOSITION 1IV.

If a cone be cut by a plane which does not pass through the
vertex, and which is neither parallel to the base nor to the
plane of a subcontrary section ; the common section of the
Plane and the surface of the cone will be an ellipse, a pa-
rabola, or an hyperbola, according as the plane passing
through the vertex parallel to the cutting plane falls without
the come, touches it, or falls within it.

Let ADBV be any cone, and let ONP be the common
section of a plane passing through its vertex and the plane
of the base, which will either fall without the base, or
touch it, or fall within it.

Let FKM be a section of the cone parallel to VPO ;
through C the centre of the base draw CN perpendicular
to OP, meeting the circumference of the base in A and
B; let a plane pass through V, A, and B, meeting thé
plane OVP in the line NV, the surface of the cone in VA,
VB, and the plane of the section FKM in LK ; then, be~
cause the planes OVP, MKF are parallel, KL will be pa-
rallel to VN, and will meet VB in K; it will also meet
VA in H (fig. 1) within the cone; or it will be parallel
to VA (fig. 2) ; or will meet VA, produced beyond the
‘vertex, in H (fig. 8), according as ONP falls without the
base, or touches it, or falls within it.

Let EFGM be a section of the cone parallel to the base,
meeting the plane VAB in EG, and the plane FKM in
FM, and let L be the intersection of EG and FM ; then
EG will be parallel to BN, and FM will be parallel to PO,
and therefore will make the same angle with LK, wher~
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ever the lines FM, LK cut each other; and since BN is
perpendicular to PO, EG is perpendicular to FM. Now
the section EFGM is a circle of which EG is the diame-
ter (2), therefore FM is bisected at L, and FL* = EL'LG.

Fig. 1.

Case 1. Let the line PNO be without the base of the
cone. Through K and H draw KR and HQ parallel to
AB. The triangles KLG, KHQ are similar, as also
HLE, HKR; therefore KL : LG = KH : HQ, :

~ and HL : LE=KH : KR; .
therefore KL - HL : LG : LE or LF*:: KH* : HQ * KR.
Now the ratio of KH? to HQ * KR is the same wherever
the sections HFKM, EFGM intersect each other; there-
fore KL * HL has a constant ratio to LF?, consequently
(1 Cor. 18, Part IL.) the section HFKM is an ellipse, of
which HK is a diameter and MF an ordinate.
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Cask 2. Next, suppose the line ONP to touch the cir-
cumference of the base in A. Let DIS be the common
section of the base and the plane FKM ; the line DIS is
evidently parallel to FLM, and perpendicular to AB,
therefore DI* = Al * IB,

. hence DI? : FL* = AI - IB: EL - LG.

But since EG is parallel to AB, and IK parallel to AV,
Al is equal to EL, and

IB: LG=KI:KL;

: therefore DI*: FL*» = KI: KL.
Hence it appears (Cor. 11, Part I.) that the section
DFKMS is a parabola, of which KLI is a diameter, and
DIS, FLM ordinates to that diameter.



OF THE CONE. . 185

Fig. 8.

Cask 8. Lastly, let the line PNO fall within the base ;
draw VT through the vertex parallel to EG. The tri-
angles HVT, HEL are similar, as also the triangles KVT,
KGL, therefore

HT : TV = HL : LE,
and KT : TV =KL : LG,
therefore HT - KT : TV? = HL - LK : LE : LG or LF~,
Hence it appears that HL * LK has to LF* a constant
ratio, therefore the section DFKMS is an hyperbola of
which KH is a transverse diameter, and FM an ordinate
to that diameter (2 Cor. 21, Part IIL.)

SCHOLIUM.

From the four preceding propositions it appears, that
the only lines which can be formed by the common
section of a plane and the surface of a cone, are these

X
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five: 1. A straight line, or rather two straight lines
intersecting each other in the vertex of the cone, and
forming with the straight line which joins the points in
which they meet the base, a triangle; 2. A circle; 8. An
ellipse ; 4. A parabola; 5. An hyperbola. The first two
of these, however, viz. the triangle and circle, may be re-
ferred to the hyperbola and the ellipse ; for if the axes of
an hyperbola be supposed to retain a constant ratio to
each othey} and, at the same time, to diminish continu-
ally, till at last the vertices coincide; the opposite hyper-
bolas will evidently become two straight lines intersecting
each other in a point; and a circle may be considered as
an ellipse, whose axes are equal, or whose foci coincide
with the centre; so that the only three sections which
require to be separately considered are the ellipse, the pa-
rabola, and the Ayperbola.

ol
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SECTION II.

OF THE CURVATURE OF THE CONIC
SECTIONS.

DEFINITIONS.

L. A circle is said to touch a conic section in any point
when the circle and conic section have a common tangent
at that point.

IL If a circle touch a conic section in any point, so that
no other circle touching it in the same point can pass be-
tween it and the conic section on either side of the point
of contact, it is said to have the same curvature with the
conic section in the point of contact, and is called the
Circle of equal Curvature at that point. *

LEMMA.

If straight lines be drawn touching a circle at the ex-
tremities of any chord, and from any point in the circum-
ference straight lines be drawn parallel to the tangents,
to terminate in the chord ; these lines will be equal ; and
the square of each will be equal to the rectangle contained
by the segments of the chord between each line and the -
point of contact of the tangent to which it is parallel.
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Let PL be any chord in a circle, and FPG, FLK tan-
gents at P and L; if from any point H in the circum-
ference there be drawn HE, HD parallel to FG, FL re-
spectively, meeting the chord in E and D ; the lines HE,
HD are equal; and the square of each is equal to the
rectangle LD - PE.

The sides of the triangle HDE bomg parallel to those
of the triangle FLP, viz. HD to FL and HE to FP, the
triangles are equiangular (29, 1, E.); now the angles FPL,
FLP of the latter are equal (32, 3, E.), therefore the cor-
responding angles HED, HDE of the former are equal,
and HD = HE.

And because the angle DHL is equal to HLK (29, 1,
E.), and this last is equal to EPH (82, 3, E.); also, be-
cause the angle HLD is equal to HPG (82, 3, E.), which
aguin is equal to PHE (20, 1, E.); the triangles DHL,
EPH are equiangular. 'Therefore

LD : ®H = HE: EP,
and (16, 6, E.) LD - EP = DH - HE = HD* = HE*.



OF THE CURVATURE. 189

If the point 4 be in the arc of the opposite segment, and
hd be drawn parallel to FL, and AE to PF, it will in like
manner appear that

Ld - EP = hd* = hE*.

Cog. 1. The points D and d being determined as direct-

ed in the proposition,

LP: LD=LH*: LP?,

and LP : Ld = LA* : Ld*.
The triangles DLH, HLP have the angle at L common
to both, and the angles DHL, HPL equal, because each
is equal to the angle HLK (29, 1, E. and 82, 8, E.),
therefore they are equiangular; hence
. LP:LH=LH:LD (4,6, E.),

and LP : LD (=LP*: LH*) =LH?*: LD?* (Cor. 19, 6, E.).
In the same way it may be proved that

LP: Ld = L&* : La*.

Cor. 2. If E, the intersection of the chords, HA, PL,
be between P and L, the points D, d will be on opposite
sides of the point P. For in this case the chord LH will
be greater than the chord LP, and the chord Lk will be
less ; therefore LH? will be greater than LP?, and LA*
less; consequently (from Cor. 1) LD will be greater than
LP, and Ld less than LP.

Cor. 8. If the chord Hk which is parallel to the tan-
gent PF, be supposed to approach continually towards
that tangent; the points D, d, and E will continually ap-
proach to P, and may come nearer to it than any assign-
able distance.
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PROPOSITION I.

If a circle be described touching a conic section, and cutting
off from the diameter that passes through the point of con-
tact a segment greater than the parameter of that diameter ;
a part of the circumference on each side of the point of con-
tact will be wholly without the conic section ; but if it cut
off a segment less than the parameter, a part of the circum-
Jerence on each side of the point of contact will be wholly
within the conic section.

Fig. 1.

ol

Cask 1. Let the section be a parabola KNPnk ; let Pp
be any diameter, and PG a tangent at P its vertex. Let
a circle KHPA% touch the parabola and tangent at P, and
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cut off from the diameter a segment PL either greater or
less than its parameter (fig. 1, 2). An arc HPA of the
circle, extending to each side of the vertex P, will be
wholly without the parabola or wholly within it.

First let PL be greater than RL, a segment of the dia-
meter equal to the parameter (fig. 1) ; draw LQ touching
the circle at L ; let Nn, an ordinate to the diameter Pp,
meet the circlein H and A, and draw HD, Ad parallel to
LQ, meeting the diameter in D and d.

Because NE* = nE? = PE ‘LR (12, Part L),
and HE? = PE - LD}(Lemma) ;
also AE* = PE * Ld
therefore NE? : HE* = LR : LD,
and nE?* : AE* = LR : Ld.

Now since Pd may be less than any given line (Cor. 8
to Lemma), let it be less than PR ; then LD and Ld will
both be greater than LR, and consequently HE will be
greater than NE, and AE greater than nE; therefore the
arc of the circle HPA will be wholly without the parabola.
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Fig. 2.

T
Next let PL, the segment of the diameter cut off by the
circle, be less than LR the parameter; as before, let Na,
an ordinate to the diameter Pp, meet the circle in H and
hy and let HD, Ad be parallel to the tangent LQ ; then, as
in the preceding case,
NE*: HE* = LR : LD,
and nE? : kRE* = LR : Ld.
Suppose now PD to be less than PR, then LD and Ld
will each be less than LR, and therefore HE will be less
than NE, and AE less than 2E ; hence the arc HPA of the
~ circle will be within the parabola.
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Case 2. Now let the curve be an ellipse or hyperbola
(fig. 3 and 4)." First let the circle, which has a common
tangent PG with the curve at the vertex of the diameter,
cut off from it a segment PL greater than LR, a segment
of the chord equal to its parameter. Let Nu, an ordinate
to Pp, meet the circle in Hand 4 : draw L.Q touching the
circle at L, and draw- HD, %d parallel to LQ. Take a
point V in Pp, such that ’

Pp:pE = LR:LV;
then Pp: LR = Ep: LV,
NowPE - Ep: NE* =Pp: LR = Ep: LV (15, Part 11.,
and 21, Part IT1.);
hence also PE * Ep: NE* = PE*Ep: PE'LV (1,6, E.),
therefore NE* = aE* = PE * LV.
Now HE* = PE - LD, and 4E* = PE - Ld,
therefore NE? ;: HE* = LV : LD,
and #E? : kE* = LV :Ld.

! The reasoning in the ¢ase of the hyperbola is exactly like that for the
ellipse ; therefore, to avoid multiplying figures, those for the hyperbola
are omitted.
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Let the chord Hb of the circle have such a position tha.
Pd is less than PR ; then pd and pD will both be greater
than pR, and consequently greater than pV, which is less
than pR. In this position of the chord, and in every other
nearer to the tangent, NE will be less than HE, and nE
less than AE ; therefore the arc HPA of the circle will be
entirely without the ellipse or hyperbola on each side of
their common point P.

Lastly, suppose that the segment LP of the diameter
cut off by the circle is less than LR its parameter; then
the same construction being made as in the other case, we
shall have

NE? : HE* = LV : LD,

nE? : RE* = LV : Ld.
Now, when the ordinate Nn approaches toward the tan-
gent PG, the point D will approach to P, and the point V
to R; therefore there will be a position of the ordinate in
which LD and Ld will be both less than LV ; and the
same will be true for all positions nearer to the tangent.
In these, NE will be greater than HE, and nE greater
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than AE; thus it appears that the arc HPA will be with-
in the curve, to a certain extent, on each side of the
point P,

Conr. If a circle touch a conic section, and cut off
from the diameter that passes through the point of con-
tact a segment equal to its parameter, it will have the
same curvature with the conic section in the point of
contact.

For if a greater circle be described, it will cut off a seg-
ment greater than its parameter, therefore a part of its
circumference on each side of the point of contact will be
wholly without the conic section ; and as it will also be
without the former circle, it will not pass between that
circle and the conic section at the point of contact. If,
on the other hand, a less circle be described, it will cut
off from the diameter a less segment than its parameter,
therefore a part of the circumference on each side of the
point of contact will fall within the conic section ; and as
it will be within the former circle, it will not pass between
that circle and the conic section at the point of contact.
Hence (Def. 2) the circle which cuts off a segment equal
to the parameter is the circle of equal curvature.
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PROPOSITION IL

The circle of curvature at the vertex of the axis of a pa-
rabola,oratthevertezqfthetramverseazisofanellipsé
or hyperbola, falls wholly within the conic section ; but the
circle of curvature at the vertez of the conjugate axis of an

 ellipse falls wholly without the conic section. '

Fig. 1.

])

2|

Let Pp be the axis of a parabola, and PHLA the circle
of curvature at its vertex, which therefore (Cor. 1) cuts
off from the axis a segment PL equal to the parameter of
the axis; if a tangent were drawn to the parabola at its
vertex, it would also be a tangent to the circle at that
point (Def.), therefore the centre of the circle is in Pp.
Let NE», an ordinate to the axis, meet the circle in H
and A. It may be shown, as in the preceding Proposition,
that

. NE:: HE: = LP: LE.
Now, in every position of the ordinate, LP is greater than
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LE; therefore NE* is always greater than HE? and zE*
is greater than AE?; therefore the circle is wholly within
the parabola.

Next, let Pp be the transverse axis of an ellipse (fig. 2),
or hyperbola (fig. 3), or the conjugate axis of an ellipse
(fig. 4), and PHL?A the circle of curvature ; then, as in the
parabola, the centre of the circle will be in the axis. In
each case draw N»n, an ordinate to the axis meeting the
circle in H and %, and take a point V in PL, so that

PP:pE=LP:LV;
then it will appear, as in the last Proposition, that
NE!: HE®* = LV : LE.

Fig. 2.

Now, when Pp is the transverse axis of an ellipse (fig.
2), since Pp is greater than LP and Pp: PL = PE: PV,
therefore PE is greater than PV; and hence LV is al-
ways greater than LE; therefore NE® is greater than
HE:, also nE: is greater than AE®; hence the circle falls
wholly within the ellipse.
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Fig. 8.

, Again, when Pp is the transverse axis of an hyperbola
(fig. 8), pE is greater than pP, and therefore LV is greater
than LP, and consequently greater also than LE ; hence
NE® is greater than HE®, and xE* greater than AE?%, and
the circle is wholly within the byperbola.

> Fig. 4.

Lastly, when Pp is the conjugate axis of an ellipse (fig.
_4), since pP is in this case less than LP, and pP: LP =
PE : PV, therefore PE is less than PV ; hence LV is less
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than LE, and consequently NE*® is less than HE?, and
nE? less than AE*; therefore the circle is wholly without
the ellipse. )

PROPOSITION III.

The circle of curvature at the vertex of any diameler of a
conic section which is not an axis, meets the conic section
again in one point only ; and between that point and the
vertex of the diameter the circle falls wholly within the
conic section on the one side, and wholly without it on the
other.

Fig. 1.

Casg 1. Let the conic section be a parabola, of which
PL is a diameter, and let PLK be the circle of curvature
at its vertex, cutting off from the diameter a segment PL
equal to its parameter; draw PG touching the circle and
parabola at P, and LQ touching the circle in L ; also draw
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PK parallel to LQ, meeting the circle in K, and KT pa-
rallel to PG, meeting the diameter in T. The lines KP,
KT will be equal, and
KT: = PT * LP (Lemma);
therefore KT is a semi-ordinate to the diameter PL
(Prop. 12, Part .), and K is a point in the parabola. And
since only one line PK can be drawn through P parallel
to the tangent LQ, only one such point K can be found ;
therefore the circle of curvature cuts the parabola in one
point besides the vertex of the diameter, and in no more.
Between P and T draw NE#, any ordinate to the diameter
PL, meeting the circle in H and %, and draw HD, #d pa-
rallel to the tangent LQ, meeting the axisin D and d ; and
because
NE? also nE* = PE * PL (Prop. 12, Part I.)
an.d HE* =PE- LD} (Lemma),
and R E* = PE ' Ld
therefore NE? : HE* = PL : LD, -
and nE* : RE* = PL: Ld. -
Now PL is less than LD ; therefore NE is less than HE,
and the circular arc PHK is without the parabola from
the vertex to the intersection K. If the ordinate be more
remote from the vertex than the position KT, ‘then D and
d will be both on the same side of the vertex, and there-
fore PL will be greater than LD, also greater than Ld,
and consequently NE will be greater than HE, also nE
than AE ; hence it follows that the arc PLK falls wholly
within the parabola. ' ' V
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CasE 2. Let the conic section be either an ellipse or an
" hyperbola, of which Pp is a diameter, and PLK the circle
of equal curvature at its vertex, cutting off a segment PL
equal to its parameter. Draw LQ touching the eirecle,
and pQ touching the curve; and because this line is pa-
rallel to the line PG, which touches the circle and ellipse
at P, the lines LQ, pQ make equal acute or obtuse
angles (but in opposite directions) with pL. (32, 3, and
29, 1, E.); therefore they will meet at a point Q. Join
PQ; and because Q is without the circle, and P is in the
circumference, the line PQ, which cannot be a tangent,
must cut the circle in one other point K, and in no more.
Draw KS and KT parallel to QL and Qp, meeting Pp in
S and T.
Because of the parallels,

Pp:pT =PQ: QK =PL: LS (2, 6, E.);

therefore (by alt.) Pp: PL = pT: LS = pT - TP: LS TP.
But LS * PT = KT? (Lemma),
therefore Pp : PL = pT * TP : KT2.
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Hence KT is a semi-ordinate to the diameter Pp, and K
is a point in the ellipse or hyperbola (15 of Part IL and
23 of Part IIL.).

Draw NEn, any ordinate to the diameter, so as to meet
the equicurve circle in H and 4, and the line PQ in Y.
Draw HDZ, kdz parallel to LQ, meeting Pp, PQ in D,
Z and in d, 2z ; also draw YV parallel to LQ, meeting Pp
in V.,

Because of the parallel lines,

Pp:Ep=PQ:YQ =PL: VL;
hence Pp : PL (= Ep: VL) = PE-Ep: PE * VL.
But Pp : PL. = PE * Ep: NE? or 2E?,
therefore NE* = nE* = PE * VL.
But HE* = PE - LD} (Lemma),
and RE* = PE - ILd
therefore NE? : HE* = VL : LD =YQ: QZ,
and nE? : AE* = VL: Ld = YQ: Qz.
Now wherever the point H be taken in the arc PHK, it
is manifest that YQ will be less than QZ, therefore also
NE is less than HE; thus the arc PHK falls wholly
without the conic section. Again, since YQ always ex-
‘ ceeds Qz, therefore nE always exceeds AE; hence the
arc PZK falls wholly within the section.

PROPOSITION 1V.

The chord of the circle of curvature whick is drawn from the
point of contact through the focus of a parabola is equal to
that which is cut off from the diameter ; and half the ra-
dius of the circle is a third proportional to the perpendicu-
lar from the focus upon the tangent, and the distance of the
point of contact from the focus.
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P

Let PL be the chord cut off from the diameter, and
PFH the chord passing through F the focus; draw PM
the diameter of the circle; join HL, HM, and draw FK
perpendicular to the tangent at P. Because the lines
PFH, PL make equal angles with the tangent at P (Cor.
8, 3, Part 1.), the angles PHL, PLH are equal (32, 3,E.);
hence PH = PL. Secondly, the triangles FKP, PHM
being manifestly similar,
FK:FP. =PH:PM = (Def.9 and 1, Part 1.) 4 PF: PM,

hence FK : FP = FP : } PM, or 4 the radius.

%
Cor. 1. Hence the radius is equal to %F%

.. 2FK° .
Cor. 2. The radius is also equal to AF where AF is
the distance of the focus from the vertex of the parabola;
F'K F 2
for FP = H— (14, Part Io)- i

Cor. 3. Hence also the radius is equal to %—g-a, where
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L denotes the parameter of the axis; for
2FP: _ 2AFFP* _ {L-FP*
FK ~— AFFPFK~ FK® '

PROPOSITION V.

The radius of the circle of curvature at the vertex of any dia-
meter of an ellipse or hyperbola is a third proportional to
the perpendicular drawn from the centre upon the tangent
and half the conjugate diameter ; and the chord which is
drawn from the point of contact through the focus is a third
proportional to the transverse axis and conjugate diameter.

PFH the chord passing through F the focus; draw PM
the diameter of the circle, and from the centre O draw
OR perpendicular to PL, which will bisect PL in R;
join HM, and draw the conjugate diameter QCg meeting
PH in N and PM in 8, then PS is equal to the perpendi-
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cular from the centre C upon the tangent. The triangles
PSC, PRO are similar ; therefore '
PS:PC = PR:PO;
but PC:CQ = CQ : PR (Def. of param.),"
therefore PS : CQ = CQ : PO.
Secondly, the triangles PSN, PHM are similar,
therefore PN : PS = PM : PH.
But PS: CQ = (CQ:PO =) Qg: PM,
therefore PN : CQ = Qq: PH;
or, since PN = AC (Cor. to 19, Part II. and to 27, Part
IIL) Aa: Qg = Qg¢: PH.
Cor. 1. Hence the radius of curvature is equal to

3
CI?S , and the chord passing through the focus is equal to

20Q?
AC”

Cor. 2, The radius of curvature is also equal to —=— @

ACBC’

for PS = Agg C (17, Part 1L ; and 25, Part III.)

Cor.-8. Draw FK from the focus perpendicular to the
tangent, and let L denote the parameter of the transverse
1L X Fp3

FK?

For the triangles PFK, NPS are manifestly similar; there-
fore FK : FP = PS: PN, or AC = BC: CQ (Prop. 17,

Part IL) ;

axis; the radius of curvature is also equal to

hence CQ = II:II(’ x BC, and
CcQs FP* BC* _FP?
ACBC = F& X ac ~ e x t I
This expression for the radius of curvature is the same for
all the three conic sections.
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SECTION IIL
AREAS OF THE CONIC SECTIONS.

LEMMA.

Let ABCD, abcd, two trapeziums, have each two pa-
rallel sides, and let the angles which the parallel sides AB,
DC of the one figure make with its side BC be equal to
the angles which ab, dc, the parallel sides of the other
figure, make with its side bc ; also, in the one figure, let
EF, which is parallel to AB and DC, bisect the opposite
sides BC, AD in F and E, and in the other figure let ¢f;
a parallel to ab and dc, bisect bc and ad in fand ¢; the
trapezium ABCD is to the trapezium abcd as the rect-
angle BCEF to the rectangle bc-ef.

A .
G/\ H a
l 7c 7
D
N ‘
C ] I o

Through E and e draw GH and g# parallel to BC and
be, forming the parallelograms GC, ge. The triangles
AEG, DEH are manifestly equal (26, 1, E.); therefore
the trapezium ABCD is equal to the parallelogram GBCH.
In the same way it appears that the trapezium abed is
equal to the parallelogram gbck. Now the parallelogram
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GC has to the parallelogram gc the ratio compounded of
the ratios of BG to g, and of BC to bc (28, 6, E.); and
the rectangle BC'BG has to the rectangle bc-bg the ratio
which is compounded of the same ratios; therefore trap.
ABCD : trap. abed = BC'BG : bc'bg = BC'EF : bc'ef.

PROPOSITION 1.

- In a parabola, let ABCD be a trapezium formed by PB, any

diameter, AB, CD semi-ordinates to that diameter, and
AD a chord in the curve ; and let EFGH be another tra-
pezium formed by PF, a tangent at the vertex of the dia-
meter PB, by AF, DG, diameters produced at A, D, and
EH a tangent parallel to the chord : the trapezium ABCD
is double the trapezium EFGH.
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Let L be the point of contact of the tangent EH ; draw
a diameter through L, meeting the chord AD in I, and
the tangent PF in N; draw LM a semi-ordinate to the
diameter PB, and IK parallel to LM. Let » be the pa-
rameter of the diameter PB. And because AD is bisect~
ed in I, and BK : KC = Al : ID = FN : NG, therefore
BC is bisected in K and FG in N.

And because p * PB = AB* = PF?,

and p * PC = DC* = PG?*; ,
therefore p - BC = PF* — PG*
= (PF + PG) (PF — PG),
that is, p - BC = 2PN * FG = 2LM - FG.
Now p:PM = p - LN = LM?,
therefore p - BC : p - LN = 2LM * FG : LM?,
and BC : LN = 2FG : LM or IK,
and hence BC * IK = 2FG * LN.

Now, by the premised lemma, the trapezium ABCD is
to the trapezium EFGH as the rectangle BC * IK to the
rectangle FG * LN ; therefore the trapezium ABCD is
double the trapezium EFGH.

ScaoLiuM. Since GH may be of any magnitude, the
proposition will still be true when the points H and G co-
incide in the line PF.
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PROPOSITION II.

Let AB be a semi-ordinate to PB, any diameter of a para-
bola ; complete the parallelogram ABPC, by drawing PC
a tangent at the vertex, and AC parallel to PB : the space.
comprehended by PA, the arc of the parabola, and PB,
AB, the absciss and ordinate, is two thirds of the paral-
lelogram PBAC.

S

Divide PC into any odd number of equal parts, seven,
for example; let Pd be one, Pe three, and Pf five of
these; take Pq equal to Pd, and draw d'DY, dD, ¢H, SK
parallel to PB, meeting the curve in IV, D, H, K; these
lines, when produced, will be diameters; and they will
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be equidistant, because they divide the line Cd into equal
parts. Because Pd = Pd, therefore dD = d1r (11, Part
L). Join DD, which will be parallel to da (38, 1, E.);
let it meet PB in N; produce it to meet the other dia-
meters in E, F, G. Draw HL, KM parallel to PC, also
the chords DH, HK, KA, and, parallel to them, the tan-
gents dh, hk, ka. And because the diameters whose ver-
tices are I, D, H are equidistant, the tangents dd, Ad
will intersect each other at d, a point in the diameter
passing through D (2 Cor. 15, Part 1.) ; for a like reason,
the tangents Ad, Ak will intersect in He, and A%, a% in FK.
The triangles HED, /ed are in all respects equal, for
DH =dh (34, 1, E.) DE =de ; and since Hi = Dd = Ee,
therefore HE = Ae. The trapeziums KHEF, kkef are
also equal ; for HB, a side of the one, is equal to /e, a side
of the other, and HK, EF are equal to Ak, ¢f respectively,
and make equal angles with the equal sides HE, ke be-
tween them ; therefore, if the trapeziums be applied, one
on the other, so that the equal sides HE, Ae coincide, the
sides HK, A% will coincide, also EF, ¢f, and the trapezi-
ums will entirely coincide. In like manner, the trapeziums
AKFG, akf'C are proved to be equal ; and because the tra-
pezium LHDN is double the triangle Ade or its equal
HDE (preceding Prop.), and the trapezium MKHL dou-
ble the trapezium f%he, or its equal FKHE, and the tra-
pezium BAKM double eCf%, that is, double AGFK, the
polygon NDHKAB will be double the polygon DHKAG ;
but these together make up the parallelogram ABNG,
therefore the polygon NDHKAB, inscribed in the para-
bola, is two thirds of the parallelogram ABNG. Now the
space bounded by the arc PA, the absciss PB, and semi-
ordinate AB, exceeds the inscribed polygon; therefore it
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also is greater than two thirds of the parallelogram ABNG
or two thirds of the parallelogram ABPC, diminished by
two thirds of the parallelogram PCGN.

s

The parallelograms HDdh, EDde are equal (35, 1, E.),
so also are KHAk, Ee¢f'F, and AK%a, GE/C (36, 1, E.);
therefore the sum of the four parallelograms A%, K4, Hd,
DP is equal to the parallelogram GNPC. Now if the po-
lygon inscribed in the parabola be increased by these four
parallelograms, there will be formed the polygon PdhkaB,
which exceeds the parabolic area; therefore that area is
less than two thirds of the parallelogram ABNG increased
by the whole parallelogram GNPC, and consequently less
than two thirds of the parallelogram ABPC increased by
one third of the parallelogram GNPC.

L
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Let the parabolic space PAB be denoted by S, the paral- *
lelogram PCAB by R, and the parallelogram PNGC by V.

It has been proved that 8 7 § R — ¢4 V,

and that SL 4R + 3 V.

This is true whatever may be the magnitude of V; but
the line Pd may be taken such that V may be less than
any assignable space ; therefore S can be equal to no as-
signable space that is either greater or less than two
thirds of the space R, and consequently is exactly equal
to two thirds of the space R.

DEFINITION.

If the axes of an hyperbola be equal, it is called an Equ:-
lateral hyperbola.

PROPOSITION III.

If two ellipses, or two hyperbolas, have a common transverse
axis, and if from the same point in the axis there be drawn
a semi-ordinate to each ; the areas contained by the common
absciss, the ordinates, and the curves, will be to each other
as their conjugate axes.

Let AMBa Amba be two ellipses, and AMD, Amd two
hyperbolas, which have each pair a common transverse
‘axis Aa ; and let BC, bc be their conjugate axes, and DE,
dE semi-ordinates at the same point E in the common
axis; the area AMDE is to the area AmdE as the axis
BC to the axis 5C. )

Let the common absciss in both curves be divided into
any number of equal parts AP, PQ, QE; draw se m-
ordinates PmM, QzN, ané the chords AM, MN, ND, Am,
mn, nd.
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In the case of two ellipses,
MP? : AP * Pa = BC* : AC?;
wad AP - Pa: mP* = AC 507§ (152
therefore, ex. @g. MP? : mp* = BC?* : bC?,
and MP : mP = BC: 5C.
In the same way, in the two hyperbolas it may be
proved that
MP:mP = NQ:2Q = DE: dE = BC: %C.
Now, in both curves (by 1, 6, E.),
triangle APM : triangle APm = PM: Pm = BC : 4C;
and since MP : NQ = mP : nQ,
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therefore, by composition and alternation,
MP+NQ:mP 4 2Q =NQ:2Q =BC:5C.

Now the area of a trapezium is known to be equal to
the rectangle contained by the ‘sum of the parallel sides
and half the distance between them ; therefore

MP 4 NQ: mP 4 2Q = trap. MPQN : trap. mPQn ;
and trap. MPQN : trap. mPQn = BC: 5C.

In the same way, it appears that the trapezium NQED
is to the trapezium 2QEd as BC to 5C; therefore (12, 5,
E.) polygon AMNDE : polygon AmndE = BC : 4C.

This must be true, however great may be the number
of sides of the polygon AMNDE, AmndE inscribed in the
curvilinear spaces ; but, by a known principle in geometry,
the limits of the polygons (which are the curvilinear spaces)
must have the same ratio as the polygons themselves ;
therefore the curvilinear spaces AND, And have the same
ratio as the semi-conjugate axes BC, 5C.

Cor. 1. Hence it appears that the area of an ellipse is
to that of its circumscribing circle as the conjugate axis
to the transverse axis.

Cor. 2. It also appears that the area of any segment
of an ellipse may be found from that of a corresponding
segment of a circle; and the area of a segment of any hy-
perbola from the corresponding segment of an equilateral
hyperbola.
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SECTION L

PROPERTIES OF THE PARABOLA AND
ELLIPSE.

PROPOSITION [,

ZLZet ABDE be a parallelogram, given in position ; through C the
middle of one of its sides ED, draw any straight line PCQ,
mecting the opposite sides in P and Q ; and draw straight lines
PB, QA, across the parallelogram to the ends of the remaining

. side, so as to intersect each other in V ; the point V, and all
points determined in the same way, are in a parabola.

Draw AD, BE, the diameters of the parallelogram, intersect-
ing inI; these will mutually bisect each other ; I will therefore
be a given point. Draw a straight line through I parallel to AE
or BD: let it meet the lines AV, BV, and AB, in the pomts H,
K,and F. .

Because EC is equal to CD, and the angles PEC, PCE are
respectively equal to the angles QDC, DCQ, the triangles CEP,
CDQ are in every respect equal, and PE is equal to QD.

Because KI is parallel to PE, the triangles BIK, BEP are
similar: Now BE is double BI, therefore EP is double IK. In
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the same way it may be proved that QD is double IH ; there-
fore 1K is equal to IH.

A F B

The triangles BEA, BIF are similar, because IF is parallel to
EA: Now BE is double BI, therefore BA is double BF, and
AF is equal to FB. But it was shown that KI is equal to IH,
therefore AF : FB = KI:IH. It has now been shown that the
lines AV, BV, inflected to V from the ends of the given line
AB, intercept in IF, a line given in position, segments 1H, IK
adjacent to a given point I, which have to each other the ratio
of the segments into which that line divides AB, therefore (16,
Part 1.) the peint V is in a parabola. .

Cor. A straight line drawn through V, parallel to PQ, will
touch the parabola at V. Let the line drawn through V meet
the opposite sides of the parallelogram in L and M, and CF in N.
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In the triangle BPQ, VM is drawn paralle! to PQ, and, in the
triangle BVQ, KH, which is parallel to BQ, meets the diverging
lines VB, VM, VQ; therefore

BV:VP =BM:MQ = KN: NH (2, 6, E.)
Hence BV4VP: BV—VP=KN+NH:KN—NH (E. 5,E.)
Now BE being bisected in I, and BK : KP = BI : IE, there-
fore BP is bisected in K, and BV — VP == 2KV : also because
HK is bisected in I, KN — NH = 2IN: the proportion now
becomes, ‘ -
2BK : 2KV = 2KI : 2IN
and BK : KV = KI: IN;
hence VN is a tangent to the parabola. (Cor. 16, Part I.)

ScroLium. By this proposition, having given AB any chord
in a parabola, and FI the segment it cuts off from the diameter
that bisects it ; any number of points may be readily found in
the curve ; also, the lines which touch it at these points.

PROPOSITION IIL

A circle described about a triangle, the sides of which touch a pa-
rabola, passes through its focus.

-Let PQR be a triangle, the sides of which touch a parabola at
the points A, B, C, viz. PQ at A, PR at B, and QR at C, and
let F be the focus ; a circle described about the triangle PQR
will pass through F.

Let a tangent at V, the vertex of the parabola, meet PQ in
H, PR in K, and QR in L. Join FQ, FR, FL, FH, FK. The
angles FHQ, FLQ are right angles (Cor. 1, 14, Part 1.); there-
fore the points F, Q, H, L, are in the circumference of a circle,
and the figure FQHL is a quadrilateral inscribed in that circle;
hence the angle PQF or HQF is equal to the angle FLK (22,8, E.)

! It may be proper to mention, that this proposition was given by the
author of this work in Leybourne’s Mathematical Repository, about the year
1797, because it has since that time appeared as new in the Annales des
Mathématiques. .
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A

* And because the angles FLR, FKR are right angles, the
points FLRK are in the circumference of a circle; therefore the
angles FLK, FRK 'in the same segment (21, 3, E.) are equal ;
but the angle PQF was shown to be equal to FLK ; therefore
PQF is equal to FRK ; hence the quadrilateral PQFR is in a
circle (22, 3, E.), and a circle described about the triangle PQR
will pass through F.

Cog. 1. The angle which a straight line drawn from the focus
of a parabola to the intersection of two tangents makes with
either of them, is equal to the angle which a straight line drawn
from the focus to the point of contact of the other tangent,
makes with that tangent.

Let FP be drawn from F, the focus of a parabola, to P, the
intersection of two tangents, and FA, FB to A, B, the points of
contact : the angle FPB is equal to FAP, and FPA to FBP.

For, let a third tangent QR be drawn, meeting the other two
in Q and R, and let a circle be described about the triangle
PQR. Suppose now the point Q to approach to A, the line QR
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will at last coincide with AP, and the angle FQR will become
the angle FAP. But in every position of QR, the angle FQR
is equal to FPB (21, 3, E.); therefore the angle FPB is equal to
the angle FAP. .

In the same way, it appears, that supposing R to approach to
B, and at last to coincide with it, the angle FRQ, which (21, 3,
E.) is always equal to FPA, becomes FBP; therefore the angles
FPA, FBP are equal.

Cor. 2. The angles FPA, FBP being equal (Cor. 1), and the
angles AFP, BFP also equal (5, Part I.), the triangles AFP,
BFP are equiangular.

Cog. 8. If the focus of a parabola, and two tangents to the
curve, be given in position, the points of contact are given.

For then the angles of each of the triangles AFP, BFP are
given, and also their common side, viz. FP drawn from the fo-
cus to the intersection of the tangents; therefore all the sides
of the triangles are given, and consequently the points A, B.

Cor. 4. If PA, PB be tangents to a parabola at A and B,
and straight lines be drawn from F the focus, to P their inter-
section and A, B the points of contact; and QR be any third
tangent, and straight lines be drawn from F to Q and R, the
points in which it cuts the other two, the triangle FQR shall
be similar to the triangles FAP, FBP.

For the angle FQR is equal to FPR, and FRQ to FPQ (21, 3,
E.) which is equal to PBF (Cor. 1.) ; therefore the triangle QFR
(4, 6, E.) is equiangular and similar to PFB or FAP (Cor. 2.)

. CoR. 5. If four straight lines given in position touch a para-
bola, the focus shall be given in position.

For, since each line must intersect all the others, they will
form four triangles given in position, and circles described about
these triangles will be given in position.

Now the focus is in the circumference of each circle, there-
fore they must all pass through the focus which will be given
in position.
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PROPOSITION III
If three straight lines which intersect each other touch a parabola,
the rectangle contained by the segments which each cuts off from
the other two adjacent to the point of their intersection, is equal
to the rectangle contained by the segments which it cuts off adja-
cent to their points of contact.

A

Let PQ, PR, QR be straight lines which touch a parabola at
A, B, C: the rectangle QP - PR contained by the segments which
QR cuts off from PA, PB adjoining to P, is equal to the rectan-
gle QA - RB contained by the segments which it cuts off adja-
cent to the points of contact A, B.

Join FA, FB, FQ, FR. The triangles FAQ, FPR are equi-
angular (22, 3, E. and Cor. 1, 2), so also are the triangles FPQ,
FBR ; therefore

QA : RP (= QF : RF) = QP : RB,
and QP - RP = QA - RB.
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In the same way it may be proved that these rectangles are
equal, viz.

PQ-QR =PA-RC,and PR RQ=PB- QC.

Cor. 1. If two straight lines given in position touch a para-
bola at given points, any third tangent will cut off from them
segments adjacent to given points which shall have a given ra-
tio. Let PA, PB be the tangents given in position which in-
tersect at P, and touch a parabola at given points A and B, and
let QR, any third tangent, meet them in Q and R.

Because the rectangles QP - PR and QA * RB are equal,

QP: QA = RB: PR;
by composition AP : QA = PB: PR,
) by alternation AP:PB = QA :PR.

Now, by hypothesis, A and P are given. points, and AP, PB
lines given in magnitude, therefore the lines QA, PR have to
each other a given ratio, and they are cut off from AP, PB ad-
jacent to given points A, P.

Cor. 2. If the points A and B are both on the same side of
QR, then

PB-PQ +4 PA:PR =PA-PB.
Butif A and B are on contrary sides of QR, the difference of the
rectangles PB+PQ and PA - PR is equalto the rectangle PA* PB.

For, from the preceding corollary, PA:PR = PB QA ; and
adding PB * PQ to these equals,

PB:-PQ+4 PA-PR=PB-QA 4+ PB-PQ=PB - PA.

. The other case is proved by subtracting the rectangle.

PROPOSITION 1IV.

Let PQA, PRB, QCR, be thres tangents to a parabola at the
points A, B, C, and let HK be any fourth tangent which meets
PA in H, PB in K, and QR in L ; the lines QR, HK are si-
milarly divided, the former at C, the point in which it touches
the parabola, and the latter at L, the point in which it inter-
sects QR.

— A e
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A

Let V be the point in which HK touches the parabola.
Because HL * QL = HV - QC (Prop. 3),

and KL - RL = KV * RC;

therefore HV : HL = QL : QC,

) and KL : KV =RC: RL.

From the first of these, by division, LV : LH = CL : QC;

From the second, by conversion, KL : LV =RC:CL;

Therefore, ex equali, KL: LH=RC: QC.
Thus it appears that the lines QR, HK are similarly divided at
Cand L. In the same way it may be proved that

. HL : HK ='AQ : AP, and
HK: LK=BP:BR.

Cor. If four or any greater number of straight lines given in
position touch a parabola, any tangent to the curve which inter-
sects them all will be divided by them into segments which
have to each other given ratios. )

For, if four or more tangents be given in position, the focus
and the points of contact of all the tangents will be given ;
therefore the ratio of every three adjoining segments of the in-
determinate tangent will be given.
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PROPOSITION V.

If a moveable circle roll along the concave circumference of a fized
circle in the same plane, and the radius of the former be half
that of the latter ; any given point in its circumference will de-

. scribe a diameter of the fixed circle.

Let’ ABHO, a moveable circle (which may be called the gene-
rating circle), whose centre is C, roll along DHd a fixed circle,
of which O is the centre, both being in the same plane, and let
the radius CH be half of the radius OH ; any given point A in
the circumference of the generating circle will always be in Dd,
some diameter given in position of the other circle.

Let H be the point of contact of the circles: the points H,
C, O are in a straight line (11, 3, E.); and because the diame-
ter of the inner circle is half that of the outer circle, one of its
extremities will always be at O, the centre of the fixed circle.

Suppose that at the beginning of the motion the point A was
at D, a given point in the circumference of the fixed circle, and
that by rolling along the arch DH, the generating circle has
come to the position OAH : draw AC to its centre, and bisect
the angle ACH, and consequently the arch AH, by the radius BC.
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The arch DH is equal to the arch AH, because every element
of the one has been applied to an equal corresponding element
of the other : therefore the arch DH is double the arch BH, and
the radius of the circle DH is by hypothesis double the radius
of the circle BH. Now, in different circles, equal angles at their
centres stand on arches which have the same ratio as their cir-
cumferences or their radii, therefore an angle at O, the centre
of the fixed circle, standing on the arch DH, will be equal to the
angle BCH, that is, to the angle AOH (20, 8, E.); hence a
straight line drawn through O and A will pass through the given

‘point D ; thus A will always be in the diameter DOd, which is
given by position, and by the motion of the circle will describe
that diameter. .

.Cor. 1. A diameter DOd drawn through the moving point
A, in any one position, will be its Locus in every position.*

Cor. 2. The generating circle will have made two complete
revolutions about its centre C when its diameter has completed
one revolution about the centre O.

Cor. 3. When the generating circle has made a complete re-
volution about O, every point in its circumference will have de-
scribed a diameter, passing twice through the centre, and have
returned to its first position.

Scroutum. The refined notion of generating lines by sup-
posing a curve to roll along a straight line or curve, is due to
the moderns.

Galileo appears to have been the first who introduced it into
geometry, and in this way he indicated the cycloid, the discus-
sion of which by Mersenne, Descartes, Pascal, and others, was

¢ A line, of which every point satisfies a prescribed condition of a geo-
metrical hypothesis, is called the Locus of that condition. Thus, a Pa-
rabola is'tbe locus of all points which are at the same distance from a
given point and a straight line given in position : and an ellipse is the lo-
cus of the vertical angle of a triangle whose base is given in position and
magnitude, and the sum of its sides equal to a given line.
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the beginning of that series of discoveries which has since gra-
dually expanded into the modern geometry. The ancients,
however, in some cases employed motion in the formation of geo-
metrical figures. Euclid defined a sphere to be the solid figure
described by the revolution of a semicircle about its diameter,
which remains unmoved ; and Archimedes defined his spiral by
the uniform motion of a point along a straight line which at the
game time turns with an uniform angular motion about one of
its extremities. The preceding proposition, and the following,
may be established by the ordinary method of geometrical rea-
soning ; or instead of supposing one circle to roll on another,
we might suppose the diameter of the generating circle to turn
about the centre of the fixed circle with an uniform angular mo-
tion, while at the same time it turned uniformly about its own
centre, so as to make two complete revolutions in the time its
diameter makes one. It then might be easily shown, that the
extremity of any radius of the revolving circle would describe a
diameter of the fixed circle.

The property here demonstrated is elegant, and remarkable
in having been applied in mechanics to the production of a re-
ciprocating rectilinear motion by means of a rotatory motion.

PROPOSITION VI

If a moveable or generating circle roll along the concave circum-
Jerence of a fixed circle in the same plane, and the radius of the
Jormer be half that of the latter, as in the preceding proposi-

v tion; any given point in the plane of the gemerating circle, soith-
in or without it, will describe an ellipse, of which conjugate dia-
meters will be given in position.

Let DHED'EY be the fixed circle, O its centre, and AHBO

the generating circle, which rolls along the concave circumfer.
ence DHE : any given point P (the generating point) in the
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plane of this circle, within or without it, will describe an ellipse
given in position.

Take a given point A anywhere in the circumference of the
generating circle, and draw a straight line through A, and the
generating point P, meeting the circumference in B: Thus A
and B will be given points in the circle, and AP, PB lines given
in magnitude. Draw OD, OE, radii of the fixed circle, through
the points A and B: these will be lines given in position. (Pre-
ceding Prop.)

Let OCH be the revolving diamkter of the generating circle,
and C its centre. 'When OH has made a complete revolution
about the centre O, the point A will have been twice at O, an®
BP, one of the segments of AB, will have coincided entirely
with OM, OM/, equal segments of the diameter DD, on oppo-
site sides of the centre ; therefore, if in DD there be taken OM
and OM, each equal to the line BP, M and M’ will be given
points in which the locus of P cuts the line DD".

For a like reason AP, the other segment of AB, will have co-
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incided with segments of the diameter EE' in two-apposite posi-
tions, viz. ON, ON’; therefore, if ON and ON’ be taken each
equal to AP, N and N’ will be also given points in which the lo-
cus of P intersects the line EE'

By the motion of the generating circle, the point B, either. of
the extremities of the revolving chord AB, will in the course of
a revolution have come to E, a point in the circumference of the
fixed circle. The angle OAB will then be in a semicircle (of
the generating circle), and AB will have the position of a per-
pendicular to OD. Let this be the line EF, which will be given
in position, ‘and also in maguitude, because it is equal to the
chord BA. Take FQ = AP, therefore QE = PB; then Q
will be a fifth given point in the locus of P. Join QO, and
take OQ’ = 0Q: the line QQ, which is bisected at O, will be
given in position and magnitude.  Draw BK perpendicular to
OD, and PI parallel to it, meeting BK in I. The triangles BPI,
BAK are similér (4, 6, E.), therefore

BI:IK = BP: PA = EQ: QF:
Because the lines BK, EF are simi divided at I and Q, the
points O, I, Q are in a straight line (Lemma to Prop. 8, Part I.) ;
so that I is'in the line QOQ".
. Again, because EO : OB = QO : O],

and that OB caonot exceed OE, therefore OI cannot be greater
than 0Q; and whien AB is not perpendicular to DD, the point
I will always be between Q and Q’ in no case can it be beyond
these linits. -

The triangles OQE, OIB, are similar (4, 6, E.), therefore their
sides are proportionals, and

‘ 0Q?: O*! = QE?*or BP?: BI,
md, by division, 0Q? : QI IQ = BP*: PI*;
bence, by alternation, and observing that BP OM,
0Q*: OM? = QI IQ': PI*;
therefore the point P is in an ellipse, of which QQ and MM,
lines given'in magnitude and’ position, are conjugate diameters
(converse of 13, Part II.)
M
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Cor. 1. The ellipse described by the generating point P de<

pends entirely on the magnitude of the generating circle AOB,
and the position of the point in its plane, that is, on OC the ra-
dius of the circle, and CP, the distance of P from the centre; there-
fore, whatever be the pesition of the revolving chord AB, if it
always pass through the same point P, the ellipse will be the
same, and have the same position on the plame of the fixed
circle.
* Cor. 2. The position of DDV, EF), the dmmeteu of the fixed
circle, whick are the loci of the extremities of the revelving chord
AB, and consequently the position of MM/, NN, the diameters
of the ellipse, dépend entirely on the position of the chord in re-
spect of the centre; they will be different for different chords,
but for the same chord they will have a fixed position. This is
evident from the last proposition.

Cor. 8. The semidiameters OM, ON of the ellipse in which
(produced if necessary) the revolving chord terminates, are equal
to the distances of the generating point P from the ends of the
chord, viz. OM to PB, ang ON to PA, and the angle which the
‘diameters MM/, NN' make at the centre is half the angle which
the chord subtends at the centre of the generating circle; for in
the course of a revolution of the generating circle about the
centre O, the segments PB, PA of the chord will have been ap-
plied upon the lines OM, ON, 's0 as entircly. to oomcide with
them: the rest is evident (30, 3, E.).

CoR. 4. When the revolving chord AB comes into the posi-
tion EF, a perpendicular to MM, either of the dismeters, which
are the loci of its extremities, it then passea through Q, a vertex
of the diameter QOQY, which is the conjugate of MM, and in this .
position it is a normal to the @llipse ; for a tangent to the ellipse
at Q is parallel to MM, and therefore perpendicular to EF.

ScroLium. From this ptopesition it-appears that if the ends
of a straight line AB of a given length be omtried along two
straight lines DOD, EOF/, given in position ; any point P in AB
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(or in AB produced), at given distances from its extremities, will
describe an ellipse, the centre of which will be at the intersec-
tion of the lines given in position. It is upon this principle that
elliptic compasses and lathes for turning ovals are constructed.
An instrument for describing ellipses will be described farther on.

PROPOSITION VIL

Supposing the ellipse MPN, whose centre is O, to have been de-
scribed according to the hypothesis of Prop. VI.; lee AOB
be the generating circle in any position on the plane of the fixed
circle, and P the generating point, which is also a point in the
ellipse ; through P draw any chord APB ; join OA and OB;
take OM and OM' in contrary directions, each equal to PB,
and ON and ON' in contrary directions, each equal to PA ;
then MM, NN will be two diameters of the ellipse.

Since A and B are points in the circumference of the gene-
rating circle, and O is the centre of the fixed circle, the lines
AO, BO will have the same position in the ellipse for all posi-
tions of the chord AB, because they are the loci of the points
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A, B; therefore (6 Cor. 8) the semidiameters OM, ON will
be respectively equal to PB and PA, the distances of P from
the ends of the chord AB; hence if OM, ON be taken equal
to PB and PA, the points M, N will be the vertices of diameters
of the ellipse.

Cor. And if other chords ab, &c. be drawn through P, and
Oa, Ob, &c. be joined, and there be taken Om equal to 4P, and
On equal to Pa, &c. then m, n, &c. will be points in the ellipse;
and in this way any number of points whatever may be found
from a single position of the generating circle.

PROPOSITION VIIL

Supposing an ellipse to be described according to the hypothesis of
Prop. VL ; if the generating point be within the gemerating

. circle (fig. 1), half the sum of its semiaxes is equal to the ra-
dius of the circle ; and half their difference, to the distance of
the generating point from its centre. But if the point be with-
out the circle (fig. 2), then half the difference of the semiaaes is
equal to its radius, and half their sum to the distance of the
generating point from its centre.
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=" Let AOB be the generating circle (fig. 1 and 2), and P the
geﬁéhiting point at any point in the curve. It appears from
Prop. VI Cor. 4, that a chord in the circle passing through
P and A, the intersection of the circle, and MM, one of the
axes, will also p 8 through B, the point in which it meets the
other #xis NN’; and in this case the chord will pass through C
the centre (81, 3, E.), because the axe forin right angles at the
‘centre of the ellipse. Therefore, when the point P is within the
circle AOB (fig. 1), the radius- OC or AC is half the sum of
‘BP -and- AP; that is, of OM and ON, the semiaxes (7); and
‘CP, the distance of the generating-point from. the centre, is half
the difference of PA and PB, or of OM and ON. .

Fig..2.
N

N’
 When the generating point P is without the circle AOB (fig _

'?), then the radius OC or' AC is manifestly half the difference

of AP and BP; and CP, the distance of the generating point
from the centre, ls half the sum of AP and BP, that is, of OM
and ON, the semiaxes. -
Cor. 1. Hence it appears that the same ellipse may be de-
scribed by two’ dlﬂ'erent generating circles, each rolling on its
own fixed circle, viz. by one whose diameter is the sum of the

‘semiaxes, and by another whose diameter is their difference; in

the first way the generatmg point will be ‘within the circle, and,

“in the second without it:

Con..2. Also it appears that _the chord of the generating
circle, intercepted between the diameters of the ellipse that
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pass through its extremities (and which passes through the ge-
nerating point), is.equal to the sum of the semidiameters when
the generating point is within the circle, but %o their dxferenpe
when the point is without the circle.

ScuoLiuM. The curves which may be geneuwd by s pomt
in the plane of a moveable circle which rolls along the circum~
ference of a fixed circle, are called cycloids, also epicycloids.
They are of two kinds, one generated by a circle rolling on the
convex circumference, and ansther by its rolling on the concave.
Some writers confine the name epigoloids to the first class, and

call the second Aypocycloids. It appwsfromthupmponm
that an ellipse is an_hypocycloid.

The property in question has suggested an instrument for

" generating aw eclipse elegantly, by contioued metion. A and
B are two wheels, the axes of which tgrp in holes C, Q, near

the ends of the canpecting bar D. QOne of the whegls B muat

be just half the diameter of the other A, which may be of any

.size, pnd a band EF goes round them gutside; ap arm C¥ is
attached tp the.wheel B, and admits of being lengtheped ar

shortened by sliding along its surface in & socket, which may be

anywhere on thewheel. Suppese npw that the wheel A is fixed

or kept from turning, and' that' the bar.D is turned round the

centre O, carrying at its other extremity the wheel B; the ac-

tion of the band EF will then turn this wheel B round ite gen-

tre C, and while the bar makes one revolution raynd the centre
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of the fixed wheel, the other wheel will make two revolutions
about its centre.

The use of the sliding arm CP is to give extension to the sur-
face of the wheel, so that P, any point in the arm, may be re-
garded as a point in the plane of a circle turning about a move-
able centre C, while that centre revolves about a fixed centre
O. From this description it is easy to see that C, the centre
of the wheel B, 'may be regarded as the centre of a circle which
rolls on the inside of a circle whose centre is O ; also that any
point P in the plane which is the extension of the surface of the
wheel, is just a point in the plane of the rolling circle ; and since
the circle of which C is the centre makes two turns in going.
round that ef which O is the centre, the radius of the one
circle must be double that of the other; and hence it follows.
Sram the propesition that the path of the point P in space is ap
eHipee.”

* By the application of this principle, a Planctarium or Cometarium
_may be made, which shall exhibit to the eye the motion of a planet or
comet in an elliptic orbit about the sun. Some instruments have ac.
tually been made which represented the motion of Eacké’s comet ; the
- wheels were cancealed By a cover, on which a ball representing the sun
wes placed in the focus of the ellipse.
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SECTION 1L |
EQUATIONS OF THE CONIC SECTIONS.

The nature of a curve may be expressed by algebraic equa-
tions in various ways, particularly in two. Taking the circle as
an example : If a perpendicular be drawn: from any point in the
circumference to the diameter, the square of that perpendicular
is equal to the rectangle contained by the segments into which'it
divides the diameter ; and this relation is the same for all points
of the curve. Now, if the diameter of ‘the circle be denoted by
a, the perpendicular by y, and its distance from one end of the
diameter by z ; then its distance from the other énd will bé g — &,
and the property in question may be expressed by an équation,
viz. y® = ax — 25, which is indeterminate, since a being constant,
x and y may have any values whatever consistent with the con-
(ditions to be satisfied. This equation expresses the nature of a
.circle, and distinguishes it from all other curves; and is there-
fore called an Fguation of a Circle. In the same way, each of
‘the three conic sections has its peculiar équation, which distin-
guishes it from the others. This form is called an Eguation of
rectangular Co-ordinates.

Another way of expressing the nature of a curve is by assum-
ing a fixed point in a line having a determinate position, and con-
ceiving the curve to be generated by a straight line which turns
about that point as a pole. If now the revolving line, called the
radius vettor, be denoted by the letter », and the variable angle
which it makes with the line given by position by v; then an
algebraic equation involving 7, v, and constant quantities, will ex-
press the nature of the curve, and is called a Polar Equation.

If, for example, the angle v and the line r are such that, a be-
ing a constant quantity, in every position 7 == @ cos. v ; the ex.
tremity of the revolving line will describe a circle ; and this is a
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polar eguation to a circle, of which a is the diameter, and the
pole is at one of its extremities.

EQUATIONS OF RECTANGULAR (‘O-ORDINATES

In the parabola, let us suppose that the origin of the rectan+

- gular co-ordinates is at the vertex of the axis; let p be its pa:

rameter, y any ordinate to the axis, and z the absciss’; then,
from the property of the curve démonstrated in 12 Part I

‘ = y' coeenaen covees (P).‘
This is an equation of the parabola

In the ellipse and hyperbola, let a be the semi-transverse axis,

b the semi-conjugate, y any semi-ordinate to the transverse axis,
and z the distance from. the ordinate to either vertex ; then,
In the ellipse, a® : 8 =a (2a—=z) : * (13, Part IL.) ,
therefore a%® = 2ab'@ — b* @B..urererresernned(By ) -

In the hyperbola, @ : 0 =2 (2 + ) : y* (21, Part IIL)
therefore a®y? = 2ab’x 4 b‘-’x’ ceenee(Hy )l
These are equations of the curves.

_ In the ellipse and hyperbola, the centre may be taken as the
origin of the co-ordinates; and then, putting 2’ the distance of
the centre from the ordinate, we have £ = a— &' in the ellipse,
and ¥ = 2 — a in the hyperbola ; theréfore,'

In the ellipse, a'y® = a®h® — %27, and + ¥ =l .eeeenn(Bg).

In the hyperbola, a%® = 5%* — g%, and f-%': 1....:(Hy).

These are also equations of the curves.

Instead of &, the semi-conjugate axis, we may introduce the
parameter p into the equations ; for, putting p for the parameter,

In the ellipse, 2 (2a~x) : 3% = LR ZUPERS «e.(15, Part-1E)

In the hyperbola, z (2 + &) : y* = 2a : p..... (83 "Part II1))

-
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Hence, in the ellipse, 3 = p& (1 ) rreereneenns(Eg),

in the hyperbols, y* = pz (l + %).........(H,).

From what has been shown, it appears that the rectangular
co-ordinates of a conic section are in every case the variable
quantities of an equation of the second degree; and hence it
follows that every conic section is a line of the second order.

We have supposed that the ordinates are drawn to the axis
of a parabola, and to the transverse axis of an ellipse or hyper-
bola ; but the equations hold true of ordinates to any diameter
in each curve.

POLAR EQUATIONS.
The Parabola.
Let AH be the axis of 8 parabola, A the vertex,. F the focus,
and FD a line drawn to D any point in the curve. Draw DE

perpendicular to the axis, and let BC be the directrix. Put p
= parameter, r = FD the radius vector, and v = angle AFD,

C 3

A

b+ ) &
H

By the definition of the curve, r = EC = FC == EF = }p
== EF; the negative sign to be taken when the angle DFC is
acute, but the positive when it is obtuse.
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Now, by trigonometry, EF = r cos. v; therefore, observing that
the cosine is positive when the angle » is- acuse, but negutive
when it is obtuse, we have r = {p — r cos. v; hepce, and because
14 cos.o=2cos2{v,

8.0 = P i ' .
€O8.0 = weee(Py)y = TF 0"’.."......(l:'g)-

These arepolar eguaam oftbe parabola.

The Elipse and Hyperbola.

The polar equations of the ellipse and hyperbola may be ele-
gantly deduced from the definitions of the curves, by two known
theorems in plane trigonometry, as follows :

The sides of any plane triangle being p, ¢, r, and u the angle
opposite to p, and v its supplement, it is proved in elementary
works on Trigonometry (Playfuirs Geometry, Prop. 7 and 8 of

the Trigonometry) that if s= § (p 4 ¢ + ),
dn.’}u:u%rf%:g, '*ma*.,_.:ﬁ%'}_’l
D

Let Aa be the transverse axis of an ellipse or hyperbola, F and
f the foci, and C the centre : suppose the curves to be generated
" by the rotation of the radius vector FD == r about F as a pole :
join Df: let F be the focus nearest to A. .
* L In the ellipse put u for the angle DFY; and v for the angle
DFA; also put D= Fa, d =FA: then Aa=D+d, Ff=D—d,
and because Df + DF = Ag, that is, Df + r = D + d, there-
fore Df =D+ d—r. Let us now assume that Df = p, Ff=g,
then
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p=D4d—r 4
D t—p=r—d, .
:;f d, } and hence {;_q_—_-d,

*(p+q+f)-‘_D; ’—':D—f-
These values being substituted in the trlgonometneal formule,
and observing that sin. } u = cos. } v, we have .

d D—
cont o= p—. ——. w(Ey),
D r— d :
sint }v= D—a e «(Eg);
and because tan.' { v = '—ie':,j—", therefore
cost } v
D r—d :
tan.? ;.,—_-;____' .............. veeeeres(Es) 5
also because cos. v = cos.? § v — sin.? § v, therefore
2Dd—(D +d
c‘os. v= (D-(;d-)l-r )'....._ ............. (E,).
Reversely we find from (E,), (E,), and (E,),
D D—d
= 14 7 €082 § Duverrnnrerrvnnsenns (E;)
d D
- ;:1— D BIDE § Deeeennrvnnireranvene. (Eq)»
2Dd
r= D+d+(D—d)co‘.” ooooooo . (E’)o

If a denote the semi-transverse axis, and e the eccentricity,
then, observing that 2a = D + d, and 2¢ = D—d, nndDd =
a®— ¢,

at — e
v ST
These are the polar equations of the ellipse, referred to a focus.
The formule are neat; and may be useful, although I have not
‘observed that any besides(E,) and (E;) have hitherto been given
in treatises on conic sections. . .

2. In the hyperbola, Df — DF = Aag, that is, Df ‘- r = D—d;
therefore Df = D —d 4 r. Assume now that Df = p, Ff= ¢,

r=
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DF = r, and put v = the angle DEFf. From the nature of . the
curve,

-"+D d, o
= s—p=4q
. Z.__,,D-'-d qndhence{:__q_—_,-_d,
I p+g9+n=s=D 4 r; sg—r=D.

These values, substituted in the trigonometrical formule, give

cos? §v = Ej-FTz' -’%"'C(H,), .
sint §o = D—f—d . '-:-_;-il...............f..(H,),
tant}vo= —? . %’T_'_—d;(}l,),
| cos. © = ?D‘:;_gpd):")'. B
.Agmn, from these we obtam, ) , '
2249 ol (H)
g:l—D—“sm.’}v ................... (Hg)
r=g— d+2(ll’;'+d)m SRR & PR

and, putting a for the transverse axis, and e for the eocentncnty,
and observing that Dd = ¢¢ — a¥,

& —at
uuu-uunnu(H])o

T aFecom o
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These are the polar equations of the hyperbola referred to a focus ;
and it may be remarked, that if the algebraic sign of D in the
like equations of the ellipse be changed, that is, if 4 D be
changed to — D, dnd — D to 4 D, they will become identical
with those of the hyperbola.

If Aa = D <+ d, the transverse axis of an ellipse, be exceed-
ingly great in respect of the radius vector r, or its least value d,

then g—r will be almost = 1; and the ellipse will nearly coin-

cide with a curve whose equations are
=2 wrje="2"
2 —r od - d

cobv="—"—) 7= l+cos.v sint } o’
These are mamfestly the polar equations of a parabola of - which
the parameter = 4d, the radius vector = r, and the angle it
makes with a line joining the focus and vertex = 9; hence it ap-
pears that if d, the least distance of the focus of an ellipse from
the vertex, be supposed to remain constant, and the greatest, D,
to increase continually, the form of the elfipse will approach to
that of d parabola; and the same is true of an hypetbola, be-
cause one of the opposite hyperbolas will on that hypothesis re-
cede contiounlly from the other. Therefore, in the language of
modern analysis, & parabola may be regarded as an ellipse or by-
perbola, of which the distance of a focus. from ene vertex of the
transverss axis is a finite line, and the eccentricilyj is infinitely
great, that is, greater than any assignable line. :

The same. conclusions may be drawhi from the €quations E4
and Hy of the rectangular co-ordinates of the ellipse and hyper-
bola ; for; supposing %a indefinitely great, whilé 2 has a finite
wmagnitunde, thése become simply 3 = p2, theequauonof o pa-
rabola,

Kepler was the first who introduced the notion of mﬁmty into
geometry: it was indeed a bold step in the progress of the

oos.’}v:?, sin® §v=
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science, but it has led to most of the fine discoveries which have
been madesince his time. -

‘When, in the equations to rectangular co-ordinates, the origin
is st the pole, the equations may be readily changed to polar
equations ; for then # = # cos. v and y = » sin. v; therefore we
have now only) to substitute for # and y in the former their
values, and the results will be polar equations.

Thus, supposing the centres of the ellipse and hyperbola to be
the origin of co-ordinates, and the radius vector to be a sermidia-
meter, and % to be the angle which it makes with the mmverle
axis, from equations (E,) and (Hg) we find

r’=af sinSu +b’cos.gu pommppyey pAlilb S (Es),
a'd a’b’ .
"-m - rovs Py IEURLRE (Hsg).

These are the equations of the ellipse and hyperbola, the cen-
tres being the poles. In this way all the other polar equations of
" the curves might have been found ; and, by a reverse process,
the equations to rectangular co-ordinates may be deduced from
the polar,
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SECTION IIL

ANALYTICAL INVESTIGATION OF SERIES FOR
THE AREAS OF THE CIRCLE AND EQUILA-
" TERAL HYPERBOLA. o

¢ .1. The quadrature of the parabola was perfectly accomplished
by Archimedes: but it has been found impossible to find rectili-
near spaces exactly equal to elliptic and hyperbolic areas ; these
can only be exhibited numerically by infinite series. In what fol-
lows, series will be investigated from principles as elementary as
the nature of the subject will admit of ; but it will be necessary to
employ the symbols of algebra in the reasoning ; and the inves-
tigation will be confined to sectors of a circle-and equilateral
hyperbola, from which sectors of any ellipse and hyperbola may
be found.
The following geometrical proposition is to be premised.

THEOREM.

Let C be the centre of a circle, or of an equilateral hyperbola,
and CA the semitransverse axis; let ACB, BCD, be two equal
sectors of the circle or hyperbola, and let AHK, a tangent at the
vertex A, meet the semidiameters CB, CD in H and K.

In the circle, 2CA : AK = CA? — AH*: CA - AH,
In the hyperbola, 2CA : AK = CA* 4+ AH®: CA* AH.
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In each curve, draw DA, Da to the extremities of the axis; let
the chord AD meet the semidiameter CB in O, and draw DE
perpendicular to the axis.

Because AO = OD (8, 3, E. and Prop. 83, Part I1L.), and AC
= Ca, the lines CH, aD are parallel (2, 6, E.), therefore the
triangles CAH, aED are similar.

Now ED? = AE * Ea (35, 3, E. and 21 of Part IIL.),
therefore AE : ED = ED : Ea (16, 6, E);
hence the triangles DEA, aED are similar (6, 6, B.),
and each is similar to CAH, therefbre
aE:ED = AC: AH = AC*: AC: AH;
and AE:ED = AH: AC="AH%: AC* AH.
Hence, in the circle,
aF — AE or 3CE : ED = AC* — AH®: AC AN,
and in the hyperbola (24, 5, E.),
&b 4+ AE or 2CE : ED = AC* -4 AH?: AC AH.
But 2CE: ED = 2CA : AK;
therefore, in the circle, 2CA : AK = AC: — AH?: AC' AH;
and, in the hyperbola, 2CA : AK =5 AC? 4 AH®: AC - AH.

PropLEMm L.

2. To investigate formule that shall express the remprocal of the.
area of any sector of a circle, or of an equilateral hyperbola.
N
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K

c z

Let ACD be asector of a circle or hyperbola, and AC the ra-
dius of the circle, or semitransverse axis of the hyperbola: let
the sector be bisected by the semidiameter CB, and, agsain, each
of the sectors ACB, BCD by the semidiameters CP, CQ, and so
on; thus dividing the sector ACB first into two equal sectors,
then into four, then into eight, and 8o on. Draw tangents to the
curves at the alternate points A, B, D ; and because, from the na-
ture of the curves, the chords which join these points are ordi-
nates to the semidiameters CP, CQ which pass between them,
the tangents will intersect each other at G and L, points in the
semidiameters (1 Cor. Prop. 10, Part IIL.). Join A, B, and let
the chord AB meet CP in I; and because the triangles ACI,
BCI are equal (38, 1, E.), and also the triangles AGI, BGI, the
triangles CAG, CBG are equal. In the same way it appears that
the triangles DCL, BCL are equal.

Again, because the semidiameter CB bisects the chord which
joins the points P, Q, it will bisect GL, the tangent parallel to
the chord ; therefore the triangles GCB, LCB are equal. Hence
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it appears that the triangles ACG, GCB, BCL, LCD are all
equal ; and this will be true whatever be their number.

3. Let AK, a tangent at the vertex A, meet the semidiameters
CP, CB, CD, in G, H, K. Puta to denote CA, the radius of
the circle or semiaxis of the hyperbola, and let the lines’ AK,
AH, AG, &c. be denoted by ¢, ¢, %, ¢, ¢, &c. These lines
in the circle are the tangents of the arcs AD, AB, AP, &c. We
shall, by analogy, consider them as zangents corresponding to the
sectors DCA, BCA, PCA, &c. in the two curves.

In the figure, the polygon contained by the semidiameters CA,
CD, and the tangents AG, GL, LD, is made up of four triangles,
each equal to the triangle ACG ; but if each fourth of the sector
were again bisected, and tangents drawn at the extremities of
the diameters, there would be formed a polygon made up of eight
equal triangles ; each repetition of bisection doubling the num-
ber of triangles. Suppose that in this way a polygon has been
formed composed of sixteen equal triangles. The area of the
triangle next the semiaxis CA will be 4 a#¥; and, in this case, if
P denote the area of the polygon so formed, 2P = 16a¢™".

Now, by art. 1, 2z : ¢ = a* == ¢® : at'; therefore, o’
=% t=2a%; hence the following identical equations are formed,

a a 14

T g

a a v

C7AR TR vy

¢« 'a "
W= 8
a a [ A4

8= 162" ™ I6a’
By adding these, and rejecting terms common to both sides
of the result, and putting 2P instead of 16a¢'”, we obtain
tlv
P*{%+m+&+

a
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and from this again,

z,-fi{iwit'ﬂt"h‘a'"} oo

This is a particulsr case, but the property is gepera), and is an
elegant geometrical theorem, not commonly knawp, which may
be enunciated as follows:

TaEOREM.

If a sector of a cirole, or an eqwilateral hyperbola, between its se-
mianiz and any semidicmetor, be divided by sersidiametows into
W equal parts (n being any member), and straight lines be drawn
touching the curve at the vertices of the extreme and intérmediate .
semidiameters ; then, putting P for the area of the polygon con-
tained by the extreme somidiameters and the lines which touch
the curve, and & for the tangent of the whols sector, ¢ for $hat of
its half, ¢ for that of its fourth, and 20 on to £*), the last of the
series (which will be the tangent of the sector next the semiaxis),
and a for the semiaxis ; we have

;;, L {2v+zt"+ =Y LA 51(")}

the upper part of the sign == applying to the circle, and the

lower to the hyperbola.

By making 2" equal to 2, 4, 8, 16, &c. successively, we may
have a polygon which shall differ from the sector by less than any
assignable space. If we suppose 2° indefinitely great, then the
polygon may be considered as equal to the sector; so that, de-
noting the sector by s, .

L= lnn (104104 3 + 7 4 b} (A),

* The above theorem, and others of a like kind, were given by the
author of this treatise in a Miemoir read in the Royal Society of Edin-
burgh in June 1808.
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the senies being continued indefinitely : this is a solution of the
. problem.
This formula will still manifestly hold true if 4s be put for s,
provided ¢ be put for ¢, ¥ for ¥, &c.; it then becomes

e $H
'—'ET {§+ T+ g +&c.}..-nu.4(A').
The upper part of the sign =t= applies to the circle, the lower
to the hyperbola.

4. In applying the formula, the values of the tangents AH
=¥, AG < ¢, &c. must be found from the first ¢ and from one
another.

In the circle we have found (art. 3) that

a U %a

F——;:T .......... v-unou-(l)ﬁ

By taking the squares of these equals, .then adding 4 to the re-
sults, and taking the square roots of these last,. we have

a ¢ 2 L
?- + ; =7J{l + -a;}........t...........,(2).

By subtracting (1) from (2), we find!

£= 1:-{J(1 +a—’:-)_1}.

Similarly we may find

r-—_{J’ 1+_)...1} &c.

A few of the quantities #, #, ", &c. may be computed from the
formula ; but when one (¢”, for instance) has been found such

thatf- is a small fraction, those which follow may be most

réadily computed by a series obtained from J (l + ) by evo-

lution, or the binomial theorem ; thus, since /

RS ETR
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. . 3
therefore # = }¢—3 {7 + T!G’;‘; — &c. = !2"—:_:(%)
nearly.
5. For the quadrature of the hyperbola, the tangents #, ¢,
* &c. may be found from the first ¢ by formulee entirely similar
to the above, differing only in the signs of the terms. In this
curve, however, the tangents have a property which those in
the circle have not, by which their computation may be facili-
tated. For since, in the hyperbola,
a:t=at+ ¢3:2¢.......(art. 1),
therefore, a + ¢: a —¢ = a* 4 2at'+t%:a® — 2af + *;
thatis, a-+t:a— ¢ = (a + ¢)*: (a—¢)%
Hence a_E; = (f;"_t)*;

a a — ¢,

and, similarly, ate_ (: i:,')-}, &c.

a—¢ "
a+:=v’; thena+¢’ ate_ 4

=v3

Now, let
,ea_ @ — a—_,t"

1
t _v—1 ¢ _ vl ¢ _v—1
and hence a— Wl, 7 = ;T.l’ 7 = ”J'_'_ 1, &c.
By these formule, in the case of the hyperbola, all the tan-"
gents ¢, ¢, &c. may be readily found from the first.
6. From the preceding investigation, we have the following

formulee for the areas of sectors of the two curves.

L—THE CIRCLE.

Let s = the sector ACD, a = AC the radius, p = angle
ACD. . Putting instead of ¢, ¢, ¢", &c. their values a tan. g,
a tan. ¢, a tan. {g, &c. in the series (A), we have

(Cy)
;l- =§z{cot.¢ + ($tan. o+ }tan'.i-sb‘-l- §tan.§¢ +,&C-}
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IL.--.THE HYPERBOLA.

The values ‘of 7:-, %, %, &c. found, as directed, in art. 5,
being substituted in formule (A) and (A’), they become
(Hx)
a! a -1 v -1 vi — l
=T i e |
% { v+1 oF +1 $ ok + 1
(H,)

a’~__v+l vt o

7. Example of the Application of the Series (C,).

To find the ratio of the diameter of a circle to its circum-
ference.

Let this ratio be that of 1: &, so that when the radius = 1,
the circumference = 2, and the area = rad. X 3} circum-

ference = &, and supposing s a quadrant, s = E. When ¢

= 90°, cot. p = 0, and the series gives
=Jtan.fp+ Jtan. f o -+ 4 tan. 9 +, &c.

The tangents may be computed by the formulee of art. 4, for
finding ¢ from ¢ ¢ from ¢, &c. which, by putting « for any
angle, may be expressed thus:

tan. § o = {ml.uy(l +tan.’a)—-l}

Putting now ¢, £p, 1¢, 4@, &c. instead of «, and observing
that tan. § ¢ = 1, we find




Tan. 3 p=1
Tan. } o=
Tan § o=
Tan. s ¢ =
Tan. oy P==
Tan. #3 o=
Tan. g3z ¢ =
Tén. o3z §=
Tin. 34z 9=

09849140336
04912084997
02454862211

+01227246238

00613800016
*003067971:40

T

41421856237 1
-19891286796 .

s}y tan. yig ¢ = 0000059921

# of the preceding term = 00000199738

% — -63861977287
& = 3:1415926536

This number, a most important element in geometry, ‘is true
to the last figure.

ProsLEM II.

8. To investiate formule which shall express the second power of
the area of a circle, or equilateral hyperbola.

Let the letters a, ¢, ¢, ¢, ¢”, £¥, P, s denote the uime things
as in ProblemI. It was found that; :;:-g = !:; ; from this, by

e

taking the squares of the two equals, we.have ;-l-? == 2

e

cal equations. -

Hence there is obtained the following series bf identi-

@_d 1 1
EEFETIETY
a a 1e¢2 1
78 ~pp TE T 5y
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# +d 1es 1
FESFm TEET
&  a F 1 Ve 1
For= fgpn T M@ T8
which may be continued to any extent. By adding thede and re-
jeoting terms common te both sides, and putting (2P) for iw
equal’ (lﬁat“’) we have »

ot {,ﬁ,, (1+ + o )
= Ht lw 1 gw
tiFteatBEt

The ‘sumi of the geometrical series 1 + % + f;fs + L” is

g (l—%z) If now, ingtead of four terms, we suppose their

number to be n, and put ¢® to denote the last tangent in the series
¢, #, 4, tv, &c., and 3(1 -— %) for the geometrical ‘series, -and

1 (‘(”)) 44( ), we get, after transposing tems, 'the.

following proposition :

TBEOREM.

2f a sector of a circle, or eguilateral hyperbola, between ils semiaxes
and any semidiameter, be divided by semidiameters (as in the
Sig. of Prop. L) into 2 equal parts (n being any number), and
straight lines be drawn touching the curve at the vertices of the
extreme and -infermediate semidiameterss then, putting P for the
area of the polygon contained by the extreme semidiameters and
the lines which touch the curwe, and t for the tangent of the
whole sector, U for that of its-half, ¢* for that of iis Jourth, and
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30 on, and " for the tangent of the last in the series ¢, v, &c.
(which will be the tangent of the sector next the semiaxis), and
aforthemniazi:,wchaveineverycau
2
at _ t'::§ ’(I—T:"
W“ 1 1 n)’
- {z‘" S T — #*)’

the upper part of the sign =t= applying to the circle, and the
lower to the hyperbola.

This is a second elegant geometrical property of a polygon
described about a sector of a circle or hyperbola.

If n be increased continually, the area of the polygon will ap-
proach to s, the area of the sector, which is its limit ; therefore,
supposing #» to be indefinitely great, we have
T g8

4:, ?:1: @ — { e + :—': +$ + &c.}..........(B)
the upper part of the sign == applying to the circle, and the
lower to the hyperbola, and the series being continued indefi-
nitely. .

From the nature of the expression, we may evidently change
s into }s, provided we also change ¢ into t’, and ¢ into #, &c.
Hence it follows that .

@ _at ” s
=g { + 5 +t‘p+&c.} cenene(B)

9. To determine the quantities £2, ¢®, &c. it has been found
(art. 4) that in the case of the circle,

Y L o L TSN ¢ )1

&
Nowy/ (@* + 8)—a= W TR e
therefore ¢ 1 TR () 3

CE@ T HF e
hence, taking the product of (1) and (2),
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(@ + ¢)—a

;ﬁ V(a’ + ﬁ) + il .o.-......-...n.u.(c).
This is for the circle, but by a like process we have for the hy-
perbola

L=V (@FE) (B,
BT
By these the terms £72, "%, &c. may be derived each from that
before it.

The series (B) is alike applicable to the two curves, but its
form may be modified by properties peculiar to each curve.

10. In the circle, supposing a the radius = 1, and putting ¢
for DCA the angle of the sector, or the arc AD, then ¢ = tan. ¢,
¢ = tan. } ¢, ¢ = tan. } ¢, &c. and from (c) the first of the two
formulz (art. 9) observing that sec. ¢ cos. o — 1

o —Secp—1_ l—cos.p; o 1—cos 19

sec.p 41" 14 cos.p T¥ costp’

* Considering now that s =  rad. X ¢ = § ¢, we have (by B’) the
following formula,

, &c.

(Co)
Toﬁndthclengthquanqufacircle.
1 14 cosp l
1 _ )4 T—cosp ¢
i { l—eos. 8.} o 1 1—cos. {9
& l+cos.%¢+ 3 T4 cosdp
1 1—cos.dp
+3 1 4 cos. §p+& }
The cosines may be derived each from that before-it by a known
formula, viz.

Cos. -—¢_~/l+;°_§l, s.%¢=~/-l-i£22m.

~ 11. To find a similar expression for the hyperbolic sector;
put 2 for its absciss, y for its ordinate, and ¢ for its tangent ; and
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similarly 2, y, and # for the absciss, ordinnte, and tangent of its
half. )

We have found (art. 5) that (ﬂ*‘—")' L

a—t

Y sttt _z+y
Now by .similar .tmngles;=—. therefore .__ T T —y
- (:!'" ;Z, - 't”)’ , andsimilarly g ‘, = t.wx

therefore (" +y ) ""’” s

from which it follows that (:z’ —VYy '—:.:—"/.(2),

as will appear by multiplying the corresponding sides of the two
equations.
By adding (1) and (2), we find 2 4 y? == ax.
Now 2 —y2=a*;
therefore, 22 = a (2 4 &), and y* = a (x —a);
hence, observing that ‘-2—- %, we have:: f; x_:-'-_-a
Exactly in the same way we may find
" _¥—a _2'—a
F=74e F-Tia
Again, since 22 = a (z - a), we have similarly
2% =a (¥ + a), =a (@ + a), &c.
The result of the analysisin the case of the hyperbola may be
stated as follows.

&c.

12. ¥o find the area of a seclor of an eguilateral hyperbola.
(H,).
Let s denote the area of the sector ACD, a the semiaxis, and
x its absciss. Compute the series of quantities «, 27, 2, &c.
from these formule ;

z’:J.'i‘i#_)., w:Jf.(ihg_‘l),z,,,____Ja'(z"gia)’ ‘&c.
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Then, from the formwla (B’) we havg

z4a 2

@& Jz—a 8 .

TF 1 2—a  } 2—ua 1’ a—qo &
- E'z’+a+4’"z"+a+4ﬁ°.x’”+a+ S

The terms of this series, like that for the circle; approach to
those of a geometrical series, of which the ratie ia one sixteenth;
80 that when a term has been found nearly ane foyth of that hes
fore it, the sum of those that follow will be nearly ane fificenth
Of that term.

The trigonometrical tables apply elegantly to the general fos-
mula (B) in the case of the hyperhola, by the analytical artifice
of subsidiary angles. _ ‘ ‘

Let 2p be any angle,” because 1 = cos.? ¢’ 4- gin.?p, and sin.
2p = 2 sin. ¢ cos. p ; therefore,

1 4 sin. 2p = cos*p-- 2 cos. psin. ¢ 4 sin.* p"= (cos. p4-sin.p)*
1 +~sim. 2@ = c08.* @ — 2 cos.psin. ¢ 4 8in? p==(cos. p—sin, p)*

Now (cos. ¢ 4 sin.'p)*= cos:*p (1 4 tau. p)%,
and (cos. ¢ —sin."9)’= cos.? p (1 — tan. @)%;
1—sin.2p _ (1--m ¢)'

therefore, T4sm2 = \Tf anp .
. 1—-f £
We have found that in the hyperbola, ‘: = ‘:,
1 - 14 -

this expression, compared with the angular forﬁmla, shows that
tis related to ¢ exactly as the sine of an angle is to the tangent
1

of its half; so that if we assume 5—: sin. ¢, then :‘—'.= tan. 5 0;

and if sin. ¢ = tan. } 4, fro §= gin. ¢ we have%: tan. 1 #,and

80 on, ) .
Now, z and y heing the co-ordinates of an hyparbalic sestor,

t _y, .o, tan.d y _tamd .

=35 and sin. d = vt therefore; = oy This equa-
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tion is satisfied bymaking%:sec.dand%:tan. ¢, for then

T = L Let C denote the angle of the sector; then

™ sec.d
From the preceding analysis we obtain by substitution in for-
mula (B), and observing that ¢ being any angle, 2 sin.* ¢ =
1 — cos. 2 ¢, the following expressions. As usual, let a be the
semiaxis of an equilateral hyperbola, s a sector, z and y its co-
ordinates, ¢ its tangent, C the angle of the sector ; to find s, the
area, having given any one of the quantities , y, & C.

L Find an angle ¢ from one of these eqimtions, ‘cos. 4 =§‘

tan. ¢ =z; sin. I_=-t= tan. C.
a a .
2. Find a series of angles #, ¢, ¢”, &c. such that sin. ¥ =
tan. } ¢, sin, " = tan.} ¢, sin. ¢” = tan. } ¢, &c.
8. The area s will be expressed by either of these formule ;

(H",)
a_‘_: = cT—";’d_g_ { sin.’l+% sin.%¢” +'-4% sin. 2"+, &c. } ,
i )
«_fr=em—s
‘-

~ {30 — con20) + y(1—cos2) + g5 (1—con2m) 4,

e}

15, The following examples will show the application of these
formulee.

1. To find the ratio 1 : «, viz. the ratio of the diameter of a
circle to its circumference from the series (C;).

In this case, making ¢ =90°, we have
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_ 1 14cosp 1 5
c08.p=0 3 T—cosp +6 == 416666667
1 l—cos.dp
=0 e =0
cos.3p=0"70710678 T TFconde 10723305
— 1 l—cosip -
co8.3p=0-92887953 7 Foonte = 000618221
1 l—cos.ip
=0 —. = +000037893
cos.p=0-98078528 7 I Foondp
15 of the preceding term = ‘000002526
‘ «011381945
1 -
- = 405284722
¢2
? =1-5707964
=20 =8-1415927

2. To find s, the area of a sector of an equilateral hyperbola,
supposing @ the semiaxis = 1, and x the absciss of the sector
= 1-25. .

Proceeding according to the formula (H,),

:%11 —§$=9—4%=% — 833333333
1 2—1

o =1:06066017 3 o = 000735931

2 =1-01505176 Z‘,-;_'_:—i = 000046685
1 zll/_—l

"=1-00375589 T o] = 000002929

v5 of the preceding term = 0100000195

0-00785740

‘1.3 = 882547598

¢ = 0-3465736

8. Taking the same example, to find s by the angular formula
(HY)

Because a = 1, x = 1:25, therefore cos. § = -g = =, 8in. =§

5

ol
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leecos.d x—a
m='z a,
in the present case = §. Preeeeding npw according to the for-
mula, we have, from Huttow’s Fabje of Natural Sines and Tan-
gents, o : o
tan. ¥ =4 = $883338 = sin, (¥ =19° 28-28)

tan. (§¢ = 9°44°14) = ~1716789'=sin. (¢' = 9 52-76)

tan. (3¢ = 4 56-38) = 0864377 = sin. (¢ = 4 57'5)

tan. (1#" = B 26°75) = -04320G6 = sin, (/" = 2 28'8).
Having found an angle #* to be } of that before it, the same
would he true of all that follow; it is therefore needless to go
farther. Indeed " is not wanted.

2sint 4z |- coo = 1o Inallcases tan 0=

4 8 176
, s 3= g =AML
oos. 20 =1—Rsin¥=] (3 — cos. 90) = -1111111

cos. (3 ¥'=2 10° 4552) = 0411148 }(1'— eos. 20} = 0073594
cos.(2¢7= 9 55 )= -9850593 J;(1 —cos.20") = 0004669
1% of preceding term = +0000311

1189685
%: 83254759
s = - 8465736

This value of s is correct in all its figures.

THE END,

' - EDINBURGH: .
Printed by Tromas ALLAN & Co.
265 High Street.
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"Acud\lllymhdwork iliustrated, with useful Maps.” Am-.
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BLACK'S PICTUR UE GUIDE TO THE ENGLISH LAKES.
Including an Geol Districs, by

In s "m m Wlth Phllﬁx PB.I.G.L-,PM

“hxumqol.nmn&::"““ T, Inid s-ennd’ﬂ::
muuux own.

greatly enlarged and improved. In a neat pocket volume, 5s. ’

"T&Gnl@wmmuhumnwmpihdupmm-maehbonhphn (as the Pleturesque

Tourist of Scotland,) hyth.-mnnluﬂanwmnnoomor trouble to achieve a suc.

result. It no higher t is & Guldainmry sense—its

uﬂ]chnn:{!ﬁywrlm—hhhlﬂnmhuphmﬂmhnb—md ts illustrations are

BLACK'S ECONOMICAL TOURIST OF SCOTLAND.
Containing an .m Map and Itine , with Dwrlpﬁve Notices of all the re-
the sev ‘which

markable of rondl.lndl‘our ved Charts of those Localities
possess interest. Third Edition, corrected and improved. In
nm.tpochtvolnme,ued cl

¢ A work m boratel! piled tho greatest posible amount of
Mnm.dmhthomnutpodbuw *—-SCOTEMAN, °

BLACK'S ECONOMICAL GUIDE THROUGH EDINBURGH H
'.h..l’hnefthe(}hy, & Map of the
Ooun&y 'l'en rmmd and de V m uf the Public Bulldings and of the Neighbour-
ing . Fourth wﬁw, enlarged and Impmnd In a neat pocket volume, 9. sewed.
“ This little book should be, in the hands ugrwhodndmmbehmﬂh!whhan
that is remarkable mhuﬂaﬂﬁu.lumudms, and Pul of Ea e iS4

BLACK'S ECONOMICAL GUIDE THROUGH GLASGOW;
ree W, City, and a Map of the Edlnbnrghmd thvw
Mwn,theﬂnlonm,mdtheiwrl’oﬁwl between the (ities. Second Edition.
& stitched cover, l1s.
¢ If any visitor in Glasgow finds himself a stranger in it, he has himself only to blame, as he
ﬁ mﬂn.& home in every part of it, w?ﬁh the F:»nn - Guldl:” :hn]';ocket."—l!rnavm

BLACK'S TRAVELLING MAP OF ENGLAND AND WALES.
Carefull .lrﬂed m the Maps of the xdna.nee umyl, and muumlly engrax ?
Hall ; wlth the Roads, other To) omuonm by the
Tourist or Traveller on Bulne- Bige, thirty-two m by twcnty-two and one-hal. Ina
neat portabld case, 4s. 6d.
“A Maj nf and Wales, which, after careful observation and re-
ference, we can characterise as among the moet correct ever issued.”—AMINING JOURNAL.

BLACK'S TRAVELLING MAP OF SOOTLAND.
constructed from thorities. ith all the Roads and Railroads accnrately

:Id“dov;;h Bize, thirty-two lmhu by twonty-two and one-half. In a neat portable case,
ol

¢ A handsome looking Map of yet s0 wel d thlt it foIdl up into the
size of & pocket-book, and admits at the same time of & prﬂnl examination. ATOR.

#¢* Smaller Maps of England, of Scotland, and of Ireland, in pocket eu-, pr!ce $s. 6d. each.

BLAIR.—HISTORY OF THE WALDENSES.
Sketch of the History of the Christian Churches in the South of France
and Ronh ollh.ly, these Churches submitted to the Pope, when the Waldenses continued
s formerly independent of the Papal See. By the Rev. Adam Blair, $ vols, 8vo, Sls. cloth.

BOYER AND DELETANVILLE'S NEW FRENCH AND ENGLISH, AND
ENG AND FRENCH DICTIONARY, with variou ons, corrections, and improve-
ments, by D. Boileau and A. Picquot. New Edition, vhdmdwudbymhuwuon
of the DI of the French Academy. 8vo, 19s. bound.

BRgWSTER —A TREATISDE ON MAGNETIS% ’M‘ ber of the Royal tato of
mr, L. rrespond! o1 Insti
France, &eo. &o. b of 100 W Ord and a o ol’lh:nﬂh

Curves. Ponavo,&.oloth
*¢ The splendid article by Sir David Brewster on Magnetism.”—-MonrNivg HeraLp.

BREWSTER.—A TREATlSE ON THE MICROSOOPE
By 8ir d Brewster, LL. D., F. RB. 8., mber of the Royal Institute of
France, &o. &c With Fo\u-uln Plates.  Post 8vo, 6.

BBIGHAM.—HEMARKS ON THE INFLUENCE OF MENTAL CULTIVATION
Primort by ames Slmplnu, nq Advm. utior o (03 Fhim PMlnnyhy Education.’ Fourth
Edition, 19mo, 1s.

BROUGHAM.—A LETTER ON NA‘I’IONAL EDUCATION TO THE DUKE
BEDFORD, K. G. from Lord Brougham.
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E. —WHAT ASYLUMS WER ARE, AND OUGHT
BO“ZIL’NE E, E, UG TO BE, Lo

n’muly President of the Royal Medical Society, uhbu.h, &o. &e.
avo,u.olo .

-BUCHANAN—A OOMPREHENSIVE ATLAS OF MODERN GE&GRAPHY,

Quarto, 18s. bound.
BUCHANANI (GEO).—~PARAPHRASIS PSALMORUM DAVIDIS POETICA,
[ 4 et Notls, ex oeteris ejusdem oarmini.
bus. By A.and J. Dickinson. 19mo, 3s-
BUSHNAN —THE PHILOSOPHY QF |NSTlNCT AND REASON.
By J. enson Bushnan, M.
o M

W,Andnmh-cb w-mmamwmmm By
Robert Buchanan,

n, M. D, 8vo, with Eight Mlustrations.

CAMPBBLL..:?PEECHES OF LORD CAMPBELL,
At the Bar in the House of Commons ; with an Address $o the Irish Bar as Lord Chan-

cellor of Ireland. 8vo, 8s.

CAMPBELL —A MEMOIR ON EXTRA UTERINE GESTATION.
By Dr Edinburgh, F. B C. 8., &o. & . 0. boards.

OANADA -—VIEWS OF CANADA AND THE OOLONISTS,
a Residence ; Views Present State, Progres, and Pro-

the withdthllnd Practical Infc
?“""' oo%tvo,wlthnl.p 4. 6. cloth. S By a Four
* The work of & shrewd and truthful obssrver.”—CoLomiaL GaxaTTE.
CARRUTHERS. -—THE HIGHI.AND NOTE -BOOK;
Or SBketches and otes. By R. Carruthers, Invernes. ltno,l cloth.

“ The tVdumhmmthnumnyhb as giving us into Macbeth's

country, ‘t.lu-n and w’lﬂm oung v‘mcnebemonv-
closed, Mthnhﬂumﬂw‘hnﬂ'ﬁ'ﬁhm ground by the delightful
narrative of Bir '—ATHRNZSUM.

CAIA‘SON--’PHERRI FASAULE, fas ost, libras
aums Tadioe iilforum Anglloe ! B . Garson,
LL. D., Late Reoctor of the High School, Edinburgh. Editio Sexts- 18mo, .

OHRISTISON —A DISPENSATORY;
Dueﬂpﬂ , Chemi: ontl’hhnmaq Awonl.«lleu,undl)uo m ok unl :L
Medica. ByBo .‘arl‘lm M.D., hvhmofmﬂa){-dhlnlbollniudtyor!dh
burgh. New and improved ldltlau wlf.h an Appendix on New Medicines. 8vo, 18s. cloth.
“ We earnestly recommend Dr Christison’s Dispenmtory to all reader,
mp-n.lon noﬂitha Btudy only, bus in the ¢ Burgery’ M"—Bu?lum!‘w:mhvuw.

CHRISTISON.——A TREATISE ON POISONS,
hﬂon the Practice of Physic. By Bobert
D andlhhﬂ;)( InthoUnlvunltyolldlnbuth &o. &o. Fourth
Edlﬂan. 8vo, 30s. cloth.

“!chwymdmnrhnth.mﬂnhnbw Treatise on Toxioology extant.”—Loxpow
AXD PRYSICAL JOURNAL.

CHBISTISON —THE KIDNEYS,

Being a Treatiye on mmmnam«mmmmmmwwmnw,
Inflanmation, and other Diseases. By Robert Christison, M. D., Professor of Materia Medica
in the tmm-lcy of Edinburgh. 8vo, 8. eloth.

“ The {llustrative cases, thirty-one In number, are narrated with Dr Christison’s usnal clearnem,
and, like the rest of the work, are highly instructive. We strongly recommend this book to out
readers.”—LonDoN MEDICAL GAZETTE.

CLEGHORN.—A SYSTEM OF AGRICULTURE
By James Cleghorn, Esq. th Thirteen En, 4to, 9e. cloth.
"mmmountdthwtm of the SoMCounﬁulllobofvund in Black's FEdition of
the s A p- 1178,

CLERK. —NAVAL TAC'TICS.
matical and in Four anh. By John Clerk, . of EMin,

F. R.B.E &c. Thira Edi ﬂan,wlthllo{u Lord Rodney, an Introduction by a Naval
Oﬂm,lud‘apmwrym 8vo, 258. cli

COGSWFLL —IODINE.
Experlmhl h{‘o.n the relative Ph: lllll lod!dml perties of Todine and
{ts Comj 3 being Harveian Prize le- Cogswell, A. B.,
M.D., mmdmwmwm !‘dlnbur.h,&e &c 8. boards.
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COOPER.—A DICTIONARY OF PRACTICAL SURGERY:
Iwndm' teresting improvements from the earliest times down to the pre-

sent ; &I #4000 unt of the and ! in Surgery; the etymo-
logy and Ilgnlﬂmtlo'n of the ”yrhwipd Terms; and w ! modern
‘works, fotmlng subjects. The Severtth
Edition, rev! corrected, , and unluged By Samuel Cooper, Benlor Surgeon to the Univer-
sity Oonege o-plul, London, Profesor of Surgery in the same College, Burgeon to the Queen’s

Bench, &c. &a. &o. Thick 8vo, 30s. cloth.
COOPEE—FIRST ‘{\IEES OF SURGERY

the op
Bnmul Ooopor, Senior S l.I’ ital, London, and Professor
the same College. Sevsnth m!ﬂon. 8vo, 188, cloth

CRAIGIE. —ELEMEN‘I’S OF TI-‘I.E PRACT! ICE OF PHYSIcy B{,
) s s the al r ,
w D?BBE ellow of n::yMCoIIegveo b of nbu hleIchn

Soclaty, &c. &c. &c. § volumes Gvo, 40s. cloth.
¢ We are inclined to regard Dr Craigie’s Elements as the best we at present possess.”’—Lonnox
ManicAL GAxETTE. .

CRAIGIE.—ELEMENTS OF ANATOMY:
Ge , and Comparal vid Craigle, M. D., ftmningth'uﬂchundutm
head in the Seventh Mlthn highly finished

o %ﬂ":fmhh‘m’ ¢ on :‘mmnzwn the leading polnts of each divisi tnced
ou out inf eac! on are p!
the reader in & clear concise ough nﬁdmﬂy myuhndv;; manner, the whole

m [ volumo whieh x perused with hp ° p
CRBUZE.—SHIPBUILDING
Being a f Naval Architecture.

a Treatise on the ry Practice of By Augustin F.
Onuze, Member of the late School of Naval Althuecum President of the Portlmouth Phl-
luo cal Boclety ; and Editor of the ¢ Papers on Naval Amhhoctuu o th 15 Engravings

teel, and numerous Woodeuts. 4to, 18s. cloth.
« Onn ol the best, beeuue the clane-t, and, at the same time, pnfecﬂy mprehuulvo dllqnu.

CULLEN -—FIRST LINES OF THE PRAC'I'ICE OF PHYSIC,
‘Willlam D., formerly Professo: in the University of Edinburgh, &e.
e n«hum-, with an ppondiz, by T amuied Gregory, M. D., F. E. 0. 8.,
&¢. &c. 2 vols. 8vo, 94a. cloth

CUNNINGHAM —THE GEOLOGY OF THE LOTHIANS'
Pﬂnhy,wlthabcolw Bections, ologla.l r of the Lothians. By R.J.
H. Cunningham, EFsq. M. W. 8., &c. 8vo, lB. oIMh is volume forms the Seventh vo.
lume of the Memolrs of the ‘Wernerian Natural Hinmy Soci et » and includes Dr Parnell's Prize
Emay on the Fishes of the District of $he Forth, wif rative Figures; and the History
of the Boclety from December 1881 till April 1838.
DICK. —A MANUAL OF VETERINARY SCIENCE;
Article under M head in the Seventh Edlﬂon ofthe elopgdh Britannica.
:y Wilﬁ.un Dick, Profesor of Veterlnuy Surgery to the So& ety of Scotland. Pest
0, 8. boards.
“ Al l-‘;rmen, rds, Stablers, Coach Contractors, every man who is in-
terested in thtudyol Vohﬂn.ry m should bhave Mr Dick’s Manual in his Ppomsession.’’—
EDINBURGR ADVERTISER-

DUTRUC.—A FRENCH GRAMMAR.

S e o “2:271 Method ::g‘u:ddmh::dlA Englih
Ghawhohp.rﬁeuhrlylda to smooth the way to a perfect \aintancs with the Frensh

‘whioh is sul mexwmlvemhd:mdl‘umh eronntile Correspondence,
chi yoolhohdhmnthebm'ruenmm'ubpet 8vo, 6s. cloth.

EDINBURGH MEDICAL AND SURGICAL JOURNAI.

.ndl’harmq in Os. sewed. '
Iuevmbmohdudmmwm,chhwoﬂ hibits a Hous view
of k ; and to those who desire to looppmwlth'holm—

manu of the times, euhorhmthemwdopumnhot Medical Science, or in their prac-
E{mﬂ«m,the ni\nbu b edical aod Journal is not only as a mfe

EDINBURGH NEW PHILOSOPHICAL JOURNAL
uM

in the and the

Numl 7s. 6d,
'l'ho nrllnlm h New lmophl\sl Journal h now the cmly Journal olSchm pnb!hhd out of
London. embraces all the in solen-

tla e of discovery in Natural Philosoph:

Mmmry tive Anato egecluniu,(}e Pi:
d-.undm mu-mlAm;wmmmm
eminent in the history of Science.
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EDDNBURGH PHARMAOOPGM OF THE ROYAL COLLEGE OF PHY-
Beoond English Edition. 18m0, & cloth. :

!Nglc fDIA BRITANNICA Musteated by 508 vings o0 -l
ood, gcnenl ndex of upwud.l of m Twenty-

mvolum-Quno L.37, 16s. cloth, L.43 half bound
¢ This is the really chea for that Iuhup hlohllmllmt."' “ It is our
Innenvlﬂ‘.l.m, y Jﬁu 'was never before only yn-d'&n‘of wakdihhel--owm-

PMete in all 90 faried in its sul [ ts
With the am Smm 'cmmu-mmu-qw branch of the Arts, and Genoral Lite:
ers,

moderation of lpplll'l'b‘ to mnlhhd and to hose fortunes and rooms do noé

on us un) men wi

m ofa mqixhoh,wmmmmn-ﬂ‘ulubhu-
than this n:'oﬂht comprehensive of all Britannica. "y

books of
4 The quall '+—the remarkable of the the of the
wmbh.d” with Bhnryvﬂnuollhmhnm render It the '—:m“d':’m,—
ever in Britain, "ﬂ “NWMMeo tryllboh‘dolu‘d

with diluted saff, from and A what op-k there for the Sclence
hmo‘ﬁ:‘w,mtpuwmndnncnrmh on such another work as

and the to the A -'"‘th." facty bmw-
hymn, to the studnnt of Bdmn orF the Cu

or th Fine Arts, the Encvcrormoia Barrawnica will prove an ucqnldﬂon hl;hut value.

The great scope of its information also recommends it in an especial manner to emigrants, and other
persons resident in quarters vhon acossy » bmh is dﬂlcnh. or who- fortunes do not permit them

w Zealand settler, who left his

home with no other mmﬂ:uhm‘ but thni o( be!u able to lend. ‘write, and emmt, ht, with
long and weary vo) , and become & well-h\l he

reached his destination.”f] As a tokeu of no gift

could be d-o'vl-d Detter caleulated to fulﬂl the objects of sueh testimonials; for whlle the beauty and

B
°z§

ork it to the tacte of the donor, its great practical utility cannot
render it highly aceeptable to the party recelving it. ’
Athensum. + Dublin Evening Mail. 1 Tait's
’ mm 1 Bradford Obeerver. . Y John Bull.
3 +t Bristol Journal. 3} Athensum.
u Leeds Conservative Journal. M Quarterly Review.
FLBMXNG.—MOLLUSCOUS ANIMA
neluding Shell an L o{ Emn.ue A
Physical Distribu on, y to the Extinct Races. John

tion,
Fleming, D.D., rnsz M. W.8., Pnfe-oro!N;tuulPhﬂuvph n the U ty and
King's hp,Abevdm,&c &e. &e With Eighteen Plates. Post 8vo, 6s. cloth

“ by a perfect knowled of the very curious and hhmﬂng subject ofwhlch it
hm md lauuhln; m of the evidence, and a clear and masterly arrangement of
the multifarious de lt."—Gumw CONSTITUTIONAL.

PORBBS —TRAVELS THROUGH THE ALPS OF SAVOY,
nine Chain, with Obeervations on the Phenomena of Glaclers. By
Junn-D l’orbu,l" n.s Soe R.8.E., Corntpondlng_ embtronholbynllmﬁhhof!‘mm,
Pmﬁ-w of the &c. &e. A New

Natural P in X
Enluged. lunnwdhyahm)h o'th'llerdaﬁhuof

Eph.dﬂnn Plans, and ood. lmpclhlo&vo,ﬁh..otwlth&hhrp
Peolomd,hncua,ah.od
This elaborate and il ‘work."- Revizw.

“Pﬂgmntwuhw '~EDINBURGE REVIEW.

FYFE —-THE ANATOMY OF THE BOD
Hundred and Fifty-Eight Plates taken partly from the most oslebrated Au-

thon,prﬂyﬁvmlhhn. By Andrew » F. R. 8. E. ~ 4to, boards, with Descriptive letter-
prem, 8vo, 40s. boards.

GALLOWAY.—A TREATISE ON PROBABILITY
:ymmn Galloway, M. A., F. RB. 8., Secretary to the Royal Astronomieal Soclety. Post 8vo,

GIBBON—-DEOLINE AND FALL OF THE ROMAN EMPIRE.
By X4 bbon, Eaq. Faition, in eight volumes, 8vo, 628 cloth.
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GIBBON -—pgc )
LINE AND FAH:':«?.E THE ROMAN EMPIILE.‘MW otthe
Author,by Alexander , Esq. F. 8. A., nnleortnﬂ- In one thick volume, 8vo, S0

GIBSON.—E
Q“mU'I'RI?n’I:LI''I'IIS'I'ORIE ROMAN/E BREVIAI'R’I‘l - 2. Gibeco, tn
kﬂw cloth.

Andtmhlwdolbpﬂumnuhph . l&n«,ﬁ.

GIBSON.—LE . PETT FABLIER '
elothhw. Miniatare. ParT. G. Gibson, Maitre de Cauvin's Hospital, &c. &e. 19mo, 1s- 6d.

GILLY —VALDENSES VALDO, AND VIGILANTIUS.
By the D. D., Author of ** Waldensian Researches.” Post 8vo, Ss. 6d.
“ An ol observation, of that small of P
l:lga.:;llﬂed nlb&ofuu oﬁm&\?&n, for many mm%mupuﬂq omnir
woubip W vestal church, midss vations and perse-
cutions not yet extinguished.”. “sz ARTERLY Ravizw. ’

GLASSFORD.—OTAL!AN POETS, '
Compositi -mem the Italian Poets, with Tramiations. By James

. ,hq.olmm Second Edition, greatly enlarged. Small 8vo, cloth.
AR SO NCURNT L o
an we) |+

Dougalston. 19mo, 3s 8d. cloth., By

GRAHAM. —MUSICAL COMPOSITION
Being an Esay on Wﬂemux and Notes, being an cxtension

the article ** Muﬁc " By G F G mnnerw- Engravings, and copious
Musical Hlustrations interspersed with the Text- 4&0.
“A y and Esmy."—A

GBAY-—-THE SOCIAL SYSTEM.
Principles of Exchauge. By John Gray. 8vo, 7s. cloth.

GRAY.-REMEDY FOR THE DISTRESS OF NATIONS.
By John Gray. 8vo, 6a. cl

HANS\RD —PRINTING AND TYPE- FOUNDINO.

tes and Woodouts. Poat 8vo, 6s. cloth.
"APdnhﬂlhnnlwhlch every oune in the Mwm find it his interest to powess.”— W

MIsTER REViEw.

HAYDON AND HAZLITT.-—PAINTING AND THE FINE ARTS.
By B. B. Haydon illiam Haslitt. 0, 68. cl

“Mr Hu)ltt’l clever little Txuthu, written for ths M Eluyclopndla Brlhnnlea, hu come under
our notice. We have read no work of that author with anything approaching to the sme gratifi.
cation.”—QuArTERLY Ravisw.

HENDERSON.—ASTRONOMICAL OBSERVA'NONS
Made at the Royal Ob-mwry, Edln ur, By Thomas Henderson, F. R. 8. E., and R. A.8.,
Profemor of Practical of and Her Mq}eny 's Astrono-
mer!otﬂooﬂnnd Published bymdur of Her M\)Wl Government. Vols. 2, 8, 4, and 5.

HETHERINGTON.—THE HISTORY OF ROME
?thethMHethemlgwn\‘[A t of the Topography and
odern Rome. By the Rev. J. Tnylor, M. A
#,¢ Without suppressing those trad! hsvndl which are dlended with the nrli'rm
Mnommﬂlnory,annwemptbubeenmm the present work to di Mwun
Fable, and to make the latter subserve the important purpose of elucldnuw hmind:h
Memory th%-u real events from which the fabulous legends have arisan. ith a Map of

HINDMARSH.—A SELECTION OF SACRED EPIC POETRY'
From Milton, l!ontg.z::e’;; cnmberlnud, 1’{oung, Porteous, and Blair. (Muked with Em-

wriptural Readi uureguhrsundnyu-onnook J. H. Blndmnh mofilo-
cution, Perth A ;‘ﬂ’mny 18mo, 1s. &d. bound. Br ’

HOOPBR.—LEXICON MEDICUM H
Or Medieal Diof L lon of the terms mtmny, Human and Com-

tive, Botany, Ohcmlotry )hurln Medlu, Midwlh I'hu-mu:y olog{. Practice
Wy‘lb Bultery{ md the various branches of a n.l onmeted with Medicina.
from the best A m Robert Hooper, M.D.,
F.L.S. The nnd: Edition, revised, corrected, md Klein Grant, M. D., &c.
&c,mrmwmmuunmnwmmmm Thick 8vo, 308, cloth,
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— Y.
un.u-nngx PHYSICAL GEOGRAPH . e

3‘""? of!bmnunun from varions

m ‘With Four Plates. 8vo, 15s.

“ Wi mmofm&m- hﬂd-l -vluhth.
.m-k mﬂw good publle, by

: Nt A RAPHY.
HALTE-BRU —UNIVERSAL GEOG Apg'v 4. tatteBren, Editor ofthe

auvm &e &e. Wl ;Ownynlundn xof«,ow 'ames. Nine volumes, 8vo,
L.7, cloth.

HABSHALL-—ON SoLD! Ellg.m il the = on “

Bnneh-of 11, P. B. 8. E., Dej 2§ -Geeneral o
Army nwﬂlhq wﬂy a;:o,r’?l-al cloth, puty-Inspectar

* A most valuable book, and M»ummnmammumumm

unh?whthrel’th.n’nyor::"y- '—~Barrns axp Foarwon Mzoicar Rxvisw.

HABTIN ~THE SEAMAN'S ARFI’HMETIC H

that Science to th oﬂbelhrlﬂm.m

dm m”“i:““m.-m ntmﬂuctlmbthYmng A i g
Ka#uﬂm,mfwhhmh-qmcnﬁm By John Martin, Anm,xlnuldhu 18mo,

“ We doubt not ¢ The Beaman's Arithmetic’ will meet with that gmnl hvomto which its in-
trinsio excellence and useful capabilities 20 fully entitle it.”—Oaxzpontan M
HARTIN. (AIME. 7-—‘I’HE EDUOATION OF MOTHERS OF FAMILIES.
the Civilization omm By M. Alme Martin. Belnf the work to
wblchthn?rludﬂu!’nnch‘ awarded. Wmml‘hdhﬂml-
ton. ?Fdwlll !‘e,bq Member ﬂn Principal European Medical and Chirurgioal So-
Baths of Germany, &¢. &c. 8vo, 10& 6d. cloth.
A Sainss Matier S Moot of (o' Bepst Ehyekca Bocers, Memmber of the Wernarian
Boclety, &e. &o. Bowndld.lon svo,l:.nw.d ’

M ATTHBW —EMIGRAT’ON FIELDS:
Amrlul

h,.ndNowZu.hn deacribing these Countries, and giving

comnparasive view of Tha advan they presn to Britiah By Patrick Matthew,

Authorof" Nlnl '!‘lmborund Arborloulture.” Wlt-h two Falio Maps, engraved by Sydney
Post 8vo, 8s. 6d. cloth.

"Tlu lnfbrmu-mmhlmdtn this work is of such a nature, that wwy one who has an inten.

tion of emigrating, Mld. hsfon ﬂxh: upon any country as his future residence, consult the Em:-

@naTIoN P1RLDS."—DUN;

HA'ITHEW——NAVAL TIMBER AND ARBORICULTURE.
Being a Treatise on subject, with Critical Notes on Authors who have recently troated the

of By Patrick 8vo, 19s. cloth,

HEN7BL.——EUROPE IN i840
Wolfgang Menzel. Post 12mo, 5a. cloth.

.~ A work whlch cvm pomlch‘n will do well to consult.”—EctacTic Revisw.

MILLER.—THE PRINCIPLE‘S OF QURGERY
By James Miller, F. R. 8. E., Professor of Surgery in the Univerity of Edivburgh, &o. &o.
Small 8vo, ge. cloth.

“ An admirable epitome of the surgical sclence of the Being written by a sound practical
surgeon, accustomed to the publie hnching of his science, bu that clearness of diction and ar-
rangement which renders it an excellent munul for the ltndant. aa well as that amount of scien-
mmwmum which makes it a safo and valuable guide to the practitioner.”-—

MILLER.—THE PRACTICE OF SURGERY.
By James Miller, F. R. 5. E., +» Profesor of Burgery in the University of Edinburgh, &¢. Uni-
form with * the Principles.”
“ We have no hesitation ia staf that the two volumes fc ther, piete text-
‘book of surgery than any one M“::o ween heretofore offered Tﬁ'ho%m’;ln;:;‘:x JoUumNAL

MILLEB -SCENES AND LEGENDS OF THE NORTH OF SCOTLAND.
Small gvo, 7
“Awelllmlghed;.:’v:ellwﬂtwn,md somerwha re ﬂ :u?lo —A oo
oflrvl ago{ Irving’s m:mr, Gol th."—sl:;rr » purity -
mlngmd lnieruﬁng ‘book, written by- remarkable man, who will infallibly be
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MILLBR.—PICTORIAL ANATOMY
troductory Lecture delivered to the Students of the School of By James Miller,
)‘.E.B.l..&c.&e Professor ofem-geryin University of Edinburgh. 8vo, 1s. sewed.

MOIR Anllitu)' WPALDING -POETRY, ROMANCE. AND RHETORIC. Mor,
Pﬂq. Advocate. Pod 8vo, 0s. eloth Edinburgh, ’

¢ The article * Poetry, by Professor Molr, umboed mthqmtmdpenpbumax tion
oﬂhamonhludm:ynl’ 4 to lte by, and the m
oﬂmadmﬁonlndalhwy evinoes at once and B

MOORE.—ELEMENTA LINGUE. GRE.CE
Jaocobl Moore, LL. D. t auxitque Jacobus Tate, A. M., Cantab. Editio Quinta

Oormﬁ
T ﬂ:lll!dlﬁ is added ndlx, hlning list of Irregular and Defective Greek Ve
-ndoa Synopsis :? the ‘lmleul‘l’:uluwe o 55 .lsmo,o nr;el e Groek Vorbs,
MUSHET.—~WRONGS OF THE ANIMAL WORI.D.
To which is subjoined the Speech of luw By David Mushet, Eaq.
8vo, 8a. cloth.
\IEILL.—THE FRUIT; FLOWER, AND KITCHEN GARDEN
ﬁﬂek efll, Wﬂmm’- Third
Bevl-eduld , Ill with W Poit avo, 6s. eloth.
“« Oneonlu “best modern books on extant.”—L 's G
“ Practical we a debt of to him for his unol.ent Wolk on l!or

1 and debt
ticulture, which is now one of the standard works on the branch of science of which it trea
ProrrseoR Dunsan's Spxxon v TEX CAL2DONIAN HORTICULTURAL S0CIETY.

NIMBOD.—~THE HORSE AND THE HOUND 3

Thelir various Uses Practical n
:.la(:le ransh &w whlnhwh dded, a Tmm ti‘n or:'f Bmo%‘a whenln is enforced the :.~

for e ” and a recl ven of some -
th and § of Horses, By Nlmrod "5&'&?

on the
tion, wlth numerous lllmnﬁmu on Wood and Steel, after Drawings by Cooper, Alken, Ba-
renger, and Ferneley of Melton Mowbray. Poet 8vo, 19s. cloth.

NUGENT.—POCKET DIOTIONARY OF THE FRENCH AND ENGLISH LAN-
GUAGES, In two Parts, lst, French and ; 2d, English and French, containing all
‘Words of General Use, and authorised by the best erhn. ‘Asalso the scveral Parts of
The Genders of the French N

ouns, the Naval and Military T-mu,uth of Proper Names,
&o. &e. A new Ed.lﬁon, refully revised and by J. A.M. BSquare 18mo,
78 6d. bound ; or Pearl, 5. 6d. bound.

OSWALD.—AN ETYMOI..OGICAL DIC’TIONARY OF THE ENGLISH LAN-
GUAGE, on a Plan entirely new, adapted the Rev.
John Onmld, Iate Master in George Herlot's Hosplhl Fon Edithn lanw, 6d. bound.

"’[’h{.nry to be into every school where the English
is uughz." A

OSWALD. — AN_ETYMOLOGICAL MANUAL OF THE E LISH LAN-

GUAGE, for the Use of Schools and Private 1s. 6d. cloth.

OSWALD.—OUTLINES OF ENGLISH GRAMMAR.
Fifth Edition, price 6d.
OSWALD.—ETYMOLOGICAL PRIMER.
Part First. Twelfth Edition, 1d

OSWALD.—E'I'YMOLOGICAL PRIMER.

PARNELL.—FISHES OF THE FRITH OF FORTH;
ical History. By Richard Parnell, M. D., F. R.8. E. With 67
l‘lguul. No,uelnﬁl R

PEEL.—SIR ROBERT PEEL AND HIS ERA.

PHILLIPS.—A TREATISE ON GEOLOGY.
y Phillips, F. B. 8 8., Professor of Gemln
“ Tlustrations oﬁ.ho Geol of Yorkshhe," “
‘with Plates and Woodcuts. Post 8vo, 6. cloth.
# The suthor has selected and combined all the discoveries which have been made in Geology up
to the present time.”—Moaxne HxraLD.
PILLANS. —PR INCIPLES OF ELEMENTARY TEACHING'
in reference to the Parochial Sche of SBootland : Letters to T. F. Kennedy,
now Professor

P, JMHM.FE-SE hhlaomonhe hsolwol-nd
ok it y of sh. Post 8vo, . ’

i 0?.“&%0 l'mdnn, Authot
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PILLANS.—ON OLASSICAL EDUCATION.
The and

Objects Methods _m,hmnmumomww,

and on relative utill dww mnmumﬁm'mmunum

dulnbuxgh. James Pillans, M. A., !.B.s.l..mdﬂunniv that
University. 8vo, 8.

MSAY.—AN ESSAY ON THE DIST RIBUTION OF WEALTH.
George Ramay, B. M. of Trinity College,

RAI(S-\Y ~A DIS%}.JISITION ON GOVERN“ENT
By George Ramas; ty College, Cambridge.

. Foolacap, 4s. cloth.
RA S, --POUT SCOU
M ‘Y W'ISHAI:;D' ;ass%-?omx Liberty; 8. On Vote by Ballot; 4.
mtymdlmq\nll &Onmhd.ndlodmhyml-m-y,nl
College, Cam! 8vo, 9. cloth.

BOBEBTSO%—-REPORT OF THE AUOH‘TERARDER CASE. uchte By
Iob'r:;nq,“mq‘Admu, one of the Oollectors of mby appolintment ul’ the
of A P by of the Court. Two volumes, with Supplement.

@vo, 50s. 6d. boards.

ROBERTSON.—COLLOQUIA DE MORBI& N
* Practica et usam
Am‘mﬂhﬂom M.D., &o. &o. u!ﬂo'l'uﬁ. 18mo, 7%. 6d. boards.
ROD, THE, AND THE GUN.
Treatisss on

Any -M!hooﬁng. The former by James Wilson, . . RB.F.,
&o., mwwm‘%ma--mwa%" Becond with
numerons Engravings ot Wood and Seeel. Post 8vo, 108, 6d.
"mwﬁ-m!hooﬁn the Author of ¢ The Oak Shopting written
& ‘gsnﬂhly Uustrated, xu:&’m An.lln.hmofthpl:‘
’l tho'gnlo art’ that exists in our W.-M
ntlmhrhn‘uhhlm bvnwu-lhvnw
“ now ‘ot y utter oﬁ,w,blthy utter oonfusion, that a book has

eum'mn«:mmoun.-om mﬂnmybhlnunu tht
hno'th-luooculnnlor ouhburthonMrLunly’lmlv-wl
will attend to.”—Prarack 10 * Davs axp NiaaTs or Barmox Fnuma” sy u.unl
ROGET.. —PHYSIOLOGY AND‘PHRENOLOGY.
Roget, » Secretary to the Royal Soclety, &o. &o., Aathor of the Fifth Brid,
?nhril‘l‘ﬁ- Twovﬂunu,pdom,l..nm In the s
¢ A luminous and most wm Phnmlm o e Treatise
siok an%h i

candid and i

Ph; Mdp s s manner which & master;
e A R i i aln Sy
BOLLIN.—-

ANCIENT HISTORY D‘L Jontans, Modes and Parsians,

nMGmnn-. D]lI , late lpdol Unlvudtyofhrll.&c&o. :i

I'mmtho;‘loenah Nowwﬁon Ilustrated with In 8ix Vo-

lumes. ) 4.

EUSSFLL.—THE HISTORY OF MODERN EURO';E.

and & V!ovo“hnm.
ds«:les ﬂ-omthem-oﬂhelodun to the Peace of Paris in 1763; ina of
Intungomaﬂobmtohllson. New , continued to the Aocession of Queen Vic-
toria of England. Four Volumes, 8vo, 53 cloth.

RUSSELL '—A TREATISE ON THE STEAM ENGINE
Engravings on Wood, and 15 Folding Plates on Steel. Post 8vo, 9s. cloth.
o llo-t mploh and circumstantial At the same time it is methodi
clearly, and written. Considering the number of Qlustrations, it is snrye
and as it explains all the modern and it uunot bdn[nbwn
hhh"lrymhnm.ndenﬂuuvdllmwm:muhm Tusnmbum

RUSSBLL«—STEAM AND STEAM NAVIGATION
A Treatim on of Steam, and on Steam N
l‘il{Johanu-tlI.llA, . R. 8. E., Vice-President of the Soclety of Aris of Seotland,
ey ‘with up: on Wood, and 15 Folding Plates on Steel. Post 8vo,
oqualy com et M Ao 8 WHi slanes and tntarsting foformaion ars
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SHAW. —DEVELOPMENT AND GROW'LHWQ'F SALMON ils!’Y‘," Two Years. By
John Bhaw, ithtwn ng: g no,t.od m'd

okt Sttt el s il e oy

S e e e e R e

Bracxkwoop’s MAGAZINE, APRIL 1840.

SH TER’S HAND BOOK,
on ooﬂ contained in “ The Rod and the Gun.” BylhaAuthorol’"'.l’ha
ith Plates and Woodcuts. Poet 8vo, Gs. cloth
* "I’h" Onklel;h Bhooﬁngcode"hnow withdrawn from circulation, the vuunz volume em-
" ﬂlthomembofmtworkwh!chﬂuauthordeemedwonhyo{mmm,umuu
much new matter, the result of his and m

SHORTREDB-—LocAnrrHMlc TABLES TO szvm PLACES QF DECL
l(ALB,ou Logarithms to Num! to 120°000, Numbers to
uu-ouoo Sines and Tlnmhhmrymondoﬂhe(nmle,ﬁ Argumanhh
), and New Astronomical and Geodesical Tables. Robert Shortrede,
-B.A& Olnnlnl!‘ll O.E,lud!'im Asmsistant of the Great Trigonometrical Sur-
" Yodla Tmperial 6vo, 4. eloth.

SIMPSON.—THE PHILOSOPHY OF EDUCATION,
ts Practioal A uld opular Education as a National Ob.

Dyluml slmm,hq Ad ocate. wﬁon. 12mo, 4s.

B“ It-gmubehmm dommmdmmwhommhvmehmn.”—nm

SMITH.—THE WEALTH OI-' NATIONS.

An Inquiry nio the Nature asd of the Wealth of Nations. ByAdemhh.LL.D.
Ty B MeCutocg oL pew Eation Rroughoats and prestiy With
. o new 8
Portralta. 8vo, a1s. cloth. ’

twe
e 'I?hhwﬁm contains elaborate Notes on the Corn Laws, the Poor Law Act, the Colonies, &o.
BTARK.—
PICTURE OF EDINBURGH, Stark, LE S.E ]

mnd Witbe mwmmw,mrmyﬂmm PﬂnddenﬂdInp.

STEV, Y .
ENSON. -rllmNE SURVEYmG AND H DROMETRY w

a Treatise Application
vll In;lmor Author of ¢ A Sketch of the Clvﬂ meetln; * &o. Illus-
hted“‘ tes, a Coloured Chart, and numerous Engravings on Wood. Royal 8vo,

“ A work of more extensive utility, more certain to bring honour to its author, and
eonfer lasting benefit on his on, has sel (om come under our natice.”—] Mmumlhofmu.

STBATIE?IN‘ oAfEU:; (?hE-'i‘oDl’ ?TIQ'%:?& from th&%n:lle I‘ng}ug g th:' ooléign:.{
of e (reeks an

ScothndByBeIng Part Third o! an nq_nlry partly ; ()rlglnd Fe s and Bo-

Canada. 18mo, 1s Ad. ‘led

SYME— M.
DISEASES OF THE RECTUM. . urgery in the University of Edln.
b“rgh, &o. &o. svo, 5. oloth

THOMSON.—CHEMISTRY OF ANIMAL BODIES.
gy!l‘h Thomson, M. D., Regius Professor of Chemistry in the University of Glasgow,
. R. 88. L. and E., &c. &e. 8vo, 16s. cloth.
¢ The et{lym‘ln who prefers his own o the ws arrived at by
f.heworkwouvnwnoﬂ um.hx&bookmdguldetoAnlmal(/ ymistry,
Mﬂs —ANNALS 0¥ CaYMISTRY,

THOMSON.—THE LAW OF BILLS OF E}CH{\EI:IGE, —

cluding & ummaryofDeclllum, Scmhmd En;lhh,wthe Present Time. 8v0, 24a. cloth.

TRAILL —MEDICAL JURISPRUDENCE.
Being Outlines of a Course of Lectures by Thomas Stewart Tralll, M. D,, F. B. 8. E., &o. &o.,
nom Professor o;:.i‘eg'w:l Jurisprudence and Medical Polioe in the University of Edinburgh.

¢ These Outlines may jndeed be w of the
present state of the in Medioal Jurk :mI i" serve as a useful luido,
for initiating ,butforeonduo&gthmtin subsequent
s either ly or in its divisiona.”—] RGE MEDICAL AND SURGICAL JOURNAL.

TRAILL.—PHYSICAL GEOGRAPHY.
By Thomas Stewars » Regtus

Trdly T 8. E. of Modical in the Unl-
m.uyormn.mh &o. ke, Post 870, 6. cloth.

¢ A most elaborate d ously arranged, a8 & genaral exposition, perhape ihe
ot omaplets Chat has ot ppeared e Ly ety 404, » porhape




